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Theory of Secondary Electron Emission by High-Speed Ions 


E. J. STERNGLASS 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received June 21, 1957) 


The physical mechanism of secondary electron emission under the impact of high-speed heavy particles 
is analyzed. The treatment is based on the formation of secondaries according to the Bohr-Bethe theory of 
ionization, the diffusion of the slow secondaries to the surface, and their subsequent escape in the vacuum. 
The yield is found to be proportional to the rate of energy loss of the incident particles, and it is shown to be 
essentially the same for all metals, independent of their work function, conductivity, and other bulk 
properties. The observed energy distribution of the secondaries, the effect of adsorbed layers and the 
dependence of the yield on temperature, particle charge, and velocity are found to be explained in terms of 
this mechanism. The application to the general problem of the escape of electrons from metals and to the 
study of electron capture and loss by ions passing through solids is discussed. 


I. INTRODUCTION 


HEORETICAL descriptions of secondary electron 

emission from metals under fast-ion bombard- 
ment available so far have not been in good agreement 
with experimental observations.' The most complete 
theory published is that of Kapitza.? His approach is 
based on the simplifying hypothesis that the secondary 
electrons derive their energy from local heating pro- 
duced by the incident ions. As Kapitza himself pointed 
out, this implies the doubtful assumption that thermo- 
dynamic equilibrium considerations may be employed 
in treating the very rapid and highly localized energy 
exchange of fast particles with matter. Since the 
resulting theory leads to a dependence on the thermal 
constants and thermionic work function of the material, 
in diagreement with subsequent experimental measure- 
ments, it seemed desirable to try an approach that is 
not based on the assumption of statistical equilibrium. 


II. OUTLINE OF PHYSICAL MECHANISM 


The process of secondary electron emission will be 
regarded as composed of two essentially independent 
parts, namely the formation of secondaries and their 
subsequent escape. Energy lost by the primary particles 

1 See the review of the subject in H. S. W. Massey and E. H. S. 
Burhop, Electronic and Ionic Impact Phenomena (Oxford Uni 
versity Press, New York, 1952), Chap. 9, Sec. 2. 

?P, Kapitza, Phil. Mag. 45, 989 (1923). 


1 


as a result of excitation and ionization processes will be 
assumed to result in the formation of internal secondary 
electrons. The secondaries formed will be considered to 
lose their energy in various types of collision processes 
so that only a small fraction of all those formed are able 
to reach the surface with sufficient energy to escape 
from the solid. The number of such secondaries per 
incident particle, or the yield A, is the experimentally 
observed quantity whose magnitude is to be calculated 
as a function of primary particle energy and target 
characteristics. 

In order to allow the use of simple expressions for the 
rate of energy loss of the incident ions, free from the 
complicating effects of electron capture and loss, the 
present treatment will be primarily concerned with 
high-velocity ions. The theory will therefore first be 
developed for the case of protons in the Mev energy 
range, for which experimental measurements have 
recently become available. Once the principal features 
of the theory for the case of high-energy protons have 
been tested, it becomes possible to extend it to lower 
energies and other types of ions. 

By first developing the theory for the case of high- 
velocity ions, another important simplification can be 
made. This results from the fact that the secondary 
electrons formed can only escape from a depth small 
compared to the penetration depth of these ions. 
Whereas secondary electrons in metals are known to 


Copyright © 1957 by the American Physical Society 
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Fic. 1, Formation of secondary electrons (SE) 
and 6 rays by heavy ion. 


come from a region between 10~7 to 10~® cm thick,’ ions 
with energies of the order of Mev penetrate to depths* 
of the order of 10~* cm. As a result, to a very good 
approximation, one may consider the secondary elec- 
trons which escape to have originated in a region in 
which the incident ions possess nearly their original 
energy. The amount of energy lost per unit path length 
which is available for secondary electron formation may 
accordingly be taken as constant throughout this 
region. 

The energy lost by fast ions is given up in two types 
of collision processes.® In the first process, frequently 
referred to as distant collisions, the ion produces only a 
small perturbation in the atoms of the stopping material 
so that correspondingly small amounts of energy are 
transferred in each collision. The second type of col- 
lision involves a close approach between the incident 
ion and an atomic electron in an essentially free col- 
lision, resulting in large amounts of energy transferred 
to individual atomic electrons. The former type accounts 
for the slow secondaries formed in a direct primary 
process, referred to hereafter simply as secondaries, 
whereas the latter gives rise to the relatively rare ener- 
getic knock-on electrons (6 rays), which, in turn, 
produce secondaries in higher order collisions. (See the 
schematic representation in Fig. 1.) Although the 
number of 6 rays is very small, the total energy going 
into their formation approximately equals that going 
into the direct production of slow secondaries at high 
ion velocities.6 As a result, the contribution of the 
energetic collisions must be considered in calculating 
the yield. As shown in Fig. 1, 6 rays are emitted prefer- 
entially in forward directions and possess effective 
ranges that exceed the distances secondaries can travel 
in metals. As a result, the number of secondaries formed 
per unit layer resulting from the formation of 6 rays is 
less near the surface than in the interior of the solid 
(see Fig. 1). Accordingly, when calculating the number 
of secondaries formed per unit layer of the material near 
the surface, all of the energy lost per unit path length in 
distant collisions, but only a fraction of the energy going 
into close collisions, must be considered. 

*H. Bruining, Physics and Applications of Secondary Electron 
Emission (McGraw-Hill Book Company, Inc., New York, 1954), 
PE A. Bethe and J. Ashkin in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1, Sec. 1A. 


*N. Bohr, Kgl. Danske Videnskab. Selskab., Math.-fys. Medd. 
18, No. 8 (1948), Chap. 3. 


For very high ion velocities, corresponding to those 
of protons in the Mev energy region, the range of the 
6 rays is much larger than the depth from which second- 
aries can escape in metals,* as indicated by the shading 
in Fig. 1. Under these conditions, which are the ones 
of principal interest here, the contribution of the fast 
electrons to the secondary electron yield from the 
entrance surface becomes very small. As a result, it is 
not necessary to know the contribution of the close 
collisions with great accuracy in order to calculate the 
yield for high-velocity ions. 


III. FORMATION OF SECONDARY ELECTRONS 


According to the above considerations, the number of 
low-energy secondary electrons originating in unit layer 
dx at depth x may be calculated in two parts: that 
produced by direct interaction n,,“ and that produced 
by the fast 6 rays, n,.°). In terms of the mean energy 
loss per secondary formed, Ho, and the mean energy 
loss per unit distance going directly into slow secondary 
production (dE ;/dx)y°, one has 


1 sdEy © 
Nye") (04,%) = -: ( ) ’ 
U0 dx Ay 


where »; is the incident ion velocity. 

In order to obtain n,,“?, it is necessary to sum over 
the contributions made by the 6 rays formed all along 
the track of the ion. As shown in the appendix, car- 
rying out this summation in the case where the rate 
of energy loss is essentially constant over the region 
of interest leads to the expression 


1 sdEy 
Nye) (X,0;) = f(vi,x)= ( ) i 
KE dx ay 


40 


(1a) 


(1b) 


Here, (dE ;/dx)y is the energy loss per unit path 
length going into the formation of 6 rays, and f{(v,,x) is 
a factor that represents the fraction of (dE/dx), 
available for the formation of secondaries in higher 
order processes at depth x. 

The theories of Bohr® and Bethe’ show that at high 
ion velocities one-half of the total energy loss goes into 
each of the two kinds of collision processes, i.e., 


(dE ;/dx) 5 = (dE j/dx) 4 = A(dEj/dx)m, 


where (dE/dx) is the total energy loss per unit path 
length. This is the case when v,> 22,0, where 2, is the 
effective charge of the incident particle and % is the 
Bohr hydrogen orbital velocity. In the case of protons 
(z;= 1), this condition holds for all energies above about 
100 kev, so that for the energy range of primary interest 


*For a 2-Mev proton, the fastest knock-on electron has an 
energy of 4(1/1835)X2 Mev=4360 ev. This corresponds to a 
range of about 0.25X10~ cm in Al [see R. O. Lane and D. J. 
Zafiarano, Phys. Rev. 94, 960 (1954) ]. 

7H. A. Bethe, Ann. Physik 5, 325 (1930). 





SECONDARY ELECTRON 


at present, Eq. (1) becomes 


dE, 
Nee(Vi,X) = ( ). { ¥' [1+ f(v (2) 
Ey dx 


For the total energy loss per unit path length, the 
theory in the approximation used by Bohr gives 


dE, 2aNez 4E eq 
(- -) = 5 Zasln( ), (3) 
Leg wl Tn,i 


n 
where E.g=4mov?= (mo/M)E;. Here N is the number 
of atoms per unit volume, « is the electronic charge, 2z;, 
the charge of the incident particle, and M, EF; and »,, 
its mass, energy, and velocity, respectively. The quan- 
tity mo is the electronic mass, Z,,;, the number of 
electrons in the n,/ shell, and /,,;, the binding energy 
of these electrons. The summation is to be taken over 
all shells for which the logarithm remains positive. 
Equation (3) differs from the more exact form given by 
Bethe’ only in that J,,; is used to approximate the 
excitation potential and Z,,;, the oscillator strength of 
each shell.® 

For sufficiently high primary velocities, the sum- 
mation extends over all shells, in which case Eq. (3) 


may be written as 
4§Eeg\” 
nf - ) ; (4) 
I 


e ") =m : 
dx Bes 
where J is the mean excitation potential for the atom 
defined by the relation 


Z\nl => Zy,1\nT 0,1. (5) 


n,l 


This quantity may be evaluated experimentally from 
stopping-power measurements in the absence of reliable 
theoretical values.* For lower particle velocities, only 
the outer shells participate, and it is necessary to sum 
over these shells alone. For this case, Bohr’ derived an 
approximate expression based on the Thomas-Fermi 
model of the atom 


dk; 47) 
( > =2nN ez | r (6) 
dx TE eq4 


where J is the Rydberg energy. 

As to the mean energy expended per ion formed, Eo, 
it may be expected to have essentially the same mag- 
nitude as observed in gases. This is due to the fact that, 
as Eq. (3) shows, the incident particles interact pre- 
dominantly with the heavily populated bound shells of 
an atom whose binding energies are affected relatively 
little by changes in the state of aggregation. Detailed 
theoretical estimates for 2 have so far been obtained 


® Reference 4, Sec. 1A, Sec. 4. 
* Reference 5, p. 102, 
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for only a few elements’ so that it is necessary to fall 
back on experimental data. The qualitative considera- 
tions of Fano indicate that Ho should not vary greatly 
from element to element, despite large differences in 
ionization potentials and excitation probabilities, in 
agreement with the observed facts for many different 
atomic and molecular gases."' Since for most of the 
heavier gases, By ranges between 20 and 30 ev, a value 
of 25 ev will be adopted as a reasonable estimate for 
solids. This is also the average value found empirically 
in the analysis of secondary electron emission from 
metals under electron bombardment.” 


IV. ESCAPE OF SECONDARY ELECTRONS 


It will now be necessary to consider the process 
whereby the internal secondary electrons lose their 
energy and are prevented from escaping. 

There are two types of energy-loss processes that can 
occur, namely inelastic and elastic collisions. The 
inelastic collisions are those processes in which other 
electrons are raised to various excited levels resulting 
in large energy transfers per collision. By contrast, the 
elastic collisions do not lead to electronic excitation and 
involve only small amounts of energy transfer to the 
thermal vibrational the lattice. Since, in 
metals, any amount of energy can be transferred to a 
valence electron in a single collision, it takes on the 
average only a few collisions to reduce the energy of a 
secondary below the minimum value necessary to 
overcome the surface potential barrier. ‘Thus, it is to be 
expected that the dominant fraction of all collisions 
determining the depth from which secondaries can 
escape from metals are of the inelastic type. It is 
important to note, furthermore, that the energy of 
many secondaries is sufficient to excite not only the 
but also 


modes of 


outermost valence and conduction electrons, 
some of the more firmly bound electrons in the filled 
levels next to the valence shell. 

The physical situation in the case of highly excited 
secondary electrons moving through a solid therefore 
appears to resemble much more closely the diffusion of 
electrons in a gas than the motion of conduction elec- 
trons through a periodic lattice. In the treatment that 
follows, it will therefore be assumed that the solid may 
be considered as a collection of atoms whose electron 
scattering cross sections are essentially similar to those 
of a gas." 

It remains to arrive at an expression for the prob- 
ability P(x) that a secondary electron formed at a 
depth x below the surface will be able to reach the 
surface and escape. 


 U, Fano, Phys. Rev. 70, 44 (1946). 

" Reference 4, Sec. 1B, Sec. 2. 

2K. J. Sternglass, Phys. Rev. 95, 609(A) (1954). 

's This assumption is supported by recent experimental evidence 
on the similarity of the characteristic energy losses of electrons in 
metal vapors and folle [L. B. Leder and L. Marton, Bull. Am 
Phys. Soc. Ser. II, 2, 68 (1957); L. B. Leder, Phys. Rev. 107, 
1569 (1957) }. 
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For purposes of the present treatment, it will be 
assumed that diffusion theory" may be used to approxi- 
mate the motion of the secondaries. This does not 
appear unreasonable in view of the evidence for pre- 
ferred energy losses of a few electron volts in various 
metals,” which suggests that a typical secondary of 
2-15 ev can undergo anywhere between 2-5 collisions 
before losing its ability to escape. Thus, the actual 
absorption process probably lies somewhere between a 
simple “go-no-go” type of behavior and ordinary 
diffusion accompanied by absorption. In both cases, 
one is led essentially to an exponential form for P(x), 
with a characteristic length L, of the order of the 
distance between inelastic collisions, i.e., 


P(x)=TA exp(—x/L,), (7) 


where 7 and A are constants to be discussed below. 

That L, is of the order of the mean free path for 
inelastic collisions \,, follows from the small number of 
such collisions, #,, required before the secondary loses 
its ability to escape. For the case of isotropic scattering, 
which is known to be a good approximation for the 
scattering of slow electrons in gases,'® diffusion theory“ 
gives for L, the expression 


L,= (AdsaAse)?. (8) 


Here, \, is the mean free path for absorption, which in 
the present case may be set equal to #,A,,. According 
to the above discussion, fi, may be expected to have a 
value of the order 2-5, giving 


Ls= (ite) ve, (9) 
so that Lia, 

As to the value of \,,, on the basis of the present 
assumptions it is determined by the total collision cross 
sections of slow electrons moving through a collection 
of gas atoms, since almost every collision can lead to an 
energy loss when the allowed levels are broadened into 
overlapping bands, These cross sections are known to 
be of the order of the geometric areas of the atoms, both 
from experimental measurements and theoretical con- 
siderations.'’ This will also be assumed to hold for 
secondary electron scattering in a solid. More precisely, 
the cross section for secondary electron scattering o,, 
will be taken as proportional to the geometric area o, 
of the outermost filled shells as determined by the 
covalent radii, or 


(10) 


Tee AO zg. 
Here, a is a constant, which, on the basis of the assumed 
similarity to the case of gases, should vary only slowly 
with the electron velocity.’ It follows that \,.= (No..)™ 


“ Marshak, Brooks, and Hurwitz, Nucleonics 5, No. 5, 10 
(1949); 5, No. 6, 43 (1949); 5, No. 7, 53 (1949); 5, No. 8, 59 (1949). 


18 Marton, Leder, and Mendlowitz in Advances in Electronics 
and Electron Physics (Academic Press, Inc., New York, 1955), Vol. 
VIT, p. 183. 

Reference 1, Chap. IT, Sec. 7.3 

” Reference 1, Chap. II 

1® Reference 5, Sec. 1.5 


=(aNo,). In view of Eq. (9), this allows one to 
write for L, 


L,= (a'No,)", (11) 


where a’ = (3/fi,)'a. If the assumption that the solid 
may be treated as a collection of free atoms is valid, a’ 
should have closely the same value for all metals. Thus, 
once it has been determined from electron absorption 
measurements in one metal, it should fit all others, 
independent of their crystal structure, Fermi energy 
or number of free electrons per atom. 

The constant A in Eq. (8) is determined by the dis- 
tribution of the initial velocities of the secondaries and 
by the ratio Asa/Aec= Me. For a symmetrical distribution 
of initial directions about a plane parallel to the surface 
and fi, as estimated above, A has a value slightly larger 
than 4, or approximately 0.6." The great majority of 
slow electrons are emitted at nearly right angles to the 
track of the ion as a result of momentum and energy 
conservation considerations so that the assumption of a 
symmetrical distribution of initial directions seems to 
be adequate for the present calculation.” 

The constant 7 in Eq. (7) is the surface transmission 
coefficient, representing the probability that an electron 
arriving at the surface from the interior will be able to 
escape. Since the secondaries possess energies well above 
the zero energy level represented by an electron at rest 
in the vacuum, reflection of the electrons due to the 

yave-mechanical change in refractive index is neg- 
ligible compared to the purely electrostatic reflection of 
electrons approaching the surface potential step at dif- 
ferent angles. 

The magnitude of T may be obtained by examining 
the nature of the surface potential barrier appropriate 
for a secondary electron. The secondaries are formed in 
the interior of the metal where the mean electrostatic 
potential has a magnitude differing from that in the 
vacuum outside. This potential difference results from 
a surface dipole layer which has its origin in the asym- 
metric electron charge cloud of the surface atoms 
projecting outward beyond the positive charges of the 
ion core. As shown by Wigner and Bardeen,” this 
surface dipole layer may be regarded as part of the 
total work required to remove an electron from a 
metal, the remainder consisting of the energy difference 
between the highest filled level and the mean electro- 
static potential in the interior. The latter part of the 


From calculations by Coltman, Ebbinghausen, and Altar, J. 
Appl. Phys. 18, 530 (1947), for the analogous case of photons 
escaping from an absorbing and scattering medium, one obtains 
values of A between 0.61 and 0.63 for the estimated range of Ni, 
values. 

*” The angle @ made by the velocity vector of a secondary of 
energy E, relative to the direction of an incident ion of mass 
M>>mo may be shown to be given by the relation cos*@= E,/4E ug 
(reference 7). 

* For a detailed discussion of the origin of the dipole layer and 
the velocity dependence of the work function, see the review 
article of C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 
185 (1949), Chap. IL. 

” FE. Wigner and J. Bardeen, Phys. Rev. 48, 84 (1935). 
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work of removal is a volume property of the metal 
independent of surface condition. It may be regarded 
as supplied by the incident ion in the course of the 
formation process in the interior of the solid when 
energy is transferred to one of the atomic electrons. 
Since the secondary electron moves toward the surface 
in a time short compared to the relaxation time of the 
conduction electrons in the solid (10-%’—10~-" sec), it 
is reasonable to expect that polarization effects that 
give rise to the usual exchange, correlation, and image 
forces do not have time to come into full effect. In the 
absence of a detailed theory applicable to such rapidly 
moving electrons, it appears reasonable to assume that 
the only work that remains to be done when the electron 
arrives at the surface is that required to overcome the 
surface dipole potential ®p as shown schematically in 
Fig. 2. The magnitude of ®p has been calculated ex- 
plicitly for the case of sodium by Bardeen,” who found 
a value of 0.4 ev for this quantity. Estimates based on 
observed work function variations between different 
crystal faces of various metals as well as qualitative 
theoretical considerations indicate that for most metals, 
the surface potential barrier should be small compared 
with the total work function.” 

In the case of an isotropic distribution of electron 
velocities approaching a uniform surface potential 
barrier, it is readily shown that TJ is given by 


T=1—[@p/(E,4+4p) }}, (12) 


where FE, is the energy of the secondary as measured 
relative to the zero vacuum level outside the metal. 
Substituting for FE, typical average energies of second- 
ary electrons (6-8 ev) and for ®p values estimated by 
Bardeen for monovalent metals (#p~0.1-0.5 ev) gives 
values for J between 0.8 and 0.9, making TA~™0.5. It 
is therefore reasonable to expect that the escape prob- 
ability P(x) will have the value 
P(x)~~0.5 exp(—x/L,) (13) 


for all smooth™ metal surfaces, essentially independent 
of differences in total work function, conductivity or 
crystal structure. 
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Fic. 2. Schematic diagram to illustrate the formation of a 
fast SE in the interior of a metal and its escape across the surface 
potential barrier. 


%3 J. Bardeen, Phys. Rev. 49, 653 (1936). 

* Abnormally rough surfaces may have values of T appreciably 
less than 0.9, as indicated by the observed reduction of yield in 
such cases (see Bruining, reference 3, p. 42). 
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V. FORMULATION OF YIELD EQUATION 


A number of secondary electrons escaping from the 
surface per incident ion, 4, may now be obtained as 
follows. The yield from a thin layer of width dx, located 
at a depth x, is given by 


dA=n,,.(v4,x) P(x)dx. (14) 


Using Eq. (7) for P(x), Eq. (2) for n,.(0;,”), and sum- 
ming over all layers gives 


"1 1 708, 
4 f - ( ) [1+ /(v,,x) ]7'A exp( 
0 2 Ky dx Ay 


As shown in the Appendix, {(v,,x%) for low atomic 
numbers has the form 


x L,)dx. 
(15) 


f(vi,x) = 1—exp[ —«/Ls(v,) J, (16) 


where L;(v,) is the effective penetration distance of the 
6 rays. Substituting Eq. (16) in Eq. (15) and remem- 
bering that (d/;/dx),, may be taken as constant over a 
surface region of width large compared with L,, the 
integration leads to the expression 


11 sdk; 
A -( ) TAL [A+F (0) J, 
2 Ey dx Ay 


(14+L4/L,)"'. 


(17) 


in which 


F (vj) (18a) 


For the heavier elements, using the more accurate 
expression for /(v;,x) derived in the Appendix, one 
obtains 


La“ is by 
ro [rt sendy 
i, Ly Ly 


As shown in the Appendix [ Eq. (XVIII) ], 
Ls(v,)/Le~Eq/100, 


(18b) 


(19) 


where E,, is expressed in electron volts. At proton 
energies greater than 2 Mev, /,,>1000 ev and F(»,) 

0.3 for all elements so that the dominant term is the 
yield due to secondaries resulting from primary energy 
loss in ‘‘distant”’ collisions, 

When F(v,) may be neglected, the complete expres 
sion for A becomes, using Eq. (3) for (d;/dx), and 
Eq. (11) for L,, 


TArét? Zy1 4 ug 
A=— p n( ), 

Wy aay n,l Eu Int 
In order to obtain a rough test of the theory and its 
over-all prediction as to the variation of A with the 
atomic number and other material constants, Bohr’s 


approximation for (dE ;/dx), [Eq. (6) | is most useful. 
In this case, Eq. (20) becomes 


TAnéz? ¢ 425 
a= ( ) 
Koa'a, TE.) 


(20) 


(21) 
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hic, 3, Geometric areas of atoms a, as a function 
of atomic number Z. 


VI. COMPARISON OF YIELD EQUATION 
WITH EXPERIMENT 


The expression for the yield is most conveniently 
tested by using a simple empirical relation for a, that 
represents its over-all dependence on atomic number 
in the same way that Eq. (6) provides an estimate for 
the variation of the energy loss with Z. As shown in 
lig. 3, the geometric areas calculated from the covalent 
radii for typical elements can be fitted quite closely by 
1.62! 10-'® cm*. Inserting 
this in Eq. (21) and substituting numerical values for 
e and /, leads to a first approximation for the yield: 


the empirical equation a, 


TA 
A s40( set i (22) 
Koa’ 


where Ko and E,, are expressed in electron volts, and 


the explicit Z dependence has dropped out. 

The most striking prediction of Eq. (22) is that the 
yield for a given ion charge and velocity should be 
essentially the same in all metals. This follows from the 
discussion of Secs. III and IV, according to which 7, 
A, Ey and a’ cannot be expected to vary systematically 
with Z, nor should these quantities depend on the 
work function, Fermi energy, crystal structure, or 
density of free electrons. This is precisely the surprising 
result that has been obtained by Aarset® and many 
earlier investigators working with heavier ions and at 
lower energies.' The physical explanation lies in the 
proportionality between the cross sections for secondary 
formation and absorption. This, in turn, follows directly 
from the assumption that both the formation and 
escape processes can be treated essentially as if the 
atoms were free. 

Not only does Eq. (22) account qualitatively for the 
absence of any strong material dependence of A, but it 
also leads to the right order of magnitude for the yield 
and its variation with ion velocity. Substituting z,= 1, 
TA=0.5, Ey=25 ev, and a’=0.23 obtained from 
Goldschmidt and Dember’s experimental value for 


* Aarset, Cloud, and Trump, J. Appl. Phys. 25, 1365 (1954). 


L,=10.8X 10~* cm in the case of Pt,”* Eq. (22) reduces 
to 


A=38V., (23) 


for the case of protons. This equation is plotted as 
Curve 1 in Fig. 4, together with the data of Hill, 
Buechner, Clark, and Fisk,”’ and of Aarset, Cloud, and 
Trump.” Despite the cursory nature of the approxi- 
mations involved in the derivation of Bohr’s expression 
for the energy loss, and the uncertainty in the precise 
values of EH» and a’, the agreement with the data is 
surprisingly good. It is seen that the approximate ex- 
pression overestimates the yield somewhat, but that it 
fits the trend of the data rather well at intermediate 
energies, the observed yield decreasing somewhat more 
rapidly than according to E~! at higher energies. The 
deviation at high and low energies is not surprising, 
since the inverse half-power law of Bohr’s expression 
[ Eq. (6) | is a good approximation to the actual loga- 
rithmic form of Eq. (4) only over a limited range. To 
fit a power law to the logarithmic expression at higher 
energies, the exponent would have to be increased to 
0.7, in agreement with the trend of the experimental 
data above one Mev. 

It is therefore to be expected that the use of the 
logarithmic form of the expression for the energy loss 
will give a better fit both at the low energies, where the 
logarithmic term results in the occurrence of a maximum 
in the yield, and at the high energies, where the yield 
drops more rapidly than predicted by the half-power 
approximation. This is confirmed by Curve 2 in Fig. 4, 
using the values of (d/;/dx), as calculated for alumi- 
num according to Eq. (4).”8 

Examination of this plot reveals that the high-energy 
data of Aarset ef al.’ are very closely represented by 
Curve 2 both as to absolute value and dependence on 
energy. As expected, at low energies the theoretical 
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Fic. 4. Secondary electron yield A as a function of proton energy. 
Curve 1, Eq. (21); curve 2, Eq. (17) [using Eq. (4) ] with F(o;) =0; 
curve 3, Eq. (17) [using Eq. (4) ] with F(0,;) given by Eq. (18a). 


26H. Goldschmidt and H. Dember, Z. tech. Phys. 7, 137 (1926). 

27 Hill, Buechner, Clark, and Fisk, Phys. Rev. 55, 463 (1939). 

28 For Al, J has been determined accurately by stopping-power 
measurements as equal to 150 ev (see reference 4, p. 203). All 
other constants are the same as those used for Curve 1. 
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curve shows a maximum in the region where the data 
points level off. However, since Curve 2 is calculated 
for F(v,)=0, it drops increasingly below the experi- 
mental points at low energies. When £; has been 
reduced to 100 kev, the maximum energy of the 
knock-on electrons (equal to 4/,,) becomes 218 ev so 
that most of these electrons will have effective ranges 
of the order of L,, causing F(v,;) to approach unity. The 
experimental values in this energy range should there- 
fore be just about twice what the high-energy theory 
predicts, and this is, in fact, seen to be the case. By 
using the approximate relation for F(v;) [Eq. (18a) ], 
the theoretical curve for Al (Curve 3) is seen to follow 
the experimental values within the estimated accuracy 
of the experimental data. The tendency for the data 
points representing Pb to lie above those for the lighter 
elements reflects the effect of backscattered 6 rays for 
which the more accurate expression for F(v,;) must be 
used, 

Although Curves 2 and 3 were calculated for the case 
of aluminum, the data for the heavier elements also 
appear to be surprisingly well reproduced, despite the 
fact that one might expect differences in the mean 
excitation potential J to shift the location of the 
maximum in the yield curve in this region. The reason 
for the absence of such a shift lies in the nature of the 
expression for (dE;/dx),. As pointed out in the dis- 
cussion of Eqs. (4) and (5) above, only those atomic 
shells for which the logarithmic term remains positive 
can make a contribution to the energy loss. It follows 
that the mean excitation potential at low energies must 
be determined by averaging only over the outer shells 
of heavy atoms. Since the outer-shell binding energies 
of all elements are of the same order of magnitude, the 
effective mean excitation potentials of heavy elements at 
low energies will be of the same order as for a light 
element such as aluminum. As a result, the maximum 
in (dE,/dx),, occurs at roughly the same energy for all 
substances. 

In view of the close agreement between the theo- 
retically predicted and experimentally observed values 
of the yield, it becomes possible to test the internal 
consistency of the physical model on which the present 
theory is based. Thus, the value of A~0.60 in Eq. (8) 
hinges on the condition that 7,<5. This represents an 
upper limit to %,., which, in turn, provides a rough 
estimate for the maximum value of a for a given size 
of a’ by virtue of the relation a=a’(f,/3)'. Taking 
fi.=5 and a’=0.23 as obtained above gives a=0.3, 
approximately the same for all elements. Physically, 
this means that the collision cross section for secondaries 
is comparable in size to the ‘“‘core”’ of filled shells, con- 
firming the assumption that the scattering of seconda- 
ries in metals is primarily determined by atomic proper- 
ties, in close similarity to the scattering of slow electrons 
in a gas. 

It is also possible to test the conclusion that the 
surface transmission coefficient 7 must be of the 
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order of 0.8-0.9, independent of work function or 
Fermi energy. Thus, if it had been assumed that 7 is 
determined by the simple picture of reflection at a 
uniform potential barrier having the full height of the 
work function ¢ plus Fermi energy Er,” then 7 would 
be given by 


T=1—[(¢+Er)/E,' }, (24) 


where EF,’ is the energy of the secondary electron 
measured relative to the bottom of the conduction 
band. Using 6-8 ev for the energy of the slow electrons 
outside the metal together with typical values of 
and Ey, one obtains 0.15—0.20. In order to reach agree- 
ment with the magnitude of the observed yield without 
changing the shape of the yield curve, one only has the 
quantities A, Ho, and a’ available for adjustment. The 
maximum value that A could possibly have is unity, 
so that it could account at most for a factor of 1.6, but 
not for the required factor of 5-6. The quantity a’ is 
limited by photoelectric and secondary emission™ 
experiments to magnitudes differing by no more than a 
factor of two from the value used to that only Ey 


remains. To obtain agreement, Ho would have to be 
reduced to a value of the order of 5 ev. This is clearly 
much too small since it is even less than the observed 
values of the average energy of secondary electrons, in 
addition to which at least an amount of energy equal to 
the work function has to be supplied by the primary 
particle. The quantity > must necessarily be larger 
than the sum of these two quantities, not only because 
many electrons come from levels below the top of the 
valence band, but also because a large amount of 
energy is required to provide for the unavoidable 
“wastage” in excitation to bound states. On the other 
hand, a value of Ey of the order of 20-30 ev as observed 
for gases is consistent with the whole physical picture 
underlying the present approach, in which the for- 
mation process is taken to be essentially the same as in 
a free atom. 

The conclusion, therefore, seems to be inescapable 
that 7 cannot be determined by the magnitude of the 
total work function but only by the component due to 
the surface dipole layer, whose magnitude is small 


compared to the average energy of the secondaries.” 


* See, for instance, D. EK. Wooldridge, Phys. Rev. 56, 562 (1939) ; 
P. A. Wolff, Phys. Rev. 95, 56 (1954); and E. M. Baroody, Phys 
Rev. 78, 780 (1950), 

FE. J. Sternglass and M. M. Wachtel, Phys. Rev. 99, 646(A) 
(1955). 

4 This conclusion finds added support in recent theoretical 
calculations of Auger ejection of electrons by slow ions impinging 
on tungsten [H. D,. Hagstrum, Phys. Rev. 96, 336 (1954) ]. It 
is found that if 7 is calculated according to Eq. (23), using an 
isotropic distribution of initial directions and a barrier of height 
y+ Er, the calculated yields fall below the observed values by 
factors of two to five. This discrepancy may be removed if, as 
suggested in the present paper, 7 is calculated according to Eq. 
(12) using #y) = 1.5 ev, which is of the order of observed differences 
in work functions between different crystal faces of tungsten. A 
more detailed discussion of this problem will be presented else 
where. 
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VII. ENERGY DISTRIBUTION OF SECONDARIES 


It remains to examine briefly the theoretical pre- 
dictions for other aspects of the phenomenon. As to the 
energy distribution of the secondaries, because the 
formation and absorption process is closely similar in 
all metals, it should have essentially the same form in 
all cases, independent of work function or density of 
conduction electrons. Furthermore, since according to 
the underlying physical picture discussed in Sec. IV, 
Os iS not a very rapid function of secondary energy, 
one is dealing with a process that tends to preserve 
substantially the original energy distribution as deter- 
mined by the formation process. Thé fact that the 
value of L, that fits the yield data under proton 
bombardment is of the same order of magnitude as for 
the somewhat slower photoelectrons measured by 
Goldschmidt and Dember*® (~0.3-1.3 ev) suggests 
that the cross section for inelastic collisions is essentially 
constant between ~0.3-10 ev. Accordingly, it is to be 
expected that the form of the energy distribution curves, 
at least above 10 ev, is very closely equal to the theo- 
retical shape predicted for free atoms.’ This is confirmed 
by comparison with data for gases,” where the energy 
distribution is almost completely unaffected by the 
escape process because of the small probability that a 
secondary will collide with another atom before being 
collected. 

The similarity of the energy distribution for all 
metals has, in fact, been noted by many investi- 
gators.'?* Comparison with data obtained by Ishino” 
on air and Hy, in the analogous case of emission under 
electron bombardment shows the same shape and 
absolute value of the spectral distribution for metals 
and gases below about 10-15 ev.“ Above this energy, 
the number of secondary electrons emitted by metals 
drops sharply below that in gases, indicating a pro- 
nounced increase in the absorption cross section for 
secondaries of higher energies as interactions with the 
more heavily populated filled shells become important. 


VIII. DEPENDENCE ON ANGLE OF INCIDENCE 


Still another aspect of secondary emission under ion 
bombardment that must be explained by the present 
theory is the dependence of A on angle of incidence of 
the ions. Since the heavy particles possess ranges much 
greater than L,, it is evident that changing this angle 
simply increases the length of the ion’s track within the 
“escape zone.”’ Accordingly, A(@) must be given in terms 
of the yield at normal incidence Ao by the relation 


A(0) = Ao secd. (25) 


This is in fact the form of A(@) that has been found to 
hold empirically.'** 


“M. Ishino, Phil. Mag. 32, 202 (1916). 

*L. H. Linford, Phys. Rev. 47, 279 (1935). 

“EE, i. Sternglass, thesis, Cornell University, September 1953 
(unpublished); Phys. Rev. 93, 929(A) (1954). 

#7. S. Allen, Phys. Rev. 55, 336 (1939). 


IX. TEMPERATURE DEPENDENCE 


The present theory also sheds some light on another 
puzzling feature of the secondary electron emission 
phenomenon, namely its dependence on temperature. 
Already early investigations with low-energy ions 
(1-2 kev) by Oliphant® and Moon*’ appeared to show 
that the yield from Ni under He bombardment de- 
creased with increasing temperature. A similar decrease 
was reported by Linford® using 0.7-2.35-Mev Hg ions 
on targets of Mo and W heated to an orange tempera- 
ture, the yield dropping to 50-75% of its value for cold 
targets and returning nearly to its full value upon 
cooling. Allen,®* using protons between 72 and 212 kev 
on C, Cu, Ni, and Pt, also found a reversible decrease 
of about 50% when measuring the yield at a “bright 
red heat.” The following tentative explanation of 
these effects suggests itself on the basis of the present 
treatment. 

The temperature cannot reasonably be expected to 
influence the very energetic formation process, so that 
the most likely effect on the yield appears to be through 
a change in the escape probability. According to the 
foregoing discussion, the yield should not be strongly 
affected by changes in the surface dipole barrier. Since 
N does not appear in the expression for the yield, a 
change in density due to thermal expansion cannot by 
itself account for a temperature effect, so that there 
remains only a possible temperature dependence of L,. 
Now an increase in temperature results in increased 
vibrations of the atoms about their equilibrium posi- 
tions which should reduce L, in analogy to the case of 
electrical conductivity, thereby decreasing the yield 
according to Eq. (15). 

A rough quantitative test of this hypothesis may 
therefore be made by assuming that L, varies with the 
absolute temperature 7 in a similar manner to the 
electrical conductivity, i.e., 

L.7T;) 14+6T, A(T) 

L,(T2) 1487, A(T) 
Substituting room temperature for 7; and 1000°K 
for 7, as the temperature corresponding to “bright red 
heat,” and using the observed ratio of the yields 
A(T2)/A(T;)=0.5, one obtains B~2.5X10-*. This is of 
the same order of magnitude as the temperature coef- 
ficient of resistivity for most metals, and small enough 
to be consistent with the dominant importance of 
inelastic collision processes. 

The present theory therefore suggests that the 
observed temperature effect in the case of secondary 
emission under positive-ion bombardment is a real 
effect, attributable to a decrease in secondary mean free 
path, and that it is not a spurious effect due to changes 
in surface conditions.** 

* M. L. Oliphant, Proc. Roy. Soc. (London) A127, 373 (1930). 

37 P. B. Moon, Proc. Cambridge Phil. Soc. 27, 570 (1931). 


* This conclusion is corroborated by recent observations of a 
similar decrease in yield with increasing temperature in the case 


(26) 
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X. EFFECTS OF GAS ADSORPTION AND OXIDE 
FORMATION ON THE YIELD 


Two different cases must be distinguished in dis- 
cussing surface effects in metals, namely the presence 
of very thin and very thick layers of gas or oxide. In 
the former case, the large majority of secondaries are 
formed in the bulk of the metal, so that the principal 
effect of the adsorbed gases will be to alter the surface 
transmission coefficient 7. According to the discussion of 
this quantity in Sec. IV, this could come about through 
a change in the surface dipole moment potentials ®p 
of Eq. (12). In view of the relatively large energy of 
the secondaries, Eq. (12) indicates that any such effects 
will be small. Thus, increasing ®p from 0.5 ev to 1.0 ev, 
or by 100%, causes the value of 7 to decrease by only 
12 %. This explains why such surprisingly good agree- 
ment exists between the yields measured for high 
proton velocities by different authors, despite the 
presence of thin layers of adsorbed gases unavoidable 
under the vacuum conditions employed. 

In contrast, when heavy layers of gases or thick 
oxides are present or when ion velocities are low, a 
large number of secondaries will be formed in the 
surface layer. The dominant effects will then be due to 
the combined effect of a change in the number of 
secondaries formed and their ability to diffuse to the 
surface. The number formed per unit distance may be 
larger or smaller than for the pure metal, depending on 
the atomic stopping power of the adsorbed gas or oxide 
relative to that of the metallic base. Thus, a particu- 
larly strong effect is to be expected in the case of low-Z 
metals, such as Be and Li, when these metals are 
oxidized, the stopping power of oxygen exceeding that 
of these elements. As to the diffusion length for second- 
aries L,, it is known experimentally to be orders of 
magnitude larger in insulators than in metals.” 
The explanation is to be found in the inability of very 
low-energy electrons in insulators to make inelastic 
collisions with the bound electrons.” According to Eq. 
(17), the yield from insulators should therefore be much 
larger than from metals of comparable stopping power. 
Such an increase in yield has in fact been observed in 
all cases where thick oxides were allowed to form®™ or 
where heavy layers of adsorbed gases were known to 
exist prior to outgassing.’:* For freshly formed alkali 
metal and beryllium*® layers, the yield was found to 
increase with time towards a limiting value many times 
the original yield. On the other hand, for the less 
reactive metals where all but a few atomic layers can 
be removed easily, it was found that the yield decreases 


of electron emission under electron bombardment for C, Pt, and 
Ta [E. J. Sternglass, Phys. Rev. 90, 380(A) (1953) ]; and for Ge 
[J. B. Johnson and K. G. McKay, Phys. Rev. 93, 668 (1954) J; as 
well as for the yield of photoelectrons ejected from metals by 
ultraviolet quanta [Walker, Wainfan, and Weissler, Phys. Rev. 


98, 562(A) (1955) and H. E. Hinteregger, Phys. Rev. 96, 538 
(1954) ]. 
*® Knoll, Hachenberg, and Randmer, Z. Physik 122, 137 (1944). 


“H. A. Bethe, Phys. Rev. 59, 940(A) (1941). 
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Fic. § Dependence of secondary electron yield on ion mass and 
charge, illustrating the scaling property according to ion velocity, 
Curves for heavier ions calculated from theoretical curve for 
protons (curve 3, Fig. 4). Data for protons (VY) and helium ions 
(QO) taken from Hill e¢ al. (reference 27) and Aarset et al. (reference 


25). 


towards that of a clean metal surface with time of 
bombardment or outgassing.!?” 


XI. MASS AND CHARGE DEPENDENCE OF YIELD 


As an inspection of Eq. (20) for the yield shows, the 
mass of the ion enters only by determining F,, or the 
velocity of the ion for a given energy. ‘The yield, just as 
(dE i/dx)», is therefore only a function of the velocity 
and the charge of the particle, allowing one to reduce 
all yield curves to a single universal curve by a simple 
scaling process.” 

This particular consequence of the present theory 
clarifies at once a troublesome discrepancy in the 
observed effect of ion mass on yield. A number of 
investigators had found that at low ion energies (<50 
kev) the yield varies oppositely to the ionic mass,“ 
whereas at high energies, the reverse has been ob- 
served.”’ This is, however, exactly what the scaling 
property implies for the two regions below and above 
the peak in the yield curves. This may be seen from 
Fig. 5, where the theoretical yield curves have been 
drawn for protons, deuterons, and a@ particles incident 
on aluminum, making use of the scaling property to 
derive the curves for the heavier ions from the proton 
curve (Curve 3, Fig. 4). The experimental points for 
protons and a particles are those obtained by Hill”’ and 
Aarset.”® The data for a particles were obtained using 
singly charged helium ions. ‘The fact that the maximum 
yield for these ions attains almost the value expected 
for a doubly charged a@ particle must be interpreted as 
indicating that the ion is stripped of its remaining 
electron within a distance from the surface comparable 
with L,. It also illustrates that measurements of the 


That a scaling process according to the ionic velocity and not 
according to ion momentum or energy is required to bring the 
yields for isotopic ions into coincidence has been shown experi 
mentally by W. Ploch (Z, Physik 130, 174 (1951) ] 

“M. Healea, Phys. Rev. 55, 984 (1939); M. Healea and C. 
Houtermans, Phys. Rev. 58, 608 (1940), 

“ Higatsberger, Demorest, and Nier, J 
(1954). 

“ Barnett, Evans, and Stier, Rev. Sci. Instr. 25, 1112 (1954). 
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secondary electron yield on the entrance and exit sides 
of thin foils may prove useful in studying the phe- 
nomenon of electron capture and loss by moving ions in 
solids. 


XII. SUMMARY AND CONCLUSIONS 


The principal features of the mechanism of secondary 
electron emission under fast-ion bombardment arrived 
at may be summarized as follows: 

1. ‘The yield is directly proportional to the number 
of low-energy electrons formed by the incident particle 
in a thin layer near the surface of a solid. The ionization 
process is essentially the same as in a gas, and for a 
given material it is determined only by the velocity and 
effective charge of the ion. 

2. The width of the zone from which slow secondaries 
can escape is determined by the diffusion length of 
these electrons in the material. For metals, this is 
only of the order of a few atomic layers, due to the 
possibility of large energy losses per collision in inelastic 
processes. In insulators, where slow electrons can make 
only elastic collisions, the diffusion length may be 
orders of magnitude larger. 

3. The cross section for scattering and absorption of 
secondary electrons is approximately proportional to 
the cross section for secondary formation by the 
incident particle. It shows no dependence on the 
number of conduction electrons or other bulk properties 
of the metal. 

4. The majority of all secondaries arriving at the 
surface are able to escape. The work function appears 
to play a role in the escape process only insofar as it 
involves the part due to the dipole layer formed by the 
asymmetric electron cloud of the surface atoms, The 
potential step to which this asymmetry gives rise is 
small compared to the energy of the secondaries so that 
differences in work function have a negligible effect on 
the yield. Owing to the proportionality between the 
inelastic cross sections for the incident particles and 
the secondaries, the yield is essentially the same for all 
metals at a given ion velocity and charge. 

It is of interest to consider briefly the most important 
implications of these results. Point 1 indicates that the 
yield of secondary electrons may be used directly to 
study the ionization or stopping process of all types of 
fast charged particles in matter. The only condition is 
that they pass through the surface zone without appre- 
ciable scattering or energy loss.** The ‘escape zone” 
near the surface in effect acts as an extremely thin, 
shallow “ionization chamber” from which a fixed 
fraction of all ejected electrons is collected. Thus, 
knowing the mass and velocity of a particle, its effective 

bY 


** This condition limits the present treatment to particles that 
are heavy compared to the rest mass of the electron, or in the 
case of fast electrons, to thin foils for which backscattering may be 
neglected. The general case of electrons incident on solids, where 
scattering cannot be neglected, has been treated in reference 54 
and will form the subject of a separate communication. 


charge may be determined from the secondary yield. 
Similarly, either its mass or velocity can be obtained 
from the measured yield if the other two quantities 
are known. This would appear to have direct application 
to such problems as the study of electron capture and 
loss processes for heavy ions in solids where the effective 
instantaneous charge of the ion is desired. 

Point 2 indicates that secondary emission under ion 
bombardment may be used to study the motion of 
slow electrons in different materials. Knowing the 
stopping power of a material from the Bohr-Bethe 
theory allows a determination of the diffusion length 
for the secondaries directly from the yield. Thus, 
secondary electron emission measurements for protons 
in the Mev energy range provide a new tool for studying 
the diffusion of slow electrons in metals and insulators. 

Point 3 indicates that as far as the scattering of 
electrons in highly excited states of solids is concerned, 
the approximation of simple band or free-electron 
theories are not applicable. Instead, the evidence indi- 
cates that, as suggested by Slater,** the interaction of 
electrons capable of making inelastic collisions with the 
atoms of a solid is determined primarily by the proper- 
ties of the free atoms, modified by the proximity of 
nearest neighbors. 

Point 4 explains the absence of strong work-function 
effects in the escape of energetic electrons from solids, 
be it secondary electrons produced by fast ions,'?” slow 
ions,” electrons,**” or hard ultraviolet radiation.” It 
emphasizes the fact that the simplified model of a 
uniform potential barrier at the surface of a solid equal 
to the full work function cannot be used to calculate the 
surface transmission coefficient in those cases where 
energetic electrons are formed in the interior of a solid 
and subsequently escape from the surface. These con- 
siderations indicate that secondary electron emission 
may become a useful tool not only in investigating the 
stopping of fast particles, but also for gaining infor- 
mation on the behavior of slow electrons in excited ° 
states of solids. 


APPENDIX 


The contribution of the fast 6 rays to the yield of 
secondaries may be arrived at as follows. 

Referring to Fig. 6, the average number of slow 
secondaries formed in a layer dx at depth x due to fast 
6 rays originating at a depth x=z is given by 


1 (— (2) 
dn,,?) =— ) g(x—z, v;)dz, (1) 
Ky dz Ay 


where g(x—z, 0,) represents the spatial distribution of 


#6 J. C, Slater, Trans. Faraday Soc. 34, 828 (1938). 

‘7H. Paetow and W. Walcher, Z. Physik 110, 69 (1938). 

“*H. Bruining, reference 3, Sec. 5.3, p. 72. 

“ EK. J. Sternglass, Phys. Rev. 80, 925 (1950). 

”H. E. Hinteregger, Phys. Rev. 96, 538 (1954); H. E. Hinte- 
regger and K. Watanabe, J. Opt. Soc. Am. 43, 604 (1953). 
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Fic. 6. Contribution of 6 rays to the yield of low-energy second- 
aries. (a) Typical paths of 4 rays originating in layer dz. (b) Density 
distribution of secondaries formed by 6 rays from layer dz. (c) Inte 
grated contribution of all 6 rays for different ratios Ly’/L,. 


the energy carried away by the 4 rays originating in dz. 
The total number of such “tertiary” electrons formed 
at depth x is therefore given by the integral 


“1 dE. ® 
nu (a) = f -« ) p(x—z,v,)dz. (Il) 
0 Ey dz Ay 


For the present case, where the rate of energy loss 
(dE;/dz)y, may be taken as constant over the region of 
interest, Eq. (II) may be written in the form 


1 dE ® 
Nee (Xx,05) - flout) =-(—) ’ 
Ey dx Ay 


where the factor 


flowa)= f g(x—2z, v,)dz 
0 


is the quantity introduced in the text [Eq. (1b) J. 

The exact form of the function g(x—z, v,) cannot be 
readily obtained. However, for present purposes, only 
the principal features of g(x—z, v,) need to be known in 
order to arrive at a good estimate for the magnitude of 
f(v;,x) and the form of its dependence on the ion 
velocity v;. This can be done by. considering the 6 rays 
as diffusing from a plane source located at depth z, 
following the general approach used by Bethe, Rose, 
and Smith" and Fano.” 

Considering first the limiting case of very low atomic 
number materials where back diffusion is small, the 
6 rays will spend nearly all their energy in the forward 
direction from their point of origin. To a good approxi- 


(111) 


(IV) 


5! Bethe, Rose, and Smith, Proc. Am. Phil. Soc. 78, 573 (1938). 
®U. Fano, Phys. Rev. 58, 544 (1940). 
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mation, one will not be too far wrong by taking for 
g(x—2)=g(u) the solution of the diffusion equation for 


a plane source: 


g(u)=C expl—u/Ls(0,)] for u>0, (V) 


g(u)=0 for u<0, 


where C is normalizing constant. Here L,(v,) is the 
so-called diffusion length, a function of the 6-ray velocity 
and therefore of v;, which measures the depth of the 
region over which the 6 rays diffuse while losing their 
energy. Substitution of Eq. (V) in the expression for 
f(v;,x) leads to the simple expression 


f(v,x) 


applicable to materials of low atomic number Z. 

For materials of higher Z, where an appreciable 
amount of the energy carried away by the 6 rays is 
carried backwards as a result of back-diffusion, g(1) 
may be taken as 


1—exp(—+/L4), (VI) 


g(u)=C’ expl—u/lLy(v,)] foru>0, (VID 


g(u)=C’ exp[u/Ls'(v;)] foru<0. (VII) 


Here, diffusion in the backward direction is taken into 
account by using the solution of the diffusion equation 
with a different diffusion length LZ,’ [see Fig. 6(b) ]. 
Since the 6 rays that find their way back to the plane 
from where they originated have lost most of their 
initial energy, their velocity will be small, making 
L,’<y. To a first approximation, an estimate of an 
upper limit to the ratio of Ly’ to Ly may be obtained 
from experimental data on the backscattering of elec- 
trons from solids. The ratio of the areas under the 
backward and forward portions of g(u) is roughly equal 
to that of the energy carried away by the backscattered 
electrons to that remaining in the material for electrons 
falling on the surface of a solid. Experimental values for 
this ratio in the kilovolt region may be calculated from 
measured values* of the fraction of backscattered 
electrons and their mean fractional energy k by means 
of the expression 


Lj’ /La=kn/(1—kn). (IX) 


Experimental values for this ratio range typically 
from 0.05 for Al to 0.25 for Au, indicating that the 
simple form for f(v;,x) [Eq. (IV)] is adequate for 
elements with Z < 30. For Z larger than this, use of the 
more accurate form of g(u) in Eq. (IV) leads to 


L, 
exp(—x/L,) |4 , 


+b 


J (0;4,%) (1+ Ls / Ls) i [1 (X) 


which reduces to Eq. (VI) for (L4’/Ls)—+0. Curves of 
f(x,v,) for a few values of L,y’/L, are shown in Fig. 6(c). 

It remains to find an expression for the diffusion 
length Ly. This may be done by regarding the motion 


FE. J. Sternglass, Phys. Rev. 95, 345 (1954). 
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of the 6 rays as a diffusion process™ in the material, 
following the treatment suggested by Bethe, Rose, and 
Smith, and Fano. The diffusion length of the 6 rays is 
defined by the relation 


La= (4dadss)!. 


Here, dy, is the transport mean free path given in terms 
of the collision mean free path ,, and the mean cosine 
of the angle of scattering per collision (cos), 


Na = hf 1 —_ ( 0895) wy | 1 


The absorption mean free path ),, is equal to the actual 
range R, of the 6 rays measured along their track length 
s according to the relation 


(XI) 
(XII) 


£4=0 dk, 
Ata ” R, t. ° 
Ei =F (dE,/ds) 


In Eq. (XIII), & is the energy of the 6-rays at any 
point of their track and £4, their initial energy upon 
ejection by the ion. The quantities dy, and (cos), are 
also functions of £;, but since they vary slowly with £, 
to a first approximation they may be calculated for 
iy = Eso. 

For the rate of energy loss of the 6 rays, use may be 
made of Bohr’s expression [ Eq. (6) ]. Because of the 
close similarity in the stopping process for light and 
heavy particles, this relation requires only a small modi- 
fication of the constant multiplying Z* when used for 
electrons instead of heavy ions, corresponding to a 
factor 2 instead of 4 in the logarithmic term of Eq. (4). 
Inserting Eq. (6) in Eq. (XIII) and carrying out the 
indicated operation gives 


Ty) () ; 
Exo . 
2aNéX4C,Z'\3 


The quantity C;=1/v2 has been introduced to modify 
Eq. (5) for electrons. Similarly, Eq. (6) for the rate of 
energy loss may be used to obtain an estimate for 
Nse( Ego). The relation between dy, and d&,/ds is 


Q 
(dE 4/ds) me 


“ This calculation is based on the author’s thesis, Cornel] Uni- 
versity, February 1951 (unpublished), 


(XIIT) 


Nba (XIV) 


(XV) 


Abe 


STE 


RNGLASS 


where Q is defined as the mean energy loss per collision 
process in the energy range of interest. Inserting Eq. 
(XIV) and (XV) in Eq. (XI), making use of Eq. 
(XII) and Eq. (11), one obtains for L/L, 


Ly Ita’ X1.6K10~* 7 2 Q i 
-_——— ( _ )( —) Ew. (XVI) 
a Sire! 3C 1— (cos®) ny 


The quantity Q has been shown by Bethe’ to be of 
the same order of magnitude for all except the lighest 
elements and only slowly varying with electron energy. 
For nitrogen, the theoretical estimate in the case of 
kev electrons is 81 ev. Since Q enters only as the square 
root in Eq. (XVI), this value will be adopted as suf- 
ficiently representative for all elements. For the mean 
angle of scattering in an inelastic collision, experimental 
data™ available for gases in the energy region of 100-500 
ev indicate that 6 is of the order of 40°-60° for energy 
losses near 80 ev, leading to an estimate for 
{Q[1—(cos@)4}"}! between 12 and 18. Adopting a 
value of 15 for this quantity, using C;=1/V2 and 
a’ =().23 as determined in Sec. VI, Eq. (XVI) reduces to 


Ls/L,~Es0/380, (XVID 


where yo is expressed in electron volts. 

The maximum value of L,;/L, is that corresponding 
to the highest energy that can be transferred to an 
electron by a heavy ion, ie., Hys=4E.. where 
Euqg= (4mov?7). Adopting this value for Eso tends to 
make Ls somewhat too large to represent the average 
6 ray’s penetration, but this is compensated by the fact 
that the penetration depth of electrons ejected prefer- 
entially in the forward direction is actually somewhat 
greater than L, since complete diffusion is reached only 
after a distance Xs, has been traversed. Inserting Eso 
=4E,, into Eq. (XVII), the final estimate for L,/L, 
becomes, in round numbers, 


L4(,)/Li~Eq/ 100. (XVID) 
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A formal treatment has been given of the surface states associated with a semi-infinite crystal. The treat- 
ment assumes that the surface states are produced by a potential which is a function only of the distance 
from the surface but is otherwise unspecified. A formal expansion is made in a complete set of Wannier 
orbitals, but the conclusions of the paper are based on the assumptions that (a) it is sufficient to use the 
orbitals of a single band, and (b) the tight-binding approximation is adequate for that band. Some theorems 
are given on the localization of Wannier orbitals, the localization of surface states, and the number of 
surface states for a given penetration of the surface potential. 


REVIOUS work on the theory of surface electronic 

states made use of drastically simplified models 
and methods. The method of studying the influence of 
defects in the periodicity of the crystal lattice on the 
states of electrons, as proposed independently by 
Lifshitz,! Koster and Slater,? and Baldock,’ has made 
possible a considerably general formulation of the whole 
problem of surface states. This formulation is subject 
to only two conditions: (1) the applicability of the one- 
electron approximation; (2) the Hamiltonian of the 
electron in the crystal which is confined between two 
parallel planes can be written in the form 


H=Ho+V, (1) 


where Hy is the Hamiltonian of the electron in an infinite 
ideal crystal and V the perturbation potential, which 
is a function only of the distance from one of these 
planes representing the surface of the crystal. 

It is the primary aim of this paper to present a 
derivation of the fundamental equations of the state 
functions and energies of the electrons localized near 
the crystal surface that is free from arbitrary assump- 
tions and ill-defined logical steps. Furthermore, the 
applicability of these equations will be shown by cal- 
culating a hitherto unsolved case which furnishes 
some information on the general character of surface 
states. 


GENERAL RELATIONSHIPS 


Let us start with an infinite ideal crystal, represented 
by a “cyclic” crystal, in which any state function is 
invariant with respect to an N-fold elementary transla- 
tion in the lattice (Born-K4rm4n conditions). Let Wn, 
be the state function of the electron in the ideal crystal 
and E,, the corresponding energy. Then let s be de- 
fined by the relationship 


k=2ns|g|/N, 
(of) =1, 


17. M. Lifshitz, Zhur. Eksptl. i Teoret. Fiz. 17, 1017 (1947); 17, 
1076 (1947). 

2G. F. Koster and J. C. Slater, Phys. Rev. 95, 1167 (1954); 
96, 1208 (1954). 

3G. R. Baldock, Proc. Cambridge Phil. Soc. 48, 457 (1952). 
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where & is the component of the wave vector in the 
direction of the elementary translation g of the re- 
ciprocal lattice, which corresponds to the elementary 
translation » of the crystal. » has been chosen in such a 
manner as to be the only elementary translation in the 
lattice which is not parallel to a pair of parallel planes 
Si, Se, which in the considerations to follow shall con- 
fine the crystal. m contains all the remaining quantum 
numbers. 

Let us define the one-dimensional Wannier functions 


N-1 
a,(r—me)=N-) Se triem/ NY, (x). 


and) 


(3) 


These functions are suitable for our purposes only on 
the condition that they are localized. We shall therefore 
prove the following theorem: 

Let N be a very large number. There can then be 
found a number M such that, if V>m>M, then 


d,(ti—mp) |? 
<u, (4) 


a,(7;) 


where »>O is an arbitrarily small number, and the 
vector r; is confined to the elementary cell in which we 
have placed the coordinate origin. 

If we introduce the variable ¢ by the relation 


t=2es/N (5) 


and replace the sum by the integral, we obtain 


N 
NY ,(t,11) = > ema, (1,;— mo), 


m4) 


1 
a,(r — mp) = 
Us 


2a 
f em NW, (t,0;)dl. 


0 


Since the integral 


an 
f N |Wa(tyr1) |2dt 
0 
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is limited, all the conditions for 


(8) 


lim |a,(1,—mp) |\?=0 


nm *h 


are fulfilled, as follows from the theory of the Fourier 
series, This establishes the localization of the Wannier 
functions. 

If we now change the Hamiltonian of the electron 
in the sense of Eq. (1), then the state function of the 
electron, satisfying the characteristic equation 


(H-—W)zZ=0, (9) 


can be represented to any degree of accuracy by the 
following linear combination of Wannier functions: 


N-1 
Z=> DY enamdn(r—mo). (10) 


n mond) 


Here the coefficients én are given by the following 
system of equations: 


N-1 
pa z. Cink ta,0 monn’ — Wb and mm’ +- V warsen] 0, (11) 


n m4) 


where 
N-1 
N 1 ws e 2riamiN 


and) 


(12) 


€nm 


and 


y cuter faste- me) Vay (r— m'o)dr. (13) 


For Wannier functions which belong to the various 
irreducible representations of the group of translations 
parallel to S,, the last integral vanishes. 

Proceeding now from the infinite crystal to the 
finite one, let us assume that 


V'>> | Enm| 


mri) 


V(r) (14) 


Mi <(r)/|p|?<M2, (15) 


where V’ is a constant. If we choose the difference 
M,.—M, sufficiently large, there will certainly exist a 
number P such that with a suitably selected origin 
of coordinates the following relations can be written: 


For M—P<m<N, 
y omsan” V’, 
(16) 


, - : ’ 
Vamin'm <u for mm’, 


where P<(M,—M),) and uw is an arbitrarily small 
number. If we assume the existence of a state, the 
energy W, of which is much smaller than the constant 
potential V’, 

(17) 


V’>W,, 


‘Pp. Feuer, Phys. Rev. 88, 92 (1952). 
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then for N—P<m’ <N it follows from (11) that 


¥ evral tea —(Wi-V Baw J=0, (18) 


which gives 


Cn! m! 


<(2 ' | €n’;m—m’|)/| V’—Witenol, 


Cmax 
where 


(20) 


€max = Max (| €nm|). 
mem’ 


The right side of Eq. (19), however, is a very small 
number according to the assumptions (14) and (17). 
The coefficients in the expansion (10) of the Wannier 
functions, localized in the region of a high constant 
potential, will therefore be very small for energies 
which are not too large. Thus, it is possible to write 
Eq. (10) with sufficient approximation in the form 


P 
Z=>- Dd eam@n(r—mo). (21) 


n mi) 


A suitably chosen potential barrier evidently repre- 
sents the situation of the electron in the finite crystal 
quite well. The region of constant high potential lies 
outside the crystal. Also the indices m=0 and m=P 
belong in general to cells outside the crystal. In the 
usual approximation these cells have always been 
placed in the surface of the crystal, so that the expan- 
sion (21) with the aid of atomic functions (in the ap- 
proximation of tight binding) involves only the atoms 
within the crystal. Since we are interested in a general 
theory of surface states, we shall not make use of this 
approximation. 

Because of definition (21), we shall let the indices m 
and m’ in Eqs. (11) run through all values from 0 to P. 
If we multiply these equations by exp(— 2mism’/N) and 
if we sum by m’, we obtain, assuming 


| Ens—W| 0, (22) 


after a short rearrangement, 


SE an 


n m 


P 1 
> Cn'mil 2riem’/N — —) 


mm! =d) 


W-—En, 


P 
x  » e Set T ration 


m=) 


.. * eo 1 Gut ratatibas 1 
m/o P+1 


(23) 


We multiply these equations by exp(2mips/N) and 
after a further rearrangement we obtain the final 
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formula for the coefficients in (21): 


P 
Cn'p=L Le lnm 
n m=) 


P 
XL > gn’; p—m’ V ater’: nm 
m/==() 


N—P-1 


7 . Pn’; pt were wry 


m' ==} 


(24) 


errius/N 


bn’; u=N" >, —., (25) 


> (W— Ens) 


For sufficiently large P there exists a certain number 
K such that with K<|m| <P, there will be 


| | 
| €nm| <u. 


(26) 


Because of the localization of the Wannier functions 
and because of the fact that the perturbation potential 
V imposed by the limiting pair of parallel boundary 
planes S$, and S, is negligible in the bulk of a sufficiently 
extensive crystal, there exist numbers Z and Z’ such 
that 
if {m>Z or m’>Z}, then |Vamnm| <u; 
and 
(27) 
if {m>Z’ or m’>Z’'}, then | Vapimn'P—m'| <M; 

0<Z«K4P, O0<2'<KSP. 


Since for very large values of u the magnitude of yw, u, 
as defined by Eq. (25), approaches zero, our problem 
for a large crystal can be divided into two subproblems : 
We obtain the surface states localized in the neighbor- 
hood of the plane 5, and states localized in the neigh- 
borhood of plane S2; this can easily be seen, by substi- 
tuting the conditions (26) and (27) into Eqs. (21). 
For the states localized in the neighborhood of the 
plane S; which we place near the cells with the index 
m=(, we obtain Eqs. (24) in the form 


Zz 2 
Cn’ p= z + Pn’; p m’ , wtwtinion 


n m=) m' A) 


K K—m 


7. > yt Pn’; pt-m’ En’; m'+mn’ m> 
1 


me=4) m’ 


The energy W is given by the determinant 


Z 
| a Pn’; p oa V ataalcnas 


md) 


(29) 


K—m 
~ ¢ ¢ | 
— San’ Zz Pn’; pt-m! En’; m'+-m— Onn'Omm! | (0), 


m! == 


If we put M=max (Z,K), this determinant is of 
order M. 
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From this derivation it is evident that Eqs. (28) and 
(29) are of general validity for very large crystals; if the 
crystal is a foil it is necessary to start directly from 
Eq. (24) to determine the energy and state functions of 
the electrons in such a foil. 

Finally we now proceed to show that the state func- 
tions described by the relations (28) are actually 
localized if only relation (23) is valid. From the proper- 
ties of the functions ¢,,, it can be seen directly that 
lim|én,»|=0; we can, moreover, easily prove the 
localization in the sense of the validity of the inequality 
M , 
De lenm|*/ 


R=)" (30) 


n eet) n 


l|Enm|2> 
;}Onm| - . 


where v is a finite number (see Chirgwin and Coulson’), 
From (28) we obtain by successive use of the Schwarz 
inequality 


P 


N 
~ te \2< 7 he 2 
ie jn’ p| <b | En’ p| 


pe ped 


M M e 2niam'/N 
Rolie: tes 
. mn med) mond) (v 


| n’m’; nmEnm 


Ens) 


M M—m er riam’/N 
9 


En’: m’4 m€ n'm | 


A 
m=) mo! (VW . Eats) 


M M 


<ol> > 2. LV wtahten!” 


n m=) m'«( 


M M 


t a s | €n’; m’+m | 


meat) mel n 


M 
apap» 


mA) 


{€nm\ sy 


where 


A\=min(|W—Ey,|). (31) 


The definition for ée,, has been extended also for 
p> P, by defining, for p> P, these coefficients again by 
the relation (28). 

Our theorem has thus been proved, since 


: M Me 
VO x » | V nex ater’ |* 


nn! med) mo) 


R>y 


M M 
rz, 2, Ly |Gvinenl se 


n’ me) mel 


APPROXIMATION OF TIGHT BINDING 


As an illustration of the method elaborated in this 
paper, we shall discuss in detail the surface states for a 
case when it is possible to consider one energy band only 
and where the energy of the defectless infinite crystal 


6B. H. Chirgwin and C. A. Coulson, Proc. Roy. Soc. (London) 


A201, 196 (1949). 
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is given by 


Ena= €no+2€; 008(2mis/N). (32) 


This approximation corresponds to the approximation 
of tight binding. If it is sufficient to consider one band 
of permitted energies in an ideal crystal, then the num- 
ber » involves only those components of the wave 
vector k which are parallel to the plane S;. According to 
the note following Eq. (13), the derived procedure can 
be applied to the state functions, characterized by a 
single value of n. 

We shall now attempt to ascertain the number and 
character of the states localized in the neighborhood of 
the plane limiting the semi-infinite crystal, for the case 
in which the perturbation potential is not confined 
only to the elementary cells in the immediate neighbor- 
hood of the plane 5), as it is usually supposed to be. 

If the energy of the electron in an infinite crystal 
depends on the parameter s according to Eq. (32), then 


| ae e'“*da 1 z,'! 
f ( (33) 
Qn + (W Eno 2; COSa) €; \Ze- 2 


4 p)* | 


p u 


where 
21,2=46[1F (1 

and 
B=(W- 


€no) €1, 


as can easily be found by integration in the complex 
plane [z=exp(ia) |. The equation for the coefficients 


€np can then be written in the form 


1 s. 8 
Lae ee 


— 


F 4 > «Pri, 
Cn'p z,'P . Il m’m€m 2," €0 |, (36) 


Z 2, m0 m/n=() 


and the energy is given by equation 
Z 
>) z,'? sig if mm 


a 
mod) 


5mo21?*! 5 pm(Z2 
where we have put 


fe €\. (38) 


l mm 


For a general discussion, it is more suitable to put 
Eq. (37) into a different form. Thus, if, for instance, 
we multiply (37) by the determinant |.S|, where the 
matrix S is defined as follows: 

Soo 
54; - o - om & ) 
Syi41 Sij 1 2), 


21); 


for j#0,Z; (39) 


and for all other cases 
Sa (39’) 
we obtain the relation 


|U’—A|=0, (40) 


KOUTECKY 


where the matrices U’ and A are defined as 


U on’ = Uymt54 1, m5 5—1, m; 
A pm = (2:+-22)5 pm — 215 po mo. 


From this it can be seen immediately that the energy 
of the surface state is determined by an equation of the 
order (2Z+-1). The form of (40) is suitable for a direct 
calculation of the energy of the surface states, or for 
the determination of the number of states in the case 
where the numerical values of Uy, are given. 

It is worth noting that the energy of the electron in a 
foil with a thickness of Z-elementary cells is given by 
the equation [see relations (24) and (33) ]: 


| U'—(W/p)T| =0, 


(41) 


(42) 


where J is the unit matrix. The determinant is of the 
order Z. 

For a general discussion of the number of roots, a 
further rearrangement is helpful. Since U’ is a Hermitian 
matrix, there exists a unitary matrix Q such that 


QU'Ot=K, (43) 
where 


Kij=K Gi, (44) 


and the dagger represents the Hermitian conjugate. 
Equation (40) can also be rearranged into the following 
form: 


|Q||U’—A||0*| 
me | (Ki—21—22)b 5 +2:0:.0;."| 


Pj 
=(, 


z Z 
=T] p{Ki—21—22]e1422+d - 
v4) 


im (K j—2,—22) 


where 


ps=|0jz|’, (45) 


and the asterisk denotes the complex conjugate. From 
the definition of 2, 22, and 8 in Eqs. (34) and (35), we 
finally obtain 

¥(8) =9(8), (46) 
where [see (34) ] 

¥ (8) =22(8) (47) 
and 

Zz pj 
¢(8)=h . (48) 

i (K;—B) 
¢(8) is a decreasing function, composed of (Z+2) 
branches. Only on Z branches do there exist the points 
6 such that $(8)>0 and at the same time points 8 such 
that #(6) <0. For one branch there is ¢(8)>0 and for 
the other one ¢(8) <0. If we now assume that Ko: - -Ky 
<—2 and Ky41---Kz>-—1, then the branch between 
K, and K,y4; does not intersect the negative branch 
¥, since ¢(—2)>—1. By the same argument, if 
Ko:--Ky<1 and Ky,1---Kz>2, then the root of 
Eq. (46) does not lie between K, and K,,;. Having 
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derived these auxiliary theorems, we proceed now to 
the determination of the maximal possible number of 
roots of Eq. (46). Let us assume that Ko---K,<—2, 
noting that the considerations to follow are still valid 
if there does not exist any K;<—2. If Ky,, is in the 
interval (—2, —1), there may exist a solution of Eq. 
(46) lying between Ky, and Ky,:. If Kyy2<2, there 
exists one branch of the function ¢ that does not inter- 
sect with y (i.e., the branch between K,,; and K p42). 
If, on the contrary, Kp,2> 2, there again does not exist 
any intersection on the branch, between K,y,, and 
K y42, with the positive branch of the function y, since 
in that case Kyi: —1<1. If K,4, is in the interval 
(—1, 2) there will not be any solution of Eq. (46) be- 
tween K, and K y,,. If, finally, Kp,1> 2, the branch of 
¢ lying between K, and K p,; does not intersect with the 
positive branch of y since in that case Kp<—2<1. 
Thus, in any case, at least one of the (Z+2) branches 
of the function @ does not intersect with y. There then 
follow the theorems: 

(1) There exist at most Z+1 surface states. 

(2) If there are s values K; such that | K,| <1, there 
exist at most Z—s surface states. 

(3) If there are s values K, such that | K,;| > 2, there 
exist at least s surface states. 

(4) If s’>0 and there are s’ values Ky such that 
|K,| <2, there exist at most (Z—s’+2) surface states. 


APPROXIMATION OF TIGHT BINDING 
FOR THE CASE Z=0 


The solution of this case, the one usually considered, 
which is characterized by the condition 
l wien - l 1b mim’ 0= (V/€1)8 mom’0, (49) 
follows from the derived relationships in an extremely 
simple manner. According to (40), 


z= U. (50) 
Since 22>1, there exists a surface state only if 
V/e>1, (51) 
and then the energy and the state function of the sur- 
face state are given by 
W =énot V+ (e*/V), 
ep/eo= (e:/V)?, 


which are the well-known formulas, 


(52) 


APPROXIMATION OF TIGHT BINDING 
FOR THE CASE Z=1 


In this more general case it is possible to determine 
some properties of surface states, where the perturba- 
tion potential is not confined to the elementary cells in 
the immediate neighborhood of the surface of the 
crystal, 
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The matrix U’ has now the form 


Uo Uo. +1 
v'-( ) 
U yo t 1 Ui 
Furthermore, 
Ki,2 4(Uoot Un) FL4 (U0 U 1)*4 |Uort1 |? }! 
and 
B -U 


$(B) ; a ae 
(8 Uoo)(B Uy) il ol { ‘| 


lor the sake of illustration, we shall now consider the 
case in which U9, Uo,, and UU, are real positive quan- 
tities. The positive branch of the function p [see (47) | 
is an increasing function of 8 and W(8)>1 for B>2. 
Therefore, if Eq. (46) has to have two positive solutions, 
one must have §,> 2, 6.>2, where 


}(Uot Ut) 
+(4(1+U in 


Bi,2 
-U)?+ | Uo t 1{? |! (56) 
are the roots of the equation 


¢(8)=1. (57) 
Hence, we obtain as a condition for the existence of 
two surfaces states with energies lying above the band 
of permitted energies of the infinite defectless crystal, 
the simultaneous validity of the following two in- 
equalities : 

Uo Uy>3, 


gee (58) 
1) “Uy, > "Ug |?+-U ot U 0. 


(Uo-1) (Un 


Similarly, the sufficient and necessary condition for 
the existence of one surface state is 


U oot Uy>1. (59) 


Two localized states may thus exist if the defect 
caused inside the crystal by its surface is sufficiently 
strong and essentially affects the second cell under the 
surface, and finally, if the value of U9, is not too large. 
From the condition (59) it is evident that the formation 
of a surface state does not require as strong a defect 
on the surface as in the case considered in the last 
paragraph ; the surface intensity of the defect may be 
compensated by a deeper penetration into the crystal. 

To clarify the character of the surface states further, 
we shall now calculate the ratios e;/e9. According to (36), 
we have 


€;/€o = (8 - Uoo)/(1 + Uo), 


Of 
€:/e1 (00) 


2° ‘ 


so that 


i>1; |e/e| <1, (61) 


and according to (56) 


é\ (1 t Uu—Uw)+Ll tU yy, of Uo)? { 4(U t 1)? |! 
in 


~ 


es 2(1+U 1) (62) 
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If 


UVo>Uywti, (63) 


then for the state with the higher energy there follows 


€:/eoS 1 ’ (64) 


whereas for the state with the lower energy 


¢:/eo<—1. (65) 


If condition (63) is valid, the amplitudes of the sur- 
face state with the higher energy, monotonically de- 
crease with increasing distance from the crystal surface. 
The amplitudes of the state with the lower energy have 
a maximum in the second cell below the surface and then 
monotonically decrease, It is necessary to point out 
that the existence of these states can be expected from 
general considerations of the “tearing” of the cyclic 
crystal by a high potential [see relations (14) |. The 
surface states usually considered are, from the point of 
view of this high potential barrier, subsurface states: 
it depends on what energies we still consider to be 
admissible, that is how far outside the crystal we shift 
the plane characterized by the relationship m=0 [see 
the inequality (17) |. If there did not exist “subsur- 
face” states, this procedure would not be self-consistent. 


‘ 


CONCLUSION 


The results of this investigation can be summarized 
as follows. 

(1) The state function of an electron in a crystal, 
which is limited by a pair of parallel planes, can be 
approximated to any desired degree of accuracy in the 
one-electron approximation by a linear combination of 
one-dimensional Wannier functions, having a maximal 
amplitude within the crystal, and one-dimensional 
Wannier functions having a maximal amplitude at not 
too great a distance from the crystal surface. 

(2) After having proved in a general way that the 
Wannier functions are localized, we have shown that 
the energy of the surface states is determined, for a 
sufficiently extensive crystal, by a determinant with M 
rows and columns, where M is the larger of the numbers 
Z and K, defined by (26) and (27) and MP, where 


P+1 is the number of elementary cells between the 
planes limiting the crystal. 

(3) The localization of the surface states, the energy 
of which does not fall into the band of permitted ener- 
gies of an infinite crystal, has been proved generally. 

(4) To the approximation in which the energy of the 
electron in the defectless crystal is given by Eq. (32) 
and if the considerations can be confined to a single 
band of energies of the nonperturbed infinite crystal, 
there exist at most (Z+1) surface states, if the per- 
turbation potential penetrates into a depth of Z+1 
cells below the crystal surface. 

(5) The case of Z=0, which is usually considered, 
follows very readily from the general procedure. 

(6) For the case Z=1, criteria for the existence of 
one or two states localized in the neighborhood of the 
surface can easily be given. 

(7) For the case Z=1, the existence of “subsurface” 
states can be demonstrated, the wave functions of 
which do not have a maximum amplitude at the surface, 
but below it. These states may have lower energies than 
the true surface states. If the perturbation potential is 
positive, volume states will be occupied first, followed 
by subsurface states, and finally by the surface states. 
At this point it is necessary to point out the usual 
confusion with respect to the surface charge caused by 
the surface states. In the one-electron approximation, 
if we do not take into account electron interaction, the 
wave functions of the volume states have lower ampli- 
tudes near the surface. By filling the subsurface and 
surface states, an even distribution of electrons in the 
entire crystal is attained, as follows from the general 
theory of the molecular orbital method® (see Artmann’). 

To sum up, it has been possible to show that the 
number and distribution of energetic levels, correspond- 
ing to the states localized in the neighborhood of the 
crystal surface, depend essentially on the depth of 
penetration of the perturbation potential into the 
interior of the crystal. 


®C. A. Coulson and G. S. Rushbrooke, Proc. Cambridge Phil. 
Soc. 36, 193 (1940). 
7K. Artmann, Z. Physik 131, 244 (1952). 
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By means of a proposed hypothetical cycle the lattice energies of binary alkaline earth-group VI ionic 
crystals are calculated from those of the alkali halides with reasonably good agreement. 


I, INTRODUCTION 


HE binary, cubic, ionic crystals have been treated 
extensively from experimental and _ theoretical 
viewpoints with outstanding success. In the alkali 
halide crystals, for example, purely theoretical calcula- 
tions of lattice energies have been verified experi- 
mentally by use of the Born-Haber cycle, thereby pro- 
ducing considerable confidence in the ideas of the 
structure and methods of treatment of such crystals. 
In the binary alkaline earth-group VI ionic cubic 
crystals, however, no experimental verification of the 
theoretical lattice energy calculations is available, so 
far as can be ascertained, because at least one of the 
quantities required for complete evaluation of the Born- 
Haber cycle is not known. In view of the rather close 
analogy between these substances, confidence in the 
calculated lattice energies is indicated.'* 
In the present report a method is proposed for de- 
riving the lattice energies of the crystals of divalent 
ions from those of the monovalent ions. 


II. DISCUSSION 


The alkali halides and the alkaline earth-group VI 
crystals form a series of isoelectronic, isomorphous sub- 
stances and contain pairs of crystals differing principally 
in nuclear charge, e.g., NatCl>-—MgttS=, K*tBr 
—CattSe, RbtI-—Sr**Te=, etc. By considering the 
molar volumes of these materials at room temperature 
it is observed that a nearly constant change in relative 
volume serves to produce equal volumes in both the 
alkali halide and its corresponding alkaline earth 
counterpart. The compressions (— AV /V) of the alkali 
halides required are shown in ‘Table I and were calcu- 
lated by use of x-ray spacing data for the crystals.’ The 
data shown for CsCl, CsBr, and CsI, which normally 
occur in the body centered configuration, were obtained 
from x-ray data on thin films of these materials that 
exhibited the face centered cubic arrangement.’ From 


1F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), Chap. II. 

2Linus Pauling, The Nature of the Chemical Bond (Cornell 
University Press, Ithaca, 1948), Chap. X. 

4R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1951), Vol. 1, Chap. 3, Table III-2. Additional 
data taken from Standard X-Ray Diffraction Powder Patterns, 
National Bureau of Standards Circular No. 539 (U. S. Govern 
ment Printing Office, Washington, D. C., 1953-1956), Vols. I, II, 
III, and IV; and Primak, Kaufman, and Ward, J. Am. Chem. 
Soc. 70, 2043 (1948). 

*L. G. Schulz, J. Chem. Phys. 18, 996 (1950), 


the tabular data it is concluded that an average com- 
pression of 25% is required. ‘The constancy of this value 
might be anticipated in view of the character of these 
crystals. Compression data covering this range are 
available for many of the alkali halides from the work 
of Bridgman® with pressures of the order of 100 000 
kg/cm? being involved. With the availability of these 
required data it is of interest to consider the hypo 
thetical experiments shown in Fig. 1. 

If one starts with the ideal ionic gas Rt+X~, the 
alkaline earth crystal may be formed in either of two 
ways. Proceeding clockwise (Fig. 1), the gas is con- 
densed to form the alkali halide crystal with the 
liberation of the known lattice energy U,. This crystal 
is then compressed isothermally so that its normal 
interionic spacing 7; is decreased to fr, the spacing of 
the corresponding alkaline earth crystal. The energy 
change AU’ involved in this process may be approxi 
mated as described later. The compressed crystal Rt X 
is then transmuted to V*++Y™ with an attendant energy 
change Ey. The energy E, is complicated and will be 
considered in detail subsequently. Ideally, the trans 
mutation reaction itself may be considered as the 
transfer of a proton from the nucleus of X~ to that 
of R* although experimentally production of prevailing 
isotopes might require involvement of nucleons as well. 


TABLE I. Compression of alkali halide to produce volume 
of corresponding alkaline earth salt, 


Changes in molar 
volume of 
alkali halide 

cm! ( 


Compression 
Alkaline earth AV/Vo) 
MgO 3.8 0.25 
MgS 6.0 ().22 
MgSe 7.7 0.24 
Mg’'l € 
CaO 
CaS 
Case 
CaTe 
SrO 
Sr5 
SrSe 
SrTe 
BaO 
BaS 
BaSe 
BaTe 


Alkali halide 


Nak 
NaC] 
Nabr 
Nal 
KI 
KCl 
KBr 
KI 
RbF 
RbCI 
RbBr 
RbI 
Csk 
CsCl 
CsBr 
Cs] 


().28 
0.27 
0.2% 
0.28 
0.24 
0.25 
0).24 
0.32 
().22 
0.23 
0.16 
0.25 


64 


12.1 


Average = 0.25 


° P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 1 (1945). 
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F1G. 1. Formation of divalent ionic crystals from monovalent ions. 


lor the present this question is immaterial as the energy 
involved in the reaction is not evaluated. Proceeding 
from the gas R++X~ counterclockwise (Fig. 1), the 
transmutation may first be carried out in the gas phase 
with production of the divalent ideal gas 0**++ Y= and 
involvement of the energy £,. Condensation of this 
gas produces a normal alkaline earth crystal O*+Y~ 
with release of the lattice energy U2 which has been 
calculated.® 

Proceeding to a consideration of the unknown energies 
involved, it is known that the value of the isothermal 
molar energy change, AU, is given by the expression 


P P 
AU Vf f ( rade f PpdP}, (A) 


where Vm is the molar volume of R+*X~ at 7=7, and 
P=, @ its expansivity, and # its compressibility. In 
principle, Eq. (1) can be evaluated, but in practice the 
pressure dependence of a is unknown in these pressure 
ranges. The expansivity is known to decrease with in- 
creasing pressure with no evidence of change of sign. 
This means that the first integral of Eq. (1), which 
denotes the heat loss on compression, increases in 
magnitude at a rate that decreases with rising pressure. 
Furthermore, for conformity with the third law of 
thermodynamics this integral must be bounded, The 
second integral, representing the work done on com 


pression, increases without bound, In the cases in which 
AU has been evaluated at high pressures, it may be 
considered that AU is largely determined by the work 
integral, with the heat integral representing a small 


negative correction whose importance diminishes as 
the pressure increases.’ For the present considerations, 
at pressures of the order of 110° kg/cm’, the heat 


*H. O. Pritchard, Chem. Rev. 52, 529 (1953). 
7P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Son, Ltd., London, 1949), Chap. VI. 
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integral is neglected and it is assumed that 


Pi 0.75V mo 
au=+ f padP= { Péy. 
0 Vimo 


Regardless of the validity of the assumptions made, 
Eq. (2) provides an upper limit for the value of AU 
since the heat integral always appears to be negative at 
high pressures. 

To evaluate Eq. (2), use is made of the second in- 
tegral form which permits graphical integration under 
the P—V curve. Data are available for all halides 
except the lithium salts and the fluorides to 1X 10° 
kg/cm*.° In a few instances a very minor extrapolation 
of the order of 1-210‘ kg/cm? is required to obtain 
the value of 0.75V mo. Little error is believed introduced 
by this extrapolation. 

The potassium and rubidium halides undergo a 
polymorphic transition at high pressures. In evaluating 
Eq. (2) for these salts, the volume change and the work 
done at the transition was subtracted from the data to 
evaluate AU. The implicit assumption is made here 
that the high- and low-pressure modifications do not 
differ appreciably in isothermal compressibility over the 
pressure interval involved. The cesium salts involved 
are not isomorphous with the other halides and the 
explicit assumption of comparable compressibility over 
the whole pressure range was made to evaluate AU for 
these materials. Although these latter assumptions are 
of uncertain validity, it will be observed that the value 
of AU is quite small in comparison with the other 
energies involved so that minor errors in evaluating 
AU are of still less importance. 

The energy FE, represents the total energy involved 


(2) 














"a 
SEPARATION 


Fic. 2. Energetics of the solid-state transformation process. 





LATTICE ENERGIES OF 


in the reactions: 
R*(gas)+ p—0** (gas) 


" (3) 
X~(gas)—>Y “(gas)+ 9, 


both reactants and products being in the ground 
state and p represents a proton. 

The energy £: contains the comparable energy in- 
volved for the reaction in the solid state. In addition to 
this quantity, Z, contains other energy contributions 
which become apparent from considering Fig. 2 which 
is designed to indicate the energetics involved in the 
process. 

In Fig. 2 the potential curve of the alkali crystal is 
represented by the solid curve, that of the alkaline 
earth by the broken line, with the average equilibrium 
separation of ions being denoted by the positions r; 
and ra. The energies involved are denoted by the 
vertical distances on the left of the figure. The initial 
separation of the normal halide, 7, is decreased to re, 
the equilibrium separation of the ions in the alkaline 
earth crystal. This average separation will correspond 
to some position on the repulsive leg of the original 
halide curve. The high pressure necessary to collapse 
the structure to this point arises through overlap of 
the electron clouds and produces distortions of these 
clouds. Now following conversion to doubly charged 
ions, the shallow halide potential well is replaced by 
the deeper well for the doubly charged ions and the 
ions find themselves at some elevated energy level, 
3Ae*/ro, above the new ground state (— Ae?/r,+-4A e?/r2) 
as indicated. Also, in place of the average separation rz 
with a pressure of zero, the average separation for this 
level would be r2'>r2 as indicated. To maintain the 
volume constant and the separation equal to r, the 
pressure will rise to some undetermined value /'. As 
the excess energy 3Ae?/r, is dissipated and the energy 
falls to the ground state at constant volume, the 
pressure P! falls to zero. The energy change in this 
process at constant volume is AU = —3Ae?/n= [CT 
if completely thermal dissipation is effected. 

The lattice energies of R*X~ and Q+tY™ contain 
other terms in addition to the Coulomb term which are 
dependent on charge.'! These term values will also 
change when the ionic charge doubles. However, the 
contribution of these additional terms to the total 
energy is quite small and any change in their contribu- 
tion arising through change in charge will be of still 
higher order. For this reason it may be concluded that 
the energy change is equal to the Coulomb term alone. 

Equating the energies involved leads to the equation 


Eyt+Uy=Ust+- AU + Ex 3Ae*/rs, (4) 


which may be applied to the cycle. First, it is known 
that the nuclear reaction energies are independent of 


SOnNTC CUBIC CRYSTALS 


TABLE IT. Calculated values of Us. 


Us Theor 
cale theor* 
keal/ 
mole 


Alkaline 
earth 
salt 


—3Aet/rs 
kcal 
mole 


Uy 
keal/ 
mole 


AU 
kcal 


mole 


Alkali 
halide mole 
697 
636 
609 


NaCl 
NaBr 
Nal 


MeS 9 
MgSe 

Mete 13 
(cubic) 

CaS 


184 
—~176 
164 


872 —7 a3 
798 08 , 
~760 


764 
726 
679 
720 
093 
667 
679 
660 
629 


KCl 
KBr CaSe 
KI CaTe 
RbCl SrS 580 162 
RbBr 559 156 
RbI f . 537 148 
CaCl > 548 153 
CsBr 526 150 
Cal —499 142 


617 168 
588 161 
549 152 


* Data by H. O. Pritchard, Chem. Revs, 52, 529 (1953). These are mean 
values, 

> Values calculated using estimated tonic separation of 2.86 K107* cm 
for cubic MgTe. 


the state of the extra nuclear electrons to a rather high 
degree of approximation.’ If one assumes this to be true 
rigorously, then F,= £, and Eq. (4) may be used to 
calculate Us. 

Values of U2 (Table IT) calculated by Eq. (4) are larger 
in absolute value than the theoretical values by about 
35 kcal/mole, except for the smallest ions which give a 
somewhat larger value. For the NaCl-MgS cycle which 
shows the greatest discrepancy the only assumptions 
involved appear to be neglect of the heat integral in 
evaluating AU. Since this integral is apparently always 
negative, its inclusion would produce a great divergence. 
For the other materials the additional assumptions 
involving the transition are included but agreement 
appears somewhat better. In any event, the cycle pro- 
posed yields values which are of the expected magnitude 
and agree reasonably well with the theoretical values. 
The explanations for the discrepancies between theo- 
retical and calculated values are not apparent at this 
time. 

Several alternative methods of carrying out the 
processes in the cycle are immediately evident. The 
most obvious of these involves a series of experiments 
at P 
occur on transforming singly charged ions to doubly 
charged ions appears to demand detailed information 


0). However, the change in separation that would 


on C, and a for the alkaline earth crystals which is not 
available. Extrapolation of existing data over the wide 
intervals required would produce questionable results 
and this approach loses its appeal. 

It would appear that cycles of this type offer con- 
siderable promise for derivation of quantities of interest 
which are presently unknown from others which are 
available. Experimentally, however, the complete evalu- 
ation of the individual energy steps involved appears 
to be beyond the scope of existing techniques. 


® E. Segre and C. E. Wiegand, Phys. Rev. 75, 39 (1949), 
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Heat capacity measurements below 4.2°K have been made on a series of a brasses with compositions 
ranging up to thirty-four weight percent zinc. The variation of density of electronic states as a function 
of zinc composition suggests that the Fermi surface in copper deviates appreciably from sphericity. A 
comparison with theory and other experimental data concerning the shape of the Fermi surface in copper 


is given 


I, INTRODUCTION 


ECENT work'? has indicated the need for direct 

information concerning the band structure of 
copper. Such information can be obtained, in principle, 
from electronic heat capacity measurements on a series 
of binary alloys of copper and a multivalent solute 
element forming a fairly extensive primary solid 
solution with it. If one assumes that the solute con- 
tributes its valence electrons to the collective 4s band, 
thereby altering the extent to which it is filled without 
changing its shape,’ it is clear that the resulting 
variation of electronic capacity with solute 
concentration is simply related to the band shape of 
copper in the vicinity of the Fermi level. 

To date, no such experiments have been made on a 
suitable alloy series. An extensive program has been 
undertaken to remedy the situation and in this paper 
the results of heat capacity measurements below 4.2°K 
on alloys of the a phase in the copper-zinc system are 


heat 


described. 


Il. EXPERIMENTAL 


The experiments were carried out in a modified 
form of the calorimeter employed by Corak et al. 
in their work on the heat capacities of the noble 
metals. Measuring techniques were substantially un- 
altered except that the carbon resistance thermometer 
was calibrated against the 1955 vapor pressure- 
temperature scale of Clement, Logan, and Gaffney.® 
The specimens employed were 1 in. in diameter, 
1% in. in length, and weighed approximately 180 grams. 
They were produced by induction melting of appropriate 
quantities of high-purity copper and zinc under an 
argon atmosphere, care being taken to ensure good 
mixing of the components. In. no case did subsequent 
chemical analysis of the ends of each ingot reveal a 
macroscopic inhomogeneity exceeding 0.05% zinc. 
Qualitative spectroscopic analysis of each specimen 


1 J. A. Rayne, Australian J. Phys. 9, 189 (1956). 

2]. A. Rayne and W. R. G. Kemp, Australian J. Phys. 9, 569 
(1956) 

#N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Clarendon Press, Oxford, 1936), p. 171 

4Corak, Garfunkel, Satterthwaite, and Wexler, Phys 
98, 1699 (1955). 

5 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955). 
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revealed a component purity of the order of 99.99%. 
The ingots were hot worked to remove segregation, 
turned to size and finally annealed for one hour at 
700°C in an argon atmosphere prior to use. 


III. RESULTS AND DISCUSSION 


In all cases it was possible to obtain a good straight 
line fit to the heat capacity data when plotted as 
C/T versus T*, a typical graph being shown in Fig. 1. 
The heat capacity is thus of the usual form 


C=7T+A(T/0)', (1) 


these terms representing the electronic and lattice 
contributions, respectively. A least-squares analysis 
of the results yields the values of y and © shown in 
Table I. The representative uncertainties quoted in 
this table represent both systematic and random errors, 
the former being estimated to be about 4%. The 
variation of y and © with zinc composition is shown 
in Figs. 2 and 3. 

According to the collective electron theory, y is 
related to the density of states at the Fermi surface, 
N(£o), by the equation 

y=4? RN (Ey). (2) 
From Fig. 2, it is thus apparent that, with increasing 
zinc concentration, the density of states for the a brasses 
rises quite sharply at first and then remains substan- 
tially constant*. If these results are interpreted from 
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Fic. 1. Heat capacity of copper—20% zinc alloy. 


* Note added in proof.—Recently Jones [Proc. Roy. Soc. 
(London) A240, 321 (1957) ] has considered the effect of electron- 





neAs CAPACITY OF «@ 
the standpoint of the rigid-band theory® of binary 
alloys, this sharp initial rise is not consistent with the 
assumption of a parabolic form for the density of states 
curve for copper. Thus, for an alloy with a concentration 
c of impurities with a valence Z relative to the solvent, 
we have in the first-order approximation® 


AN(Ey) cZ 
= . (3) 
N(Ey) 3p 


it being assumed that the solvent contributes p electrons 
per atom to the parabolic conduction band. In the case 
of solutions of zinc in copper for which Z=1, p=1, 


we find that a 3% zinc concentration should produce 


a 1% change in y. This figure is clearly much too low. 

Such a discrepancy can be explained by assuming 
that the Fermi surface in copper departs appreciably 
from a spherical shape. Since the density of states is 


TABLE I. Values of y and @ in the relation 
C = yT+A(T/@)' for a brasses. 


Composition 
(atomic percent 
zinc) 


0 
1.49 
3.15 
5.98 
7.80 
8.18 
9.76 
15.07 
19.97 
24.50 
29.19 
32.98 


Y 
(millijoule 
mole™ deg™*) 


0.687 40.012 
0.708 
0.735 
0.742 
0.731 
0.750 
0.743 
0.740 
0.745 
0.746 
0.752 
0.733 


0 
(deg K) 


344.543%> 
343.6 
343.3 
343.6 
342.6 
341.6 
341.3 
335.6 
329.9 
325.9 
320.9 
315.3 


*® Mean values of y and ©. See references 1 and 3. 
>b Random error estimated from plot of C/T versus T* at 99% confidence 
level. Systematic error assumed to be 4%. 


given by the relation 


dS 
N (Eo) av f : 
| grad, F| 


the integral being taken over the Fermi surface, 
N(Eo) will increase more rapidly than in the free 
electron case when | grad,£| is small. Such a situation 
occurs when the Fermi surface deviates from sphericity, 
as will be the case when it approaches any set of faces 
of the Brillouin zone relating to the outermost electrons 
of the metal. In the case of copper, which has a face- 
centered cubic structure, the first Brillouin zone has 
the form shown in Fig. 4. For the point A on the (111) 
face we have ka=0.866, while for the radius of the 


(4) 


lattice interaction on the apparent y values for the a brasses. He 
concludes that the curve of Fig. 2 should exhibit an anomaly at 
the zinc composition for which the Fermi surface just touches the 
zinc boundary. From the experimental] data it would appear that 
no such behavior is observed and that the effect of the interaction 
is not as large as predicted theoretically. 

6 J. Friedel, Phil. Mag. 3, 465 (1954). 
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Fic. 2. Variation with zinc concentration of electronic heat 
capacity for a brasses. 


sphere containing one electron per atom we have 
ka=0.782. Thus the Fermi surface must come quite 
close to the {111} faces of the zone and it is not un- 
reasonable to suppose that in actual fact it almost 
touches the zone boundaries at points such as A. The 
sharp initial rise in y would then be due to approaching 
contact at these points. It is of interest that Klemens’ 
and Jones* have also invoked the concept of a non- 
spherical Fermi surface in copper to explain the behavior 
of certain of its transport properties, 

The accuracy of the present experiment is not 
sufficient to determine unequivocally whether there is 
a shallow maximum in the curve of Fig, 2. According to 
Jones® the density-of-states curve for copper should 
rise sharply to a cusp at a relatively low electron/atom 
ratio and then decrease linearly as shown in Fig. 5, 
In comparing this curve with Fig. 2, on the assumption 
that the zine contributes both its conduction electrons 
to the conduction band of the alloy, one must take 
into account the expansion of the copper lattice caused 
by the addition of zinc, As a first approximation, this 
effect can be calculated by treating the metal as a 
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Fic. 3. Variation with zinc concentration of Debye 
temperature for a brasses 
7P. G. Klemens, Australian J. Phys. 7, 70 (1954) 
* H. Jones, Proc. Phys. Soc. (London) 6%, 1191 (1955). 
*H. Jones, Proc. Phys. Soc. (London) 49, 250 (1937). 
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free electron gas. Thus, we have 
N(Eo) « 1/Eo, 


where the Fermi energy is given by 


W f3n\' 1 
“= — 
2m \ 8m a’ 
n being the electron density and a the cubic lattice 
spacing. Hence 


(6) 


N (Eo) « a’, (7) 
and so for a given total number of electrons the density 
of states increases as the square of the lattice parameter. 
Using the lattice parameters for copper, a= 3.608 kX, 
for the limit of the a phase a= 3.693 kX and assuming 
Vegard’s law to hold, one thus obtains for the variation 
of N(Eo) with lattice expansion the straight line of 
Fig. 6. Subtracting this from the experimental curve, 
the dotted curve representing the variation of density 
of states with electron/atom ratio for a fixed lattice 
spacing is obtained. In view of the approximations 


<-> 


4. First Brillouin zone 
for copper. 


made in Jones’ theory and the difficulty of obtaining 
the exact variation of y for low zinc concentrations, 
the agreement between Figs. 5 and 6 must be considered 
to be reasonably satisfactory. 

It is of interest that the results of the present work 
do not agree with those of Henry and Rogers" obtained 
from susceptibility measurements on a brasses. Accord- 
ing to these workers the Fermi surface in copper lies 
beyond the maximum in the density of states curve, 
the latter being a monotonic decreasing function of 
electron/atom ratio in the region of interest. In view of 
the uncertainties in the analysis of susceptibility data, 
particularly concerning corrections for the diamagne- 
tism of the conduction electrons, the disagreement is 
not considered to be significant. 

Although the hypothesis of an aspherical Fermi 
surface finds further experimental support in the work 


” W. G. Henry and J. L. Rogers, Phil. Mag. 1, 237 (1956). 
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Fic. 5. Theoretical density of states curve for copper.® 


of Pippard" on the anomalous skin effect in copper, 
it is to be noted that the detailed calculations of 
Krutter”’ and Howarth” give band shapes differing 
considerably from those found in the present work. 
Owing to the difficulties associated with such calcula- 
tions, particularly as regards computing the effects 
of exchange, it is not certain just how much reliance 
can be placed upon them. Thus the discrepancies 
with the present results may not be as serious as 
they seem. 

In principle the band shape of a metal beyond the 
Fermi surface can be obtained from its x-ray absorption 
spectrum. Cauchois’* has measured the K- and L- 
absorption spectra of copper and concludes that the 
density of states is a monotonic increasing function of 
energy up to a point 3.5 ev beyond the Fermi surface. 
Now the absorption of a metal is given by the relation 


u(E)« {(E)N(E), (8) 
{(E) being the transition probability between the 
initial and final states and N(£) the final density of 
states. It is not easy to evaluate /(£) and variations 
of this quantity as a function of energy make it difficult 
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Fic. 6. Experimental density of states curve for copper. 


4 R. G. Chambers, “Proceedings of the international conference 
on electron transport in metals and solids,’ Ottawa, 1956, p. 1406 
(Suppl. Can. J. Phys. 34, No. 12A (1956) ]. 

4H. M. Krutter, Phys. Rev. 48, 664 (1935). 

41D. J. Howarth, Proc. Roy. Soc. (London) A220, 513 (1953). 

“ Y. Cauchois, Phil. Mag. 44, 173 (1953). 
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to evaluate N(E) from absorption data in an un- 
equivocal way. Thus, again, the discrepancy with the 
present work may not be serious. 

Further experiments are planned to investigate in 
more detail the effects of lattice distortion and also 
to extend the measurements to solute elements of 


valency greater than two. 
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Absorption of Light in Se near the Band Edge 


W. J. CHoyKE AND LyLe Patrick 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 


(Received June 19, 1957) 


A photovoltaic method has been used to measure the relative absorption in hexagonal Se of photons of 
energy 1.6 ev to 2.0 ev in the temperature range 80°K to 440°K. The measurements show that the transitions 
are indirect at the band edge, requiring the absorption or emission of a phonon. The energy gap is found 


to be (1.79+0.01) ev at 300°K; above this temperature dig/dT = 


9X10 ev/degree. The absorption 


edge of hexagonal Se is compared with that of amorphous Se 


I. INTRODUCTION 


NUMBER of investigators has reported values 

for the energy gap in hexagonal Se. These values 
of Eq scatter considerably, ranging from 1.7 ev to 
2.3 ev. Some of the earlier work has been summarized 
by Moss.! 

The results referred to above were obtained from 
optical transmission measurements. Electrical measure- 
ments in Se have not been carried into the intrinsic 
region because of the low melting point (217°C) of Se. 

Much of the scatter in the values of Eg may be 
attributed to certain experimental difficulties in making 
direct optical (transmission) measurements of the 
fundamental absorption, viz.: (1) ‘The good Se single 
crystals available have been so small that very accurate 
measurements of transmission were not feasible. (2) The 
impracticability of preparing hexagonal Se 
surfaces prevents an accurate direct measurement of 
reflectivity. (3) It is difficult experimentally to separate 
the absorption due to free carriers and imperfections 
from the fundamental absorption. 

In this paper we present values for the fundamental 
absorption in Se as deduced from photovoltaic measure- 
ments.?, Only the relative absorption coefficient is 
determined in our work. To get the absorption coeffi- 
cient of Se from our data, an absolute measurement at 


good 


one wavelength would be required. 

The photovoltaic method for determining the 
absorption coefficient in Se has advantages over the 
transmission method since it avoids the large reflectivity 


1T. S. Moss, Photoconductivity in the Elements (Academic 
Press, Inc., New York, 1952), p. 192. 
2 W. J. Choyke and L. Patrick, Phys. Rev. 105, 1721 (1957). 


In addition, the results are simple to 
in terms of the fundamental absorption, 


correction, 
interpret 
since free-carrier and impurity absorption do not 
contribute to the photovoltaic effect. We have found 
the photovoltaic method well suited for use with 
hexagonal Se. 

The absorption near the band edge has been found 
to be of the form predicted for indirect transitions.’ 
Accordingly, we have used a Macfarlane and Roberts 
plot*® to determine values for Eg in Se. We have 
obtained in this way values of the energy gap accurate 
to 0.01 ev over a considerable temperature range. 

An unusual feature of the results given here is that 
in fitting curves to our experimental points we find it 
necessary to use a phonon energy which varies with 
the temperature of measurement. 

We have attempted to make similar measurements 
on amorphous Se cells in order to compare the absorp 
tion edges of amorphous and hexagonal Se. ‘The results 
are somewhat ambiguous and we can interpret them 
only in part. 


II. PREPARATION OF SAMPLES 


Because Se is known only as p-type, a foreign n-type 
material must be used to complete the junction. 
However, we wish to measure only Se absorption. 
We first made measurements on commercial Se photo 
voltaic cells, but found a large spurious response which 
we believe is due to hole-electron pair production in 


* Bardeen, Blatt, and Hall, in Proceedings of the Conference on 
Photoconductivity, Atlantic City, November 4-6, 1954 (John 
Wiley and Sons, Inc., New York, 1956), p. 146 

*C. G. Macfarlane and V. Roberts Phys. Rev. 97, 1714 (1955). 

*C. G. Macfarlane and V. Roberts Phys. Rev. 98, 1865 (1955). 
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CdSe at the junction. Finally, following a suggestion 
of Dr. E. D. Wilson of this Laboratory, we were able 
to prepare samples which gave no spurious response. 

A layer of Se on a metal plate (Ni-plated Al) was 
annealed for at least 2 hours at 200°C. Onto this was 
evaporated first a thin film of CdS and then a film of 
Au having about 30% white-light transmission. 
Contacts were made to the metal plate and the gold 
film. CdS forms the n-type part of the junction but 
does not have any photovoltaic response to photons of 
the energies used in this experiment. 

To learn more about spurious responses and correc- 
tion factors we made measurements on samples 
prepared in other ways. We mention three variations 
in preparation procedure. 


(1) The annealing period was varied, giving us 
samples with varying amounts of amorphous or 
intergranular material. This enabled us to identify 
the response of the latter and also to learn the annealing 
treatment required to eliminate it. 

(2) Annealing at 200°C afler the evaporation of the 
CdS film introduced a response at lower energies 
(strongest at about 1.7 ev) which we believe is due to 
formation of CdSe at the Se—CdS interface. This 
response also appeared in samples prepared in the usual 
way when we attempted to make measurements above 
170°C, thus limiting the range of good measurements. 

(3) Substitution of Al for Au in the semitransparent 
film introduced a different correction curve for the 
metal-film transmission spectrum and enabled us to 
check the reliability of our correction, 


Ill. EXPERIMENTAL PROCEDURES 


The equipment was described in an earlier paper.? 
We shall describe here two correction curves which we 
applied to our data in getting the relative absorption 
constant 8 (@=ba, where a is the absorption constant 
in cm” and 6 is a constant for a given temperature). 

(1) ‘Transmission measurements were made on glass 
slides exposed with the samples during evaporation of 
the CdS and the Au or Al semitransparent electrodes. 
Thus, we were able to correct for absorption and 
reflection by the Au or Al films. The correction factor 
varied slowly with wavelength, and the total variation 
was always less than 20%. 

(2) A more important correction is that for nonlinear- 
ity of the sample response. Experimentally the problem 
is to measure the relative rate of hole-electron pair 
production as a function of wavelength \ by a certain 
incident flux N of photons per second. If the response 
is linear, as it usually is for low signal levels or high 
temperatures, then the signal (S) is proportional to 
NB at all \’s and a measurement of the incident light 
spectrum enables us to plot 8 vs photon energy. 

If the response is not linear we observe that, for a 
given sample and temperature, the departure from 
linearity is a function of S only. We then measure S 
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vs N at constant A and plot S vs S/N. The curve thus 
obtained is applied to our data to find from S a number 
proportional to N@ at any X, thus permitting us to 
find 8 vs photon energy as before. 

We have confidence in these corrections, since, 
although there was considerable sample to sample 
variation in the uncorrected data, the corrected curves 
were in good agreement. 


IV. RESULTS 
Hexagonal Se 


In Fig. 1 we have plotted 8! vs photon energy for 
sample G3 at three temperatures. 8 is proportional to 
the absorption constant a, which can be obtained from 
our data by using a good transmission measurement 
at a single wavelength to normalize our measurements. 
A sufficiently dependable value of a is not yet available, 
however. 

The solid lines are calculated from the formula 

(hy—Eqg+k0) (hv—Eqg—kb) 


8 =30 000 ‘ ’ 
git—| i-¢ tT 


(1) 


where hy is the photon energy in ev, Eg is the energy 
gap, and &@ is the energy of the phonon absorbed or 





Sample G-3 











0 | 
6 ‘ 1.8 ‘ 2.0 
E (ev) 


Fic. 1. The points are 84 vs photon energy for sample G3 
(hexagonal) at three temperatures. 8 is proportional to the 
absorption constant. The lines are calculated from Eq. (1) using 
the values of Eg and k@ chosen for best fit to the experimental 
- These values are, respectively, 1.794 ev and 0.025 ev at 
98°K ; 1.743 ev and 0.035 ev at 359°K; 1.686 ev and 0.05 ev at 
421°K. 
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emitted. This is the formula used by Macfarlane and 
Roberts® with their constant A set equal to 30 000. Our 
measurements do not, of course, determine the constant 
A. The value of 30 000 was estimated from transmission 
measurements® and is believed accurate to within a 
factor 3. 

We present only three curves in Fig. 1, but we have 
made measurements at many temperatures in order to 
trace out the curves of Fig. 2, which show the tempera- 
ture dependence of Eg and ké. 

The results presented in Figs. 1 and 2 were obtained 
from a single sample. We have made extensive measure- 
ments on about 10 other samples, and after applying 
the corrections described earlier, we find good agreement 
with the results presented here. The values of Eq for 
best fit show a sample to sample variation of less than 
0.01 ev above room temperatures and less than 0.02 
ev at lower temperatures. The values of k@ are fitted 
within 0,005 ev above room temperature but are less 
certain at low temperatures. We could not fit the 
phonon absorption part of the 80°K curve at all; 
our value for Eg at 80°K assumes a phonon energy 
of 0.02 ev as obtained by extrapolation of the higher 
temperature values. An uncertainty in choice of ké 
introduces an uncertainty of about the same amount 
in Eg. 

Our properly prepared samples are free of the CdSe 
response. However, there is some response from 
amorphous or intergranular material even in the best 
annealed samples and it gives our curves a small] 
low-energy tail. We have made a partial correction by 
subtracting a constant amount from #. This constant 
amount is about 10 at all temperatures and is thus 
less than 4 of 1% of the higher data points in Fig. 1. 
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Fic. 2. Temperature dependence of Eg and k@ for hexagonal Se. 


* J. J. Dowd, Proc. Phys. Soc. (London) B64, 783 (1951). 
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Fic. 3. Comparison of amorphous response (A7 and Gilleo’s) 
with that of hexagonal Se (G3). Normalization of the A7 measure 
ments brings them into coincidence with Gilleo’s throughout the 
range at= 20 to at=40. The a! vs energy plot has no theoretical 
significance for A7 and is used merely for the comparison with 
G3. Measurements for sample G3 are given on the #! scale. 


Consequently, it makes little difference in fitting the 
data—the only significant change is a reduction in the 
chosen value of @ of about 10%. The form of the 
amorphous response has been investigated at length 
and will be described in the next section. 


Amorphous Se 


We attempted to measure the photovoltaic response 
of cells made as described earlier except that amorphous 
(unannealed) Se was used instead of hexagonal Se. 
The response was insufficient to make meaningful 
measurements; perhaps a satisfactory p-m junction 
was not formed. 

However, we were able to make good measurements 
on cells which had been annealed at low temperatures 
for short periods (sample A7 of Fig. 3 had been heated 
at 100°C for 1 hour). In such cells there is a mixture of 
hexagonal and amorphous Se. The photovoltaic response 
is quite different at the absorption edge from that of 
the well-annealed sample G3, but increasing the 
annealing progressively changes the response toward 
that of G3. After sufficient annealing to produce the 
G3 response, further annealing makes no change. 
We attribute the change in response to conversion of 
amorphous material to crystalline Se. 

Transmission measurements indicate that the absorp- 
tion coefficient of hexagonal Se is greater than that of 
amorphous at photon energies over 2 ev. We find the 
reverse to be true at 1.8 ev, hence the curves of absorp- 
tion coefficients must cross. The crossing point is about 
2 ev in Fig. 3 with our choice of 30 000 for the constant 
A. 
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It is apparent that nearly all of the A7 response 
below 1.8 ev, and a considerable amount above, 
must be that of amorphous Se. We therefore compare 
the A7 measurements with transmission measurements 
by Gilleo’ on amorphous Se films. The fact that his 
points lie above ours at low photon energies may be 
attributed to impurity absorption, which the photo- 
voltaic method does not measure. 

The energy dependence of the amorphous Se response 
in the range 1.7 ev to 1.8 ev is similar to that of the 
tail of sample G3; hence we think the latter is due to 
residual amorphous material. We found the temperature 
dependence of the amorphous response to be such that 
its contribution to the tail of G3 remained about the 
same at all temperatures. 


V. DISCUSSION 


We find a very sharp drop in absorption coefficient at 
the absorption edge, in contrast to previous results of 
Dowd® and Gilleo.’ In this region the photovoltaic 
method gives a much more direct measurement of the 
fundamental absorption than the transmission method, 
as we pointed out earlier. We believe the greatest 
uncertainty in previous measurements was in the 
reflection correction. We therefore disagree with Moss,* 
who interprets Dowd’s results as showing an unusually 
high absorption of 600 cm™ by free carriers. 

Previous measurements’* have shown an increase in 
absorption at all wavelengths in a Se film converted 
from amorphous to hexagonal, This has been interpreted 
as showing a considerably larger energy gap in the 
amorphous form.” Our results show that in the tail, 
at least, the hexagonal form actually has a smaller 
fundamental absorption. 

We know of no theoretical model that is satisfactory 
for making a quantitative interpretation of the amor- 
phous absorption edge. Because the material is amor- 
phous, one might expect that there is not a well-defined 
energy gap. The large tail is consistent with such a 
view. 

The measurements by Gilleo® and Stuke” on hexag- 
onal films show a strong absorption beginning at about 
2.5 ev, which is beyond the range of our measurements. 
This may signify the onset of direct. transitions. 

Some calculations of the energy band structure of 
Se have been made" but they involve many approxima- 
tions, and in their present form predict direct transitions 
at the band edge. ‘The absorption edge derived from 
such a band structure would not be of the form we 
have found. 

Because a phonon energy varying so strongly with 


™M. A. Gilleo, J. Chem. Phys. 19, 1291 (1951). Because good 
samples for transmission measurements can be prepared, the 
absorption coefficients reported for amorphous Se are reliable. 

*T. S. Moss, reference 1, p. 198. 

* J. Stuke, Z. Physik 134, 194 (1953), 

” T. S. Moss, reference 1, p. 203 

"J. R. Reitz, Phys. Rev. los, 1233 (1957) 
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the temperature is difficult to understand, we looked 
for alternative interpretations of our results. In 
particular we tried, unsuccessfully, to fit the curves 
by assuming that two phonon energies were involved. 
We are convinced that such a model cannot explain 
our results. Because the phonon energy determines 
both the relative slopes and the distance between 
intercepts on the energy axis of the two modes of 
absorption (with phonon emission or with phonon 
absorption) there is little freedom of choice in fitting 
the data. We therefore feel that the temperature- 
dependent phonon energy should be accepted. We may 
point out that, with increasing temperature, hexagonal 
Se expands in directions perpendicular to the ¢ axis, 
but contracts along the ¢ axis. This could give an 
unusual temperature dependence to the potential 
and hence to the energy band structure. 

The value of A we have used in Eq. (1), (30.000), is 
about 10 times that found for Ge, Si, and SiC. We shall 
not attempt to calculate A from the formula given by 
Bardeen, Blatt, and Hall because the necessary parame- 
ters are not known well enough. However, if the hole- 
phonon interaction in the absorption process is the 
same as that which determines the mobility, A should 
be inversely proportional to the mobility, which is 
very small in Se (~1 cm?/volt sec). Hence a large 
value of A is not surprising. 


VI. SUMMARY 


Using hexagonal Se photovoltaic cells, we have 
measured a relative absorption coefficient 8, and we 
have normalized 8 in such a way that we believe it 
to have the same magnitude as a. Only the lack of 
reliable transmission measurements prevents us from 
presenting the absorption data in absolute units. 

We find that the energy dependence of the absorption 
is that predicted for indirect transitions. From the 
relative absorption, 8, we have evaluated the energy 
gap Eq and the energy, k@, of the phonon which is 
absorbed or emitted. We find it necessary to assume 
that the energy of the phonon in the indirect transition 
varies with the temperature of measurement. 

With photovoltaic cells containing an appreciable 
fraction of amorphous Se we have found a tail at low 
energies which we attribute to amorphous Se. This 
absorption, after normalization, is in fair agreement 
with measurements of Gilleo on transmission of 
amorphous Se films. 

We have found no way of interpreting the absorption 
of amorphous Se in terms of an energy gap. The 
relatively flat tail may indicate that there is not a 
well-defined energy gap. 
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Threshold Energy for Electron-Hole Pair-Production 
by Electrons in Silicon 
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Measurements have been made of the reverse bias required for the onset of multiplication in silicon p-m 
junctions of various widths. A value of 2.25+-0.10 ev is arrived at for the threshold energy for electron-hole 
pair-production by energetic electrons, There is apparently a slight variation of the threshold energy with 
crystallographic direction; the directions [100], [110], [111], are listed in ascending order of threshold 
energies. The ionization rate for electrons is greater than for holes. 

The maximum phonon drag opposing the acceleration of an electron up to the threshold energy by a 
parabolic field distribution is equivalent to a field of 5.2 10* volts cm”. 


INTRODUCTION 
ONDESTRUCTIVE electrical breakdown occurs 


in p-n junctions when they are biased sufficiently 
in the reverse direction. McKay and McAfee! have 
shown that charge multiplication can occur in reverse- 
biased p-n junctions through an avalanche process. 
Furthermore, McKay’ was able to apply Townsend’s 
mechanism for gas discharges with some success to 
measurements of the reverse currents as a function of 
the bias in silicon and germanium p-n junctions. 

As in gases, it is important to know the energy an 
electron must have to create secondary electron-hole 
pairs by collision. In silicon, this energy obviously must 
be greater than the width of the energy gap, 1.1 ev, 
while an upper limit is set by a-particle bombardment 
experiments! which yield a value of about 3.6 ev for the 
mean energy required to produce an electron-hole pair. 
Wolff,* in a theoretical calculation of the ionization 
rate in silicon, selected a value of 2.3 ev as being the 
most reasonable in the absence of direct experimental 
determinations. More recently, by rather complex 
analysis of experimental data, Miller‘ arrived at the 
surprisingly low value of 1.5 ev. It is the purpose of this 
paper to describe recent experiments which have led to 
a particularly direct determination of this threshold 
energy. 


EXPERIMENTAL METHOD 


Consider an electron injected into a p-n junction at 
the p side. The total potential drop across the junction 
is the sum of the applied potential and the builtin 
voltage. If the resulting field is sufficiently high, the 
electron will gain energy from it at a rate faster than 
that at which it loses energy to the crystal lattice by 
collisions involving the emission of phonons. If, before 
leaving the high-field region of the junction, the electron 
reaches the threshold energy for pair production, charge 
multiplication can follow. Consequently, the experi- 
mental method was to vary the bias across a p-n 


1K. G. McKay and K. B. McAfee, Phys. Rev. 91, 1079 (1953). 
2K. G. McKay, Phys. Rev. 94, 877 (1954). 

*P. A. Wolff, Phys. Rev. 95, 1415 (1954). 

4S. L. Miller, Phys. Rev. 105, 1246 (1957). 


junction gradually and to determine the potential 
across the junction at which charge multiplication was 
observed to begin. 

Narrow junctions, which can be produced readily by 
diffusion techniques, were the most suitable for these 
experiments; the narrower the junction, the more 
closely the threshold potential approaches the threshold 
energy required for charge multiplication, 

The bulk crystals were all p type (of resistivities 
between 0.007 and 1.0 ohm cm). Slices were cut in 
(111) planes and were etch-polished prior to the 
diffusion of phosphorus, The junctions so formed lay at 
a depth of 2 to 3 microns below the crystal surface. By 
lapping, dicing, and etching, the junction was removed 
from the whole of a finished unit except on one of its 
polished faces. Generally, an electrodeless plating tech 
nique was used to provide nickel electrodes on the major 
polished and lapped faces, the electrode on the polished 
face covering less than half of same. However, the 
electrical characteristics of these units were found to 
be independent of whether they were provided with 
plated electrodes on account of their low resistivities on 
both the n- and p-type sides. The crystals were placed 
on a solid metal block which provided an adequate heat 
sink and a spring-arm made contact to the electrode on 
the polished surface of the crystal. 

The interpretation of direct current measurements of 
the multiplication curve is unreliable because of the 
possible occurrence of sizeable leakage currents and the 
effects of charge generation by any mechanism within 
the space-charge region. Consequently, the onset of 
charge multiplication was detected by studying, as a 
function of the applied voltage, the signals produced by 
deliberately injected carriers. 

Carriers were injected into the junction by unfiltered 
tungsten light focused onto the polished face of the 
crystal, The light was chopped at a frequency of about 
400 cps. Most of the units with low breakdown voltage 
exhibited soft rectification characteristics resulting in 
extremely low dynamic impedances at only a few volts 
reverse bias. This required the circuit external to the 
junction to be of very low impedance to maintain 
linearity of response. The circuit used for measuring the 
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X-Y RECORDER 


Fic. 1. Circuit used for obtaining the 
multiplication characteristics. 


multiplication curves is shown in Fig. 1. The bias was 
provided by storage batteries and varied using a 10-ohm 
potentiometer. The condenser C was sufficiently large to 
by-pass the potentiometer for signals of 400 cps fre- 
quency and the load resistor, R, was generally 1 ohm 
or less. Thus, the impedance in the crystal circuit was 
not more than a few ohms. The bias applied across the 
crystal and load resistor was also applied to the Y input 
of a Leeds & Northrup X-Y recorder, This signal was 
substantially the bias applied to the crystal since the 
voltage drop across the resistor R was usually negligible. 
The square-waveform photocurrent was fed through the 
amplifiers and, after rectification, on to the X input of 
the recorder. Thus, slowly rotating the potentiometer 
caused the recorder to trace out a curve of photo- 
current versus applied bias. 


RESULTS 


A typical curve as traced by the recorder is shown in 
Fig. 2. It is evident that the photocurrent is independent 
of the bias for biases of less than about 2.5 volts. At 
about 2.5 volts the photocurrent starts to rise. To be 
certain that the multiplication was truly unity at 
biases less than 2.5 volts, a bucking circuit was arranged 
so that only the difference between the signal and its 
value at low bias was recorded. This difference signal, 
even after a further amplification of 100X, was indis- 
tinguishable from zero for biases of less than 2.5 volts. 
This confirmed that there was indeed a definable 
threshold potential for the onset of multiplication. It 
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was verified also that the shape of the multiplication 
characteristic was independent of the light intensity. 
This fact, together with the observation that the 
multiplication was unity over an appreciable bias range, 
showed that the rate of injection of carriers into the 
junction was influenced to a negligible extent by the 
field produced in the bulk of the crystal as a result of 
the quite large reverse currents. Furthermore, estimates 
of the current densities required to produce such an 
effect in the low-resistivity silicon were orders of magni- 
tude greater than those actually encountered. 

The defining of a threshold potential from the multi- 
plication characteristic is made difficult because of the 
inevitable tail or smearing out caused by the spread in 
the carrier energies and empirical methods have to be 
used. The multiplication, M, is defined as the photo- 
current at a given bias voltage divided by its value in 
the bias-independent region. To find some function of 
M alone which varied very slowly with the applied 
voltage, various types of plotting were tried. Con- 
sistently satisfactory results were obtained when 
(1—1/M)* was plotted against the applied voltage. 
Usually, such plots gave nearly straight lines for values 
of M ranging from 1.005 to 1.4 and they could be 
extrapolated to zero (i.e., M=1) with some confidence. 
A typical result of analysis of a recorder tracing is 
shown in Fig. 3. This form of plotting has the dis- 
advantage of overemphasizing the most inaccurate 
readings, namely, those for small values of M. The 
probable errors involved in interpreting the traces at 
various values of M are indicated in Fig. 3 and it can 
be seen that in this case, the extrapolated threshold 
potential, Vao, is 2.5+0.2 volts. At low biases, the 
curve tends to be slightly concave upwards; junctions 
classified as having hard reverse characteristics main- 
tained this direction of curvature over a wide range of 
the bias voltage. With soft junctions the curves tended 
to be concave downwards at higher voltages; this was 
mainly because the dynamic impedance of the junction 
was no longer large compared to the total external 
impedance. From plots like that of Fig. 3, the values 
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Fic. 2. A typical multiplication characteristic as traced 
directly by the X-Y recorder. 
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of Vao were found for a number of the junctions of 
widely differing widths. 

Some knowledge of the junction width, the field dis- 
tribution, and the builtin voltage was obtained from 
capacity measurements made on each unit as a function 
of the applied reverse-bias voltage. These measurements 
were made at a frequency of 130 kc/sec on a bridge 
which allowed compensation to be made for a resistive 
component of as low as 75 ohms. The maximum signal 
applied to the crystal by the bridge was less than 10 mv 
peak-to-peak. It was assumed that the variation of the 
junction capacity with voltage was described by a 
relation of the form C"(V,+V,)=constant, where C is 
the capacity, V, is applied voltage, and V ; is the builtin 
voltage. 

The values of n, though generally consistent among 
units from the same parent crystal, showed appreciable 
scatter from crystal to crystal. The average value of n, 
however, was about 3.1, indicating that the junctions 
had a parabolic rather than a step distribution of the 
field. This is to be expected, in general, for junctions 
formed by a diffusion process. Some values of n slightly 
less than 3 occurred ; these could result from some inter- 
mediate type of field distribution. For a few cases, n was 
much larger than 3 but, because the electrical behavior 
did not appear to be altered when the crystal was 
provided with electrodes, the high values of n are also 
thought to be the result of field distortions rather than 
spurious capacitative effects of the electrodes, The 
occurrence of distorted fields is not serious, however, 
because, as will be discussed below, the multiplication 
threshold measurements are somewhat insensitive to 
the actual field distribution in the narrow junctions. 

Another quantity required for the analysis of the 
multiplication data was the width, We, of the junction 
when the voltage, V,o, the threshold for the onset of 
multiplication, was applied to the junction. This was 
obtained from the capacity data using the formula for 
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Fic. 3. The manner in which the multiplication data were 
plotted so as to obtain the threshold potential for the onset of 
multiplication. 
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Fic. 4. The total threshold potential required for the onset of 
multiplication plotted against the junction width at the multipli 
cation onset for a series of junctions of different widths. 


a parallel plate condenser, Wo= 4A /49Co, where ¢ is the 
dielectric constant, A is the junction area, and C» is the 
junction capacity at a bias Vo. 


PAIR-PRODUCTION THRESHOLD 


Let Vo be the true threshold energy required for an 
energetic carrier to produce a secondary electron-hole 
pair. It is clear that, in general, multiplication will 
begin when a carrier, having traversed substantially 
the whole of the junction width, has acquired an 
energy Vo. Thus, we can write 

(Vao +Vs)=VotV 1, 
where V zo is the energy lost by the carrier in inelastic 
collisions with the lattice while acquiring an energy Vo 
in travelling a net distance Wo through the junction. 
Obviously, V zo will increase as some function of the 
width W though the form of this function is not known. 
Whatever its exact form, the energy loss is certainly 
zero for Wy=0. Consequently, it might be possible to 
extrapolate a plot of (V,o+V,) against Wo to zero width 
and so determine a value for Vo. Such a plot is shown in 
Fig. 4. In the absence of any theory as to the correct 
form the plot should take, it seems that the points are 
best described by a straight line. The errors shown are 
those inherent in the measurement of the total threshold 
potential for an individual] unit, i.e., (Vaot+V,). For the 
two narrowest junctions, because several units were 
used, the net errors were very much reduced. A mean 
value of 2.60+-0.05 volts was taken for the threshold 
potential of these two junctions, this value serving to 
anchor, substantially, one end of the straight line. 
Extrapolating this line to Wo=0 gives a value of 
2.25+0.10 for Vo. On the right-hand axis of Fig. 4 is 
shown the energy loss Vz» as a function of Wo, V ro 
being obtained simply by a shift of the zero of the 
potential by an amount equal to 2.25 volts. Thus, to 
within the errors of the experiment, the function de- 
scribing the energy loss of the carrier is 
V ro= (5.2K 10°) K Wo ev. 
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Fic. 5. The directional dependence of the threshold potential for 
the onset of multiplication in a narrow junction. 


EFFECT OF CRYSTALLOGRAPHIC DIRECTION ON 
MULTIPLICATION THRESHOLD 


In view of the complex spatial pattern of the energy 
band diagrams in silicon, measurements were made to 
see whether differences depending on the crystallo- 
graphic direction showed up in the multiplication 
experiments. 

It was to be expected that the directional dependence 
of Vo might be slight and, consequently, was most 
likely to be discerned in low-voltage units; that is, in 
narrow junctions. In wide junctions, the differences, if 
any, would tend to smear out owing to the larger 
number of scattering collisions. Slices were cut from a 
low-resistivity crystal in such manner as to form 
junctions in (100), (110), and (111) planes. These slices 
were given identical diffusion treatments simultaneously, 
followed by the usual lapping, dicing, and etching 
processes. 

It was not known beforehand whether diffusion of the 
donors occurred in preferred directions during the junc- 
tion-forming process and so it was necessary to take 


capacity measurements on each of the units in order to 
determine Wo. It could be concluded from these meas- 
urements, however, that to within the scatter in the 
values found for Wo, the junction width, and hence, the 
diffusion coefficients, were independent of the crystallo- 
graphic direction, 
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There was an appreciable amount of scatter in the 
values of Vao as shown in Fig. 5, where (Vaot+V;,) is 
plotted against Wo. There is a suggestion that the 
multiplication threshold potentials differ very slightly 
according to the crystallographic direction with the 
(111) direction possessing the highest and the (100) 
direction the lowest threshold potential. Measurements 
on a much larger number of samples would be required 
to establish this finding with certainty. In particular, 
it may be possible to obtain even narrower junctions 
where differences in the threshold potential may show 
up more strongly. Gold® has deduced from theoretical 
considerations of the energy surfaces that, in silicon, 
electron acceleration is easiest in the (100) and (110) 
directions though the anisotropy of the effect is not 
large. The results described here are not in conflict 
with these predictions. From these results it is clear 
that the plot in Fig. 4 is not altered appreciably for 
junctions lying in different crystal planes. 


FOOT OF THE MULTIPLICATION CURVE 


In the plotting of multiplication data for various 
crystals in the form (1—1/M)! versus V4, it was noticed 
frequently that even those plots which were extremely 
linear possessed a small tail at very low values of M 
(i.e., 100<M<1.05). This tail, which extended to 
smaller values of V,, was disregarded in making the 
linear extrapolations to determine Vago. The tail was 
examined with greater accuracy using the bucking 
circuit. The results obtained for one of the narrowest 
junctions are shown in Fig. 6. It will be noted that the 
major portion of the curve for this particular unit is 
very linear and so can be extrapolated with confidence 
to a value of 1.45 volts. A rough extrapolation can be 
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Fic. 6. The multiplication behavior for low values of the multipli- 
cation, as revealed by using a bucking-circuit technique. 


*L. Gold, Phys. Rev. 104, 1580 (1956). 
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made also of the curved foot, resulting in a value of 
1.05+-0.05 volts. Thus, there is a difference of about 
0.4 volt between the two values. From the curve of 
energy loss versus junction width, it is interpolated that 
a carrier loses 0.4 volt in crossing the junction. Further- 
more, the value for (Vao+V,) obtained using the lower 
threshold potential is 2.15+0.7 and so, to within the 
experimental error, is equal to the true threshold 
potential Vo. This suggests, therefore, that the deviation 
of the tail of the curve of (1—1/M)! versus V, from a 
straight line is caused by carriers crossing the junction 
with fewer than the average number of energy-losing 
collisions. In particular, the lower threshold value of 
(Vaot+V,), since it equals Vo, indicates that there is a 
small probability of a few carriers crossing the junction 
without losing any energy. This is reasonable for such 
narrow junctions since, on the average, an energetic 
carrier loses about 0.075 volt of energy in an inelastic 
collision with the lattice. Hence, only 5 such collisions 
are necessary to cause the observed average energy loss. 

Though the above conclusion seems the most likely, 
there are two other possibilities. First, the tail could be 
the result of different threshold energies for electrons 
and holes to produce multiplication. This will be dis- 
cussed further below. Second, a lower threshold energy 
could result if the energetic carrier absorbs phonons 
during its acceleration though this latter process is 
rather infrequent at room temperature and the proba- 
bility of a carrier gaining 0.4 volt in about 5 inelastic 
collisions is negligibly small. 


MULTIPLICATION VERSUS APPLIED VOLTAGE 


The dependence of the multiplication factor, M, on 
the applied voltage could best be compared among the 
crystals by plotting M as a function of (V,/V 2), where 
Vz is the breakdown voltage. Unfortunately, Vg was 
difficult to define for the narrower junctions which had 
very soft reverse characteristics because of appreciable 
internal field-emission currents.* It was arbitrarily set 
as the voltage at which the reverse current equaled 
10-' amp, i.e., approximately 1 amp/cm?. For the 
harder junctions, of course, the value of Vg given by 
this criterion was very close to the true breakdown 
potential. 

The measurement of Vz under direct current condi- 
tions would involve, generally, excessive heating. Con- 
sequently, a pulsed method was used whereby a saw- 
tooth pulse of 500 usec duration was applied to the 
crystal twice a second. The voltage corresponding to 
1 amp/cm? was read off on a calibrated oscilloscope. 
The crystals with lowest breakdown voltages showed 
the softest characteristics and there was some con- 
siderable scatter in the values obtained for V g. 

The array of symbols in Fig. 7 through which no line 
is drawn represents the multiplication M plotted versus 


*A. G. Chynoweth and K. G. McKay, Phys. Rev. 106, 418 
(1957). 
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Fic. 7. The multiplication factor, M, plotted against the applied 
voltage normalized for junctions of different breakdown voltages. 
The array of symbols through which no line is drawn represents 
the diffused junctions for which the higher resistivity side was 
p-type. The solid curve represents a junction with its higher 
resistivity side n-type. The breakdown voltages for the diffused 
junctions are listed in the figure. 


V./V » for the diffused junctions of various breakdown 
voltages. In view of the occurrence of a multiplication 
threshold potential, it would appear to be more con- 
sistent to plot M against (Va—Va0)/V a, but this leads 
to numerous difficulties. Besides the uncertainties in 
the values of Vz for the low breakdown voltage units, 
small errors in the measurement of V,o lead to quite 
severe scatter in the values of (Va—V.o) for small 
differences between V, and Vo. It is purely an empirical 
fact at this stage, that when M is plotted versus (V/V ») 
the data for the different junctions follow each other 
fairly closely over the range of values of M for which it 
was possible to obtain measurements. However, from 
Fig. 7 it is apparent that junctions with hard or soft 
characteristics show much the same normalized multi- 
plication characteristic since there was considerable 
variation among the units in this quality of the reverse 
characteristic. 

For comparison purposes, the multiplication charac- 
teristic was obtained for a grown junction, number 76, 
which had a hard characteristic with a very well- 
defined breakdown potential of 11.20 volts. Further- 
more, this junction had a capacity characteristic which 
indicated that it was extremely close to being a true 
linear gradient junction. With this crystal, the plot of M 
against V,/Vg was obtained with considerably more 
accuracy than was the case with the diffused junctions, 
yet, as is seen from Fig. 7, the plot is completely 
different. In particular, for this junction, the voltage 
had to be about 1.5 times greater than for the diffused 
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junctions in order to produce the same amount of 
multiplication. 

In view of the results with the diffused junctions, the 
mere fact that junction 76 had a much harder charac- 
teristic is insufficient to explain the difference in the 
multiplication curves. This difference results from the 
fact that for all the diffused junctions, the low-resistivity 
side was m type while in the case of the grown junction 
it was p type. Thus, for the diffused junctions, the 
minority-carrier lifetime was greatest on the p-type 
side and vice versa for the grown junction. Conse- 
quently, when light was allowed to illuminate the whole 
neighborhood of the junction, mainly electrons were 
injected into the diffused junctions and holes into the 
grown junction. 

These experiments show that at a given field, the 
ionization rate for holes is less than that for electrons, 
in qualitative agreement with the results recently 
obtained by Miller for silicon.‘ 


DISCUSSION 


The basic assumption made in interpreting the meas- 
ured multiplication threshold potentials is that multipli- 
cation begins at a potential such that a carrier attains 
just sufficient energy to partake of pair-production after 
traversing the complete width of the junction. Obviously, 
if multiplication occurred after an incomplete traversal, 
one could expect to find some multiplication at a lower 
potential, and so on. This applies to carriers injected 
either at the edge of the junction or at random within 
the junction itself. Therefore, at the limit of the argu- 
ment, the above assumption holds. Furthermore, the 
experimental method is largely independent of the 
actual field distribution in the junction as long as the 
field is everywhere high compared to the effective 
opposing field produced by the phonon drag, Le., 
5.2X10* volts/em. The higher the field, the more 
closely does the carrier energy follow the electrostatic 
potential. This condition is satisfied particularly for the 
narrower junctions. 

From junctions where the injected carriers were 
mainly electrons, a threshold energy of 2.25 ev was 
arrived at. A consistent picture results if this figure is 
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assigned to the threshold energy for pair-production by 
electrons. Then the lower ionization rate for holes 
could be the result at least partly, of a higher threshold 
potential. This would agree qualitatively, though not 
quantitatively, with Miller’s results, namely, Vo=1.5 ev 
for electrons and 3.5 ev for holes.‘ Using the argument 
that the mean energy required per electron-hole pair 
produced by an a particle is roughly equal to the sum 
of the band gap and half the sum of the two threshold 
energies, then the value 2.25 ev for electrons yields the 
value of about 2.8 ev for the threshold energy for pair- 
production by holes. 

The phonon drag acting on the electron while being 
accelerated up to the threshold energy has the effect of 
a retarding field of 5.2 10‘ volts cm™~. It is interesting 
to note that in making high-field mobility measurements 
in n-type silicon, Ryder’ observed anomalies at fields 
greater than 3X 10‘ volts cm~'. It seems certain, there- 
fore, that in this region charge multiplication was 
occurring in his thick samples. 

In the analysis of the threshold potential measure- 
ments it is by no means necessary that the measured 
threshold refers to the average electrons; it could very 
well refer to those electrons which have traversed the 
junction suffering mainly forward scattering in the 
inelastic collisions. If L, is the mean free path in the 
direction of the field between collisions in which the elec- 
tron emits an optical phonon, then 


5.2 10‘L,= optical phonon energy ~9.075 ev. 


Hence, Ly~140 A, or by using Ryder’s result for uni- 
form fields, L~~230 A. These values agree remarkably 
well with the range of the estimates’ made by Wolff of 
the true mean free path between inelastic collisions. 
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Sputtering yields for 26 metals under normally incident Hg*t-ion bombardment were measured in the 
energy range 30 ev to 400 ev. The targets were immersed like large negative Langmuir probes in a 
low-pressure (1 4) Hg plasma of high density (ion current densities up to 15 ma/cm*). Absolute yield values 
were obtained by measuring the weight loss from the target; relative values by measuring the speed with 
which sputtered material is deposited on a movable glass-ribbon collector. 

The yields (atoms/ion) are essentially independent of gas pressure, target temperature (above 300°C) 
and ion current density and rise proportionally with the ion energy. The highest yields were obtained with 
Cu, Ag, and Au; the lowest with V, Zr, Nb, Si, and C. 

Metals within one crystal system behave similarly in every respect (same atom-ejection patterns, same 
etch features) when they are bombarded with such energies that the yield becomes equal. These comparable 
ion energies turn out to be proportional (with the crystal system determining the proportionality factor) 
to H/um where H =heat of sublimation and yu» the momentum transfer factor m2/(mi-+-m,). 


I. INTRODUCTION 


LTHOUGH much effort has been directed toward 

a better understanding of the basic nature of 
the sputtering process, the correlation of sputtering 
yields with the properties of the ions, atoms, and 
target lattice has not been established; and it is not 
yet possible to predict with any degree of accuracy 
how fast certain metals will disintegrate when bom- 
barded with certain ions of a certain energy and under 
a certain angle of incidence. 

Our lack of knowledge is, in a large part, due to a 
lack of reliable quantitative yield data measured under 
well-controlled, simple, and interpretable experimental 
conditions : 


1. The gas pressure should be low enough to prevent 
back diffusion of sputtered atoms. 

2. The gas pressure should be low enough to prevent 
most of the ions from colliding with gas atoms during 
their fall to the target. This is necessary in order to 
have a well-defined kinetic energy of the bombarding 
ions. 

3. One should be able to control the kinetic energy 
of the ions down to low ion energy independent of gas 
pressure and ion current density. This can be achieved 
by immersing the target as a third electrode (like a 
Langmuir probe) in a plasma maintained between 
a separate independent cathode and an anode, 

4. The voltage drop of the discharge should be low 
enough so that the formation of multiply-charged ions, 
which would cause an undetermined ion energy is 
negligibly small. 

5. The target should be large compared to the thick- 
ness of the ion sheath, and sharp edges and corners 
should be avoided. This establishes the proper condi- 
tions for normal incidence. 

6. The density of the bombarding ion current should 


* This work was performed under contract with the Office of 
Naval Research. 


35 


be large. This is not only desirable in reducing the time 
for sputtering measurable amounts, but important in 
studies of certain materials (e.g., Al, Zr, etc.) in order 
to overcome the formation of chemisorbed impurity 
layers at the target surface. 


A survey of the published literature as recently 
summarized by the author! shows that in the majority 
of studies in this field one or more of these conditions 
were violated. Among those studies violating one or 
more of these conditions were all those performed in 
the normal glow discharge at pressures above 100 yu. 
The remaining few which can be considered reliable 
are mostly confined to the region of higher ion energies. 
The region of lower ion energy (below 500 ev) with 
yields of less than one atom per ion, is of particular 
interest, on the other hand, since it was shown? 
that sputtering at those energies is more a process of 
direct momentum transfer rather than evaporation. 
Evaporation seems to apply better for high ion energies. 
Approximately 25 metals available with properties 
suitable for these studies (low vapor pressure, not too 
low an electronic work function, melting point above 
400°C, in sheet or rod form), paired with 5 rare 
gases plus Hg*t, would yield about 150 combinations 
which might be investigated. Only some single yield 
values are known and for only one combination 
(Hgt—Pt) has the whole yield curve been measured. 
Hence, our goal in this study was to measure the 
sputtering yield of polycrystalline metals under 
normally incident ion bombardment, primarily as a 
function of the ion energy in the energy range 30 to 
400 ev. So far, our measurements have been confined to 
Hgt-ion bombardment. We are presently extending 
these measurements to noble gases. 


1G. Wehner, Advances in Electronics and Electron Physics 
(Academic Press, Inc., 1955, New York), Vol. 7, p. 239 

2H. Fetz, Z. Physik 119, 590 (1942). 

4G. Wehner, J. Appl. Phys. 25, 270 (1954), 

*G. Wehner, Phys. Rev. 102, 690 (1956). 
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Fic. 1, The discharge tube. 


II. METHODS AND APPARATUS 


The six conditions for obtaining reliable results 
mentioned above can be met by inserting the target 
like a large Langmuir probe in a Hg vacuum-arc plasma 
of high density. The demountable Hg-pool discharge 
tube used in these studies (previously used for this 
purpose by Fetz and later, with some modification, by 
Wehner) is shown in Fig. 1. The igniter, the cathode 
spot anchor, and an auxiliary anode are mounted in 
the lower part of the tube. The auxiliary discharge with 
3-amp discharge current is necessary to maintain a 
stably anchored cathode spot. The igniter (a SiC rod 
permanently immersed in the Hg pool) is connected 
to an automatic firing device such that a 4-uf condenser 
is discharged through the igniter every time the 
cathode spot extinguishes or the auxiliary anode 
voltage jumps to the (now unloaded) power-supply 
voltage. The cathode spot becomes anchored to a 
Mo strip partly immersed in the Hg pool. A stainless 
steel ring with rubber O-rings on both sides separates 
the upper part of the tube from the lower. In this ring 
is mounted a grid (graphite disk with 36 holes per cm?, 
hole diameter 1.2 mm) which serves to increase the 
plasma density in the upper (anode) space and to 
stabilize the main discharge. The action and purpose 
of this grid is described in more detail elsewhere.** 
The upper part of the tube contains the main anode 
(2.5 amp, 30-volts voltage drop) and the target. 
The voltage to the anode is supplied over a load 
resistor from a 300 vde power supply. A scope connected 
between anode and cathode helps to monitor for 
unwanted oscillations. The targets are in rod form 
(atiout 3 cm long, 0.6 cm in diameter, with rounded 
corners), and are screwed in a heavy Kovar lead (2-cm 
diameter) which is protected against sputtering by a 
glass sleeve. The negative target voltage is applied 
and measured against the anode which has about the 
same potential as the plasma surrounding the target. 


*H. Fetz, Ann. Physik 37, 1 (1940). 
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This voltage determines and is equal to the kinetic 
energy of the bombarding ions. The ion current density 
at the target is of the order of 5 ma/cm?. It can be 
increased to 15 ma/cm? by means of a magnetic field 
arranged in the vicinity of the target. This field causes 
the beam electrons entering through the grid holes into 
the anode space to spiral, thus lengthening their 
over-all path to the anode and giving them a better 
chance for ionizing collisions. This leads to an increase 
in plasma density and consequently in ion current 
density. The thickness of the ion sheath (visible as a 
dark sheath covering the target) at — 200 volts target 
potential is of the order of 0.5 mm. The tube is immersed, 
up to and including the stainless steel ring, in water 
kept at a temperature of 18°C. This determines the Hg 
vapor pressure in the tube (~1 ). The discharge tube 
is connected directly (no cooling trap) to a Hg diffusion 
pump. 

Conditions in this discharge in relation to the six 
reliability requirements stated above are as follows: 


1. At a gas pressure of 1 the mean free path of 
sputtered atoms is of the order of 3 cm (gas kinetic 
mean free path), i.e., of the order of the tube dimensions. 
The formation of clear shadows in the deposits behind 
structures which are arranged in the path of sputtered 
atoms shows that the major part of sputtered atoms 
reaches a collector or the tube wall without any gas 
collisions. 

2. At a mean free path of 3 cm and an ion-sheath 
thickness of the order of 1 mm, collisions of ions within 
their fall region are negligibly small. 

3. The main discharge current and voltage, together 
with the magnetic field, determine the plasma density 
and thus ion current density. The target voltage 
determines the energy of the bombarding ions. Both can 
be selected independently—the ion energy down to 
very low values. 

4. At a main discharge voltage drop of 30 volts the 
ratio of multiply-charged to singly-ionized Hg atoms® 
becomes negligibly small. 

5. With the ion sheath of the order of 1 mm thick 
and the target of much larger size, the incidence of 
ions is essentially normal to the surface. 

6. The impurity background pressure in this dis- 
charge tube is probably not much better than 10~* mm 
Hg. At this pressure, if every impurity atom stuck to 
the surface, a monolayer would form in about 1 second. 
On the other hand, an ion current density of 10 ma/cm? 
is equivalent to 60 monolayers per second. Under these 
circumstances one may safely assume that sputtering 
overcomes the formation of impurity layers unless 
either the ion energies are extremely low or the binding 
energy of impurities to the surface is extremely high. 


Fortunately, one has a convenient check if the last 
condition is fulfilled. The frequency of ion impacts at 


~#A, von Engel and M. Steenbeck, Elektrische Gasentladungen 
(Verlag Julius Springer, Berlin, 1932), Vol. 1, p. 37. 
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the target surface is so small in space or in time that it 
would be difficult to understand how several ions could 
act together in sputtering an atom. Hence, one should 
expect the yield, if measured in atoms/ion, to be 
independent of the ion current density. If, however, 
sputtering must compete with the formation of impurity 
layers, one would expect the yield to increase with the 
current density. The same consideration applies if the 
surface would become covered with a protecting Hg 
film. It was found necessary to keep the target at a 
temperature above 300°C; otherwise, yields decrease 
markedly with lower target temperature and increase 
with ion current density. Above 300°C, probably 
enhanced by the high-density ion bombardment, Hg 
seems to evaporate so rapidly that no difficulties arise 
with a protecting Hg film and in this region the yields 
become essentially independent of target temperature 
and current density. 
Yields are measured in two ways: 


1. Rather conventionally, the number of sputtered 
atoms is determined after opening the tube by measur- 
ing the weight loss of the target. The number of 
sputtered atoms J, is related to the loss of weight W 
(in grams) by 

N,=W/(1.7X10A), 


where A is the atomic weight. The number of ions NV, 
which have bombarded the surface is related to the 
ion current J+ (amp) by V;= (/*t)/(1.6X 10~), where 
t is the time of bombardment in seconds. The yield 
S=N,/N;, then equals 


S=10°W/(AI*1). 
Two errors are inherent in this method: 


(a) The current to the target is not exactly equivalent 
to the ion current but contains a component of electrons 
released from the target under the ion bombardment, 
the plasma radiation and other secondary effects. 
Fortunately, Hagstrum’s’ measurements show that the 
¥ coefficient at clean target surfaces with heavy singly 
ionized ions of energies below 1000 ev rarely exceeds 
20% and is, in first approximation, independent of 
the ion energy. We follow the suggestions of Penning 
and Moubis® to present all yield data in S/(1+7), 
leaving y (of the order of 0.1 to 0.2) open for discussion. 

In a recent paper Strachan and Harris’ claim to 
have found, under experimental conditions similar to 
our own, y to be as high as 2 (at 400-ev Hg-ion 
bombardment). These authors consequently conclude 
that the actual sputtering yield data differ from those 
obtained when the electron-current part is neglected 
by as much as 300%. ¥ coefficients of the order of 2 for 


7H. D. Hagstrum, Phys. Rev. 89, 244 (1953) ; 96, 325 (1954); 
96, 336 (1954). This work is summarized in reference 11, p. 777. 
iF. M, Penning and J. H. Moubis, Proc. Acad. Sci. Amsterdam 
43, 41 (1940). 
* J. F. Strachan and N. L. Harris, Proc. Roy. Soc. (London) 
, 1148 (1956). 
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400-ev Hgt-ion bombardment of clean metal surfaces 
are not only in disagreement with the much lower values 
reported by others, but one can easily disprove such 
high values under our actual conditions as follows. 
Two small probes of exactly equal size, one made from 
a high electronic work-function material such as 
graphite, the other from a low electronic work-function 
material such as Th, are immersed in close proximity in 
the plasma. Equal plasma density in the vicinity of 
the probes and equal probe size manifest themselves 
in roughly equal electron currents collected by the 
probes in the saturated region above the plasma 
potential knee. At negative probe potentials with only 
positive ions being collected, the probe currents should 
differ according to the number of electrons released per 
ion. This number should be markedly higher in the 
case of the low work-function material. Actually, it was 
found that these currents differ up to 400 ev even in 
the case of C—Th by not more than 15% even when 
the probes were sputtered for such a long time that we 
can assume the surfaces were free of oxides. Strachan 
and Harris found for C—Hg at 400ev a y of 
0.1, for Fe—Hg a ratio of 2. We found the negative 
currents of an Fe probe to differ from that of a graphite 
probe up to 400 ev by not more than 4%. We therefore 
think that the indirect method of Strachan and Harris 
of deriving the ratio of electron to ion currents from a 
measurement of the thickness of the dark ion sheath 
is highly questionable. 

(b) Initial surface layers of some metals (Al, Th, 
Ta, Zr, Ti, etc.) are very resistant to sputtering and 
protect the underlying bulk material. In order to 
minimize the error which can arise from this effect 
one has three possibilities: (1) subtract the time 
between “switch on” of the target and the appearance 
of a visible deposit from the total bombarding time; 
(2) handle the target in between the weight measure- 
ments in such a way that the formation of thick oxide 
layers is prevented; or, (3) sputter enough material, 
ie., for a long enough time so that the time for the 
removal of the initial surface layer becomes negligibly 
small compared to the over-all sputtering time. 

2. The second method is based on a measurement of 
the speed with which sputtered deposits are built up 
at a transparent collector. The experimental arrange- 
ment is shown in Fig. 2. Part of the material sputtered 
from the target rod passes through a slit in an opaque 
shade and is deposited on a glass ribbon. This glass 
ribbon can be manipulated by magnets from the 
outside so that many (about 30) measurements can be 
made without opening the tube. Originally, we tried 
to check the thickness of the deposits by measuring 
the absorption of the radiation emitted from the plasma, 
transmitted through the sputtered deposits and received 
by a light meter arranged outside the tube. The 
reliability and reproducibility was improved consider- 
ably by inserting a more constant separate light source 
in the form of a W filament and filtering the plasma 
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Fic, 2. Arrangement for measuring the speed with which sputtened 
material is deposited on a glass ribbon. 


radiation out (interference filter 660 my). The reliability 
of this method rests on the assumption that every 
sputtered atom which reaches the exposed part of the 
ribbon sticks to its surface. In the case of high-vacuum 
evaporation one knows that difficulties with nucleation 
may arise at a low density of the arriving atoms. 
These difficulties seem to be less pronounced in the 
presence of a plasma. Ditchburn” was able to show that 
nucleation was readily achieved when the collector 
surface is under a slight ion bombardment. An insulated 
surface immersed in a low-pressure plasma (as the 
glass ribbon here) always acquires a negative net 
charge, hence is always under low-energy positive-ion 
bombardment. Nevertheless, a delay in nucleation was 
observed in some of our experiments. By recording 
the whole curve of transmitted light vs time and measur- 
ing the slope of the steepest part in this curve (see 
sample curve, Fig. 3), nucleation difficulties have been 
eliminated, The measurement procedure is roughly as 
follows: After a stable and clean discharge, in tempera- 
ture equilibrium, has been established, normally requir- 
ing a burn-in period of about 1 hour, the densichron is 
set at zero position. A negative target voltage of 300 
volts is then applied to clean the target surface until a 
heavy deposit appears on the ribbon. At time zero 
the target voltage and current are set at the selected 
values and the ribbon is shifted to a new position. 
The speed with which sputtered material collects on the 
ribbon is recorded by densichron readings in 5 second 
intervals, The procedure is then repeated for other ion 
energies. The slope of the steepest part of these curves 
is taken as a measure of the yield in arbitrary units. 
The results so obtained are then matched in some points 
to values obtained with the absolute method. At very 
low ion energy, i.e., very low sputtering rates, difficulties 
arise with materials which oxidize readily to more 
transparent deposits. This was especially pronounced 
for Ta and Th. In some cases the deposits obtained with 
a high sputtering rate seem to differ in structure and 
absorption properties from the deposits obtained with a 


"RK. W. Ditchburn, Proc. Roy. Soc. (London) Al41, 169 
(1933). 
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low rate. For this reason it can generally be assumed 
that the reliability of this method is less than that of 
the absolute method. 

In order to determine the actual ion energy more 
exactly, it was necessary to determine the voltage drop 
between the anode and the plasma surrounding the 
target. This was done by recording the voltage-current 
characteristic of a small probe arranged in the vicinity 
of the target. The procedure for measuring gas-discharge 
data, e.g., the plasma potential, by means of probes 
has been described in sufficient detail elsewhere," 
and we shall report in the next section only the results 
of those measurements. 

A third approach for measuring yields, especially 
in the low-energy region, looked very promising at 
first. This method is based on measuring the change of 
the electronic work function or the shift of the probe 
characteristics when it becomes covered with sputtered 
material from the probe material. This method had 
been used successfully for sputtering studies by Wehner 
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Fic, 3. The buildup of sputtered deposits in the case 
of V—Hg*. Parameter: ion energy. 


and Medicus in a very clean Xe discharge.’* Here, in 
the presence of Hg vapor and a rather large background 
pressure, it developed that the work function changes 
in a rather complex manner after cleaning the probe 
and after deposition of sputtered material. The resulting 
complex “creep” of the probe characteristics made it 
impossible to rely on these measurements. 


Ill. EXPERIMENTAL RESULTS 
(a) Secondary Parameters 


Prior to and during the course of the actual yield 
measurements, attention was given to the possible 
influence of parameters which supposedly play only a 
secondary role in the sputtering process. 

Of primary interest here is the influence of the target 
temperature. Unpublished results of Fetz and Schieffer 
(University of Wuerzburg) indicate a marked tempera- 


"L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, 1955). 
1G, Wehner and G. Medicus, J. Appl. Phys. 25, 698 (1954). 
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ture influence on the yields in the case of Hg-ion 
bombardment (most pronounced with Pt, where the 
yield increased by a factor of 4 between 300°C and 
800°C), but very little influence in the case of At-ion 
bombardment. Fetz ascribed this to a protecting Hg 
film at the target surface. 

In our work, which differs from that of Fetz in that 
current densities are higher by a factor of 100, only a 
minor target-temperature influence was noticeable 
even in the case of Pt, provided the target temperature 
was maintained at a value above 300°C (see Fig. 4). 
At lower target temperatures the yields become 
markedly lower and we agree with Fetz that this 
is due at least in part to a Hg film at the target surface. 
Another independent indication of such a Hg film is 
the fact that the deposit patterns from single-crystal 
targets are obtained only when the target is at a temper- 
ature above 300°C. Above 300°C, probably enhanced 
by the high current density, the surface seems to 
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Fic. 4. Sputtering yields of Pt and V. Curves marked 300°C and 
650° show results previously obtained for Pt by the author.‘ 


remain essentially clean and Hg atoms deposited from 
the Hg vapor are evaporated and sputtered rapidly 
enough not to interfere. 

The target temperature could have entered into 
sputtering from other influences. It largely determines 
the processes of chemisorption of impurities at the 
surface, of the diffusion of impurities from the bulk to 
the surface or the reverse, of the rate of migration of 
surface atoms and of the annealing of lattice defects. 
The temperature, furthermore, has some influence on 
the elastic constants of the target material. The fact 
that the yields change with temperature in the range 
300°C to 700°C by not more than 15%, which is 
generally within the possible errors, proves that these 
effects cannot play a major role here. 

Some influence on yields results from the degree of 
roughness of the target surface. Surfaces under sputter- 
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Fic. 5, Characteristic of a small probe arranged 
in the vicinity of the target. 


ing become etched (as in chemical etching) and con- 
sequently the surface roughness of a polished target 
increases during sputtering. There is simultaneously a 
decrease in yield because many of the sputtered atoms 
are now unable to clear the surface and become trapped 
on surface protrusions. This effect is more pronounced 
at lower ion energy because a larger proportion of 
sputtered atoms tends in this case to leave the surface 
in tangential direction.’ Reasonable care has to be 
taken, therefore, in starting an experiment, especially in 
the case of the absolute yield determination, to insure 
as smooth a target surface as possible. We estimate the 
error due to varying surface roughness not to exceed 
10%. 

No conclusive evidence could be found concerning 
the influence of the purity or the density of dislocations 
of the target material. Microscopic inspection of the 
targets after sputtering shows that dislocations and 
grain boundaries are more easily attacked than the 
perfect surface and appear respectively as pits or 
grooves. Differently oriented crystal grains are attacked 
at different rates and appear at different elevations. 
Hence, one should bear in mind that yield data of 
polycrystalline materials are actually composites of 
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Fic, 6. Sputtering yield of V vs ion current density. 
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many different values, just as the electronic work 
function is an average of many different values char- 
acteristic of the many differently oriented single 
crystallites. 


(b) Plasma Potential 


The kinetic energy of the bombarding ions is equiv- 
alent to the potential difference between the plasma 
surrounding the target and the target proper. The 
target potential, however, is measured with respect to 
anode potential. Hence, in order to determine the 
actual bombarding energy it is necessary to know the 
potential difference between anode and the plasma 
surrounding the target. This potential difference was 
determined by means of probe measurements. Figure 5 
shows the current-voltage characteristics obtained from 
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Fic. 8. Sputtering yields of Au and Al, Cross point 
indicates value of Meyer and Guentherschulze." 


a small cylindrical probe (1 mm in diameter, 2 mm long) 
which was arranged 4 mm away from the target. 
The curve has to be interpreted as follows: At large 
negative potentials (measured against anode) only the 
positive ions can reach the probe. The probe is covered 
with a dark (electron-free) sheath which represents the 
ion-accelerating region. The ion current is saturated 
because it is limited by the number of ions arriving at 
the sheath edge. As the probe potential reaches a value 
in the vicinity of the potential of the cathode side of 
the grid (—16 volt), a decrease in ion current or 
increase in electron current becomes noticeable. This 
is caused by the beam electrons which have been 
accelerated in the grid region and which can reach the 
probe as soon as its potential is slightly above the 
potential of the plasma at the cathode side of the grid. 
This current again becomes saturated because it is 
limited by the number of beam electrons formed in 
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Fic. 9. Sputtering yields of Cu and Fe. Cross point indicates 
value of Meyer and Guentherschulze.¥ 


the grid region. Near anode (zero) potential, the fastest 
plasma electrons can reach the probe and another rise 
in electron current superimposed on the ion current 
and beam-electron current sets in. The probe potential 
is now approaching plasma potential and more and 
more plasma electrons can reach the probe. Finally, 
the plasma potential is indicated by a knee and from 
there on the current is carried only by beam and plasma 
electrons and becomes saturated again at still more 
positive potentials. In an exact determination of the 
plasma potential from the position of the knee one 
would have to take into account the difference of the 
electronic work functions of the probe and anode. 
Here, it is justified to neglect this small correction and 
to state that the plasma potential, even with application 
of a magnetic field, was never found to differ by more 
than about 4 volts from the anode potential. Under 
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these circumstances it was found unnecessary to 
correct the voltage scale in the following yield curves. 


(c) Sputtering Yields 


Sputtering yield curves for different metals are 
presented in Fig. 4 and Figs. 6 to 19. Shaded circles 
indicate absolute values obtained with the weight 
method; values indicated by plain circles have been 
measured with the (relative) deposit method. 

Figure 4.—Pt sheet was wrapped around a Cu core 
to form a cylindrical target. The two other curves 
were previously obtained by the author under similar 
experimental conditions at two different target temper- 
atures. The yield of V is one of the lowest found in 
27 metals. The metal behaves well and the scattering 
of the yield points is smaller than with most other 
metals. 
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Fic, 12. Sputtering yields of Nb and Ir, 


Figure 6.—This graph shows the yield vs ion current 
density (0.5 to 9 ma/cm*) for the case of V. Above 3.5 
ma/cm? (at 300-ev ion energy) the yield becomes 
independent of the ion current density. 

Figure 7.—The preparation of the Ag-target rod 
surface is of importance. Ag is so soft that in grinding 
or polishing small insulating particles become imbedded 
in the surface. In sputtering, these particles protect 
the underlying bulk material and the surface becomes 
covered with a pelt of fine needles all of equal height, 
the height of the original surface. This increase in 
surface roughness goes hand in hand with a decrease in 
sputtering yield. The best way to prepare the surface 
and to avoid these difficulties was found to be electro- 
polishing. The deposit method is probably less reliable 
in the case of Ag. It was observed that the light absorp- 
tion of the silver deposits changed somewhat with 
time. Microscopic inspection of the collector ribbon 
during sputtering showed at low sputtering rates that 
the material is not evenly distributed but seems to 
surface-migrate to preferred nucleation points. ‘Ti 
belongs to the group of metals which tend to form oxide 
surface layers with a high bond strength. These oxide 
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Fic. 14. Sputtering yields of Ge and graphite. 


layers cause difficulties at low ion energy where sputter- 
ing cannot overcome their formation from the back- 
ground pressure. Thus, it was not possible in this 
case, even after lengthy pumping and comparatively 
clean conditions, to collect reliable absolute yield 
data below 250 ev. The deposit method permits, to 
some degree, the collection of points at lower ion energy 
because in this case the surface can be cleaned with 
higher ion energy immediately before the measurement 
is made, 

Figure 8.—Difliculties similar to those experienced 
with Ag arose in the case of Au. We did not succeed in 
electropolishing Au very well; in this case, therefore, 
the gold rod surface was turned in the lathe with a 
diamond tool before sputtering. With Al it developed 
that the difficulty was not so much the formation of 
oxide layers in the discharge during sputtering as, 
primarily, the removal of the original oxide layer formed 
at the target surface after exposure to air. For the 
absolute measurements it was necessary to deduct the 
time between the moment when the negative target 
voltage is connected and the appearance of the first 
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Fic. 15, Sputtering yields of Hf and Ni. Cross point indicates 
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deposits from the total sputtering time. Guenther- 
schulze’s” value for Al (cross) collected at 500 ev 
checks well with our results. 

Figure 9.—Cu in the form of an OFHC copper rod 
caused no difficulties after electropolishing. A poly- 
crystalline Armco iron rod gave practically the same 
yield as an iron single crystal. One set of yield values 
was found to be out of line and much lower. It was found 
that the tube in this measurement had developed a 
small leak. A value from Guentherschulze® for Fe at 
500 ev is included. 

Figure 10.—No difficulties with Co and Pd; these 
metals were available in sheet form and were wrapped 
around a Cu-core. 

Figure 11.—U available in sheet form and wrapped 
around a Cu-core forms oxides with a high bond 
strength; the lowest reliable absolute value was 
collected at 200 ev. Ta behaves similar to Ti; a value 
of Guentherschulze” at 500 ev is included. 

The region of reliable absolute measurements can 
be extended down to lower ion energies by increasing 
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Fic. 16. Sputtering yields of Re and W. Cross point indicates 
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the current density. This is shown for Ta in the three 
branches in the lower part of the curve. 

Figure 12.—Nb is another material with strongly 
bonded oxide layers. It has one of the lowest yields. 
Ir caused no difficulties. 

Figure 13.—Zr behaves in much the same manner as 
Ti. The sputtering period had to be timed after the 
initial oxide was removed and visible sputtered deposits 
appeared. Rh, available in rod form, caused no 
difficulties. 

Figure 14.—Ge was available as a rod of very high 
purity material with rather large crystallites. Graphite 
behaves unusually, in that sputtering seems to proceed 
down to very low ion energy. We suspect that chemical 
or reactive sputtering, as described by Guentherschulze“ 
and Holland,’ with traces of hydrogen possibly playing 
an active role, is superimposed on the physical sputtering. 


KK. Meyer and A. Guentherschulze, Z. Physik 71, 279 (1931). 
4 A. Guentherschulze, Ann. Physik 36, 563 (1926). 
1° L. Holland and G. Siddall, Vacuum 3, 245 (1953). 





Hg+-ION 
Sputtering yields may be somewhat too low as a result 
of the high surface roughness inherent in graphite. 

Figure 15.—Hf, known to form strongly bonded 
oxides, behaved in much the same manner as Zr. 
No difficulties were experienced with Ni. The yield 
changed only slightly when the target temperature was 
raised from 250 to 800°C. Guentherschulze’s® value 
at 500 ev is included. 

Figure 16.—Re gave very consistent results with no 
difficulties. In the case of W, we measured in greater 
detail with very high current densities (20 ma/cm?) 
the absolute yield values at very low ion energy. 
Results below 100 ev are shown in an expanded ordinate 
in Fig. 17. 

Figure 18.—With Th the formation of a protecting 
oxide layer is again very pronounced. Reliable absolute 
values have been obtained only above 300-ev ion 
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Fic. 17, Sputtering yields of W in the region of low ion energies. 


energy thus far. Surface layers showed remarkable 
insulating properties, even at high target temperature. 

Mo caused no difficulties. Included is one value at 
150 ev from Fetz? and another value by Guenther- 
schulze™ at 500 ev. 

Figure 19.—Si was available in the form of a rod of 
optical-grade single-crystal material. It showed the 
lowest yield measured so far. Different samples of 
Cr did not give very consistent results. 


No reliable results could be obtained with Ce or 
Sr. The low electronic work function of these materials 
(~2.7 ev) causes such a high secondary-electron yield 
that this part of the current can no longer be neglected. 
On those spots where the oxide has been removed the 
secondary electron emission becomes so high that 
little secondary spark discharges appear at the target 
surface. Their appearance is connected with a break- 
down of the target voltage and the current is then 
limited by the resistor in the target circuit. 
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Fic, 18. Sputtering yields of Th and Mo. Cross point indicates 
value of Meyer and Guentherschulze." 


IV. DISCUSSION OF RESULTS 


The yield curves show a region where the yield rises 
approximately proportionally with the ion energy. 
Hence, this part can be described by a “cut-in” energy 
and a slope. 

The lower end of the curves always show a more or 
less pronounced tail which makes it difficult to establish 
a well-defined threshold. Hence, different 
depending on the sensitivity with which they were able 
to detect sputtered atoms, arrive at different apparent 
threshold values. From Fig. 16, for instance (W—Hg?*), 
one could expect a threshold in the vicinity of 90 ev; 
from Fig. 17, however, for the same case one could 
derive a threshold of 40 ev. With still more sensitive 
methods such as those used by Bradley'® (surface 
ionization) or Morgulis'’ (radioactive tracer), one can 
detect atoms being sputtered energies in the vi- 
cinity of the heat of sublimation of the target material, 
i.e., only several ev. The nonexistence of a pronounced 
absolute threshold is not so surprising in that there are 
always atoms in positions or atoms which have been 
lifted in a previous impact to positions with least near 
neighbors or a higher surface energy. Such atoms could 
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Fic. 19. Sputtering yields of Si and Cr. 
RK. C, Bradley, Phys. Rev. 93, 719 (1954). 
17N. D. Morgulis and V. D. Tishchenko, J. Exptl. Theoret 
Phys. U.S.S.R. 30, 54 (1956) [translation: Soviet Phys. JEPT 
3, 52 (1956)], and News Acad. Sci. U.S.S.R., Phys. Ser. 20, 
10 (1956). 
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be sputtered at much lower energy than those coming 
from within a filled plane. Finally, even though rela- 
tively rare, sputtering may take place wherein two 
impacts simultaneously help in lifting an atom out of 
its place. 

The “thresholds” which had been determined 
previously in a very preliminary way (measurement of 
the appearance of deposits) by the author'* can be 
roughly identified with the ‘“cut-in” energies. A 
comparison of the earlier values with the present values 
shows that the former values are too low for Mo, Ge, 
Fe, Si, and too high for Ta, Th, Hf, Zr. In the latter 
case the error was due to the formation of oxides at 
the target surface which at low ion energies could not be 
overcome by sputtering. Furthermore, the sputtered 
metal deposits may have changed to their more 
transparent oxides. In the measuring procedure which 
was employed, this seemed to indicate a lower apparent 
yield or a higher “cut-in” energy. 

Parameters which in large part determine the 
sputtering yield are (on the gas-discharge side) the 
atomic weight of the ions (m,) and their angle of 
incidence and (on the target side) the atomic weight 
of the target atoms (m,), the crystal structure, the 
crystal orientation and the heat of sublimation of the 
target material. Possibly still other parameters such as 
size of atoms, elastic constants, etc., may enter into 
the picture. 

The physical process in sputtering is probably 
analogous to the model wherein a hard sphere represent- 
ing the neutralized ion is dropped in a box filled with 
hard spheres representing the metal atoms. The 
momentum directed to the inside of the material must 


~ 8G, Wehner, Phys. Rev. 93, 633 (1954). 








Fic. 20. Ion energies 
Vos necessary to obtain a 
yield of 0.25 atom/ion. 
Experimental (open circles) 
and calculated values (solid 
circles) vs atomic number. 














be reversed in direction in order to account for sputter- 
ing. This process takes place within thg lattice and 
brings the crystal structure and orientation into play. 
Finally, a surface atom in the neighborhood of the 
point of impact receives sufficient energy from one of 
its nearest neighbors underneath to separate it from 
the surface. In many cases, just as in evaporation, the 
process may proceed stepwise in an energetically more 
favorable manner. For example, atoms from within a 
filled plane may first be lifted to a position on top of a 
filled plane and then by a subsequent impact separated 
from the surface. 

From a more detailed study of the ejection pattern'® 
when low index planes of single crystals are sputtered 
(these results will be published later), as well as from 
the study of the etch patterns which develop during 
sputtering at the target surface, we obtain a significant 
result: Different metals of the same crystal structure 
behave similarly in every respect at the same yield 
value. In other words every metal within one crystal 
system requires a certain bombarding energy in order 
to obtain the same yield, the same ejection pattern and 
the same etch features. Consequently, different metals 
can be compared and described by those ion energies 
which are necessary to give a certain fixed yield value. 
A yield S of 0.25 covers our range of studies well and 
lies for all metals in the proportional region; hence, it 
was taken as the reference value. Results for a yield of 
0.5 would not be basically different except for a 
proportionality factor. In Fig. 20 we plotted these ion 
energies Vs for S=0.25 for different metals vs their 
atomic number. The Vo.25 values are roughly propor- 
tional to H, the heat of sublimation. When comparing 


” G. Wehner, J. Appl. Phys. 26, 1056 (1955). 
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Fic. 21. Vo.os vs KH /um where m= m2/ (m+ ma). 


the Vo,25 values of metals with the same crystal structure 
and similar heats of sublimation such as Au, Pd, and 
Ni, one finds that the atomic weights of ion and 
target atom enter with the momentum transfer factor 


m= M2/(m,+m:2) and not with the energy transfer 
factor E=mym2/(m,+m2)*. A plot of Vow vs H/um 
(Fig. 21) shows that the face-centered cubic (f.c.c.) 
metals line up along one slope, the body-centered cubic 
(b.c.c.) metals along another, and the hexagonal 
close-packed (h.c.p.) and diamond-lattice materials 
again at a still higher slope. U, which has a rhombohedric 
structure, that is a somewhat distorted h.c.p. crystal 
system, appears at the h.c.p. slope. 

We have thus far found three exceptions (Co, Re, 
Th) to this relationship: Co is known to change from 
h.c.p. to f.c.c. quite readily, that is at a transformation 
temperature of ~450°C. A study of the atom ejection 
pattern from a Co crystal showed that under our 
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operating conditions the crystal had at least in major 
part changed from h.c.p. to f.c.c. Hence, it is not 
suprising that we find this material in between the 
h.c.p. and closer to the f.c.c. slope line. The same 
situation may exist for rhenium although no crystal 
system changes have been reported in the literature. 
The change from h.c.p. to f.c.c. may well be caused or 
enhanced in the outermost surface layers by the ion 
bombardment. Unfortunately, no Re single crystal 
has been available to check this point. In the case of 
Th we suspect that the unusually large lattice constant 
may favor a deeper penetration of the (neutralized) 
Hg ion into the metal lattice such that the yield is 
lower and Vo.25 higher than in other comparable cases. 
At very high ratios of m,/mg, as in the case of C—Hg, 
we cannot expect this relation to hold too well because 
the impinging ion has sufficient momentum and energy 
left after the first impact in a favorable collision to 
cause additional atoms to be dislodged. The remarkable 
correlation of the other experimental values with the 
calculated values is shown in Fig. 20 where the full 
circles indicate the Vo. values obtained with the 
following relation : 


V 0.257 KK'H /tm, 


where K is a proportionality factor, = m2/(m,+ mz), 
and K’=1 for f.c.c., K’=1.38 for b.c.c., and K’=1.78 
for h.c.p. and diamond-lattice metals and materials. 

It remains to be seen if this law holds as well for 
sputtering by the much larger noble-gas ions. 
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Oscillator Strengths for Luminescent Transitions in KC1:Tl and KC1:In 
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Oscillator-strength ratios for the two principal impurity absorption bands of KCI:T1 and KCl:In are 
calculated including the effect of crystalline interactions. The phosphor KC1:In was devised in order to 
provide an additional check of the theoretical analysis. The excited impurity states are assumed to be of 
the nature of 'P® and */” states of the sp configuration mixed by spin-orbit interaction. Spin-orbit coupling 
constants are obtained from free-ion spectra. Crystal interactions are included by using experimental transi- 
tion energies for the crystal to calculate the energy separation of the pure singlet and triplet states in the 


crystal. The calculated oscillator-strength ratios are in satisfactory agreement with experiment. 


INTRODUCTION 


green the experimental work of Pohl and collabora- 

tors, Seitz’ concluded that states of Tl* perturbed 
by crystalline interactions are responsible for the lu- 
minescence of KCI: Tl. Specifically, he proposed that 
the two principal impurity absorption bands involve 
the *P,° and 'P,° states of the sp configuration. Utilizing 
this approach and introducing simplifying ideas on the 
important interactions and atomic rearrangements, 
Williams? calculated the spectra of the long-wavelength 
impurity absorption band and of the associated emis- 
sion band in KCI: TI. In this calculation the energy 
difference of the \S ground state and the *P,° excited 
state were corrected for crystalline interactions, treated 
by modified Born-Mayer methods. Some of the inter- 
action parameters for the system in the *P,° state were 
evaluated in part from a Hartree approximation for the 
radial charge densities of the free ion. Although the 
free-ion energies make the largest contribution to the 
crystal transition energies between the 'S and *P,° 
states, crystalline interactions are responsible for the 
difference in emission compared to excitation energy 
and for the breadth of these spectra, as well as for 
their temperature and pressure dependence.‘ Calcula- 
tions involving the 'P® state have not been carried out 
because the Hartree-Fock functions for the ion are not 
available and because it is believed that the tight- 
binding approximation is not sufficiently accurate for 
this state. 

Recently the problem of the ratio of oscillator 
strengths of the two principal impurity absorption 
bands has received attention. Knox and Dexter® have 
reported a theoretical analysis of this problem for 
KCI: Tl using the characteristics of the free Tl* ion 
and neglecting the effects of crystalline interactions. 
Their results are in conflict with experiment. Since Int 
has the same valence and energy level structure as 
TI*, the analysis can be applied to KCI: In and in this 
case we have found an even more serious discrepancy 


Seitz, J. Chem. Phys. 6, 150 (1938) 
Williams, J. Chem. Phys. 19, 457 (1951) 
Williams and M. H. Hebb, Phys. Rev. 84, 1181 (1951). 


E 
E. 
D. Johnson and F. E. Williams, Phys. Rev 95, 69 (1954). 
.S. Knox and D., L. Dexter, Phys. Rev. 104, 1245 (1956). 
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between experiment and theory. In the present analy- 
sis, we include the effect of crystalline interaction and 
thereby attain satisfactory agreement with experiment 
for the ratio of oscillator strengths for the two principal 
impurity bands of both KCI: Tl and KCI: In. 


FORMULATION 


The ground state of the activator is taken to be a 
1S state; and the excited states are assumed to have 
the character of *P° and 'P® states of the sp configura- 
tion. If the states were pure singlet and triplet, the 
transition between the |S and *P° would be prohibited 
on the basis of the spin selection rule. However the 
states are not pure spin states by virtue of the spin- 
orbit interaction which is appreciable in the heavy ions 
TI* and Int. 

The Hamiltonian of the system is taken to be 


H=Hot+H’, (1) 


where H’ represents the spin-orbit interaction. The Ho 
contains all the other interactions and thus could 
conceptually be separated into a free-ion term and a 
crystalline interaction term. By dropping the latter 
contribution from Ho, one would arrive at the basis for 
the analysis utilizing only the characteristics of the 
free ion. 

The problem defined by the complete Hamiltonian, 
(1), could be solved in a straightforward fashion with 
the knowledge of the solutions to the problem with no 
spin-orbit forces, that is, solutions of 


Hwi= Eni. (2) 


The best solutions to (2), neglecting correlation, would 
be the Hartree-Fock functions for the crystal with the 
impurity. As these are at present not available, other 
means must be employed in order to study the mixing 
of the singlet and triplet states. 

If we expand the wave functions for the excited im- 
purity states in terms of y; and ys, the singlet and 
triplet functions respectively, that is, 


$4= UsWit days, (3) 





LUMINESCENT 


(G— E)a,;+v2da;= 0 
v2\ a+ (—G—4h{— E)a;=0 


for the equations satisfied by a; and as. In the above, 
the spin-orbit coupling parameters { and \ are defined 


by’ 
eh? 10V 
4 =m fri )Rvrr, 
2m*c* r Or 


eh? 10V 
N= -fr(- — )Ro*dr, 
2m r or 
where the R; and R; are the radial functions for the 
1P° and *P* respectively, and V is the potential. The 
zero of energy is taken to be midway between the two 
states and the separation is set equal to 2G. 
In order for there to be solutions to (4) the deter- 
minant of the coefficients must vanish; thus the en- 
ergies are 


(4) 


E,=—}t+[ (G+4p)*+90%]}). (6) 


If the spin-orbit coupling parameters are known, Eq. 
(6) can be used to determine 2G from the observed 
separations. 

From Eq. (4) and the condition that the wave func- 
tions be normalized, we obtain for the ratio of proba- 
bility of transition to the upper excited state to the 
transition probability to the lower state: 

| diy |? (Avy N*f?-+-2(E_—G)*) shy, 
Se eee 
lay_|?\ hy N¢242( By —G)*) Nh 
The factors hv, are the energies involved in the two 
transitions. The ratio R can be seen to be a function of 
¢/G and if the spin-orbit coupling is taken to be weak, 
i.e., {/G<1, then R« (G/t)?>1 as expected. 

From Eq. (5) which defines the coupling parameters, 
¢ and X, we see that these parameters depend on the 
radial parts of the wave function and the crystalline 
potential. However, since the largest contribution to 
these integrals comes from regions inside the ion core, 
where the potential is largest and has its greatest 
derivative, and since we expect the wave functions 
about the impurities to be fairly tightly bound, the 
wave functions and the potential will be well approxi- 
mated by the free-ion functions in the regions prin- 
cipally contributing to the integrals. It follows that ¢ 
and \ can be approximated reasonably by their free-ion 
values. On the other hand, it would be incorrect to use 
the free-ion value of the energy separation, 2G;. In the 
latter case, contributions arising from the wave func- 
tions outside the core are important, and in these 
regions the wave functions are significantly affected by 


* The matrix elements of spin-orbit interaction are given in 
E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1935), p. 268. 

7G. W. King and J. H. Van Vleck, Phys. Rev. 56, 464 (1939). 
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Fic. 1. Schematic energy level diagram of free-ion and crystal 
states. A—free-ion states with spin-orbit interaction; B—pure 
spin states of free ion; C—pure spin states of crystal; D-—-crystal 
states with spin-orbit interaction 


the impurity ion being in the crystal. The effects of 
crystal and spin-orbit interactions are shown sche- 
matically in Fig. 1. 

We have attempted to determine by very approxi 
mate methods the order of magnitude of the change in 
2G to be expected from well-known crystalline inter 
actions. Specifically, we have approximated the radial 
wave functions, ?;, of the 6p electron of 'P® and *P° 
TI* in the region beyond the last node by a function 
of the form® 


P= Nr(r—10) exp(— er), (8) 
where e, and e; are taken to be experimental ionization 
energies of the two states, ro is the position of the last 
node of the function without exchange,’ and WN is a 
normalization constant. We then calculated the dif- 
ference in Coulomb overlap interaction energy’ for 
Tl* in the 'P° and *P® states interacting with the 
nearest-neighbor Cl’s in KCI. The change in 2G from 
this interaction alone is found to be 0.4 ev. The radial 
charge densities of the 6p electron are shown in Fig. 2. 

However, for the quantitative application of our 
method of computing the oscillator strength ratios, we 
employ, in addition to the values of \ and ¢ obtained 
from free-ion spectra, the experimental energy separa- 
tion for the crystal (Z,—_) in Eq. (6) to obtain 
2G., the energy separation of the pure singlet and 
triplet states of the crystal. These quantities are given 


® This function can be accurately fitted to the Hartree function 
for the 6p electron of Tl*. We have compared Eq. (8) using experi- 
mental ionization energies with the available Hartree-Fock fons 
tions for the 'f and */ states of the sp configuration, that is, the 
states of Be and Ca [D. R. Hartree and W. Hartree, Proc. Roy. 
Soc. (London) A154, 588 (1936); A164, 167 (1938) ]. For Be and 
Ca the method was found to give the correct order of magnitude 
but to underestimate the difference in radial functions of the singlet 
and triplet states. While for the more tightly bound TI? states 
better agreement is expected, the difference probably will still be 
underestimated. 

* Douglas, Hartree, and Runciman, Pro 


51, 406 (1953). 
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in Table I for KC]:Tl and KCl:In. We then utilize 
these quantities in Eq. (7) to obtain R, the oscillator 
strength ratio. 


RESULTS AND DISCUSSION 


Crystals of KCI: In were prepared by fusing KCI and 
InCl ” together in platinum or fused-silica crucibles in 
an atmosphere of dry helium followed by slow cooling 
of the crucible in a thermal gradient. The InCl was 
distilled and stored in vacuum prior to use. The mixture 
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Fic. 3. Absorption spectrum of KCI: In. 


” The authors are indebted to Dr. E. F. Apple of this laboratory 
for the preparation of the InCl. 
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was heated to about 200°C in vacuum to remove water 
and other adsorbed materials before fusing. 

Crystals of KCl:In exhibit luminescence, with a 
single broad emission band peaking at 4200 A, and 
absorption qualitatively similar to that of KCI:TI. 
However, the principal absorption peaks at 2300 A and 
2850 A have some structure as shown in Fig. 3. We con- 
sider the entire band in the 2300 A region as being the 
result of transition to the 'P,° state, and the group at 
2850 A, to the *P;° state. A similar assignment of 
composite bands to transitions of Tl* in KI: Tl has been 
made by Yuster and Delbecq." Support for the assign- 
ment of energy levels is found in the similar decrease 
from free-ion transition energies upon putting Tl* and 
In* in the KC! lattice. The small peak at 2600-2650 A 
which does not have the dependence on temperature 
and concentration expected for isolation impurity 
centers is not included. The absorption at \< 2150 A is 
not common to all samples and, as shown in the excita- 
tion spectrum of Fig. 4, does not excite luminescence. 
The remaining bands excite luminescence with com- 
parable efficiency. The small difference in excitation 
efficiency for the two principal absorption bands can be 
accounted for by the geometry of the apparatus. 
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Fic, 4, Excitation spectrum of KCI: In. 


“ P. H, Yuster and C. J. Delbecq, J. Chem. Phys. 21, 892 (1953). 





LUMINESCENT 


TaBLe I, Spin-orbit wap fave parameters and energy 
separations of pure spin states. 


t (ev) y 2G1 (ev) 
0.15 0.88 2.3 


0.87 2.1 


2Ge (ev) 


0.72 


‘Int 


Tit 0.51 


In Table II are shown the experimental and calcu- 
lated oscillator strength ratios. The calculated values 
are tabulated both neglecting and including crystalline 
interaction. The improved agreement, due to inclusion 
of the crystalline interactions, in the calculated ratios 
with experiment is evident from Table II. The close 
agreement of the calculated and experimental results 
for KCl:In is obviously fortuitous. The reduction in 
oscillator strength ratios of the crystal states compared 
to the free-ion states arises from the decrease in energy 
separation of the unperturbed *P° and 'P° states by 
crystalline interactions. The higher oscillator strength 
ratios calculated and observed for Int obviously arise 
from the smaller spin-orbit coupling in this ion. 
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TABLE II. Calculated oscillator strength ratios, without and with 
crystalline interactions, and observed ratios 


Riree ion Rerystal Robserved 


In* 259 30 25 
Bi 28 2 5 


CONCLUSIONS 


Crystalline interactions have been shown to have a 
marked influence on the oscillator strength ratios for 
transitions from the '§ to the “'P,°” and ‘“*P,°” crystal 
states of KCI:Tl and KCI:In. The inclusion of these 
interactions by utilizing experimental transition ener- 
gies, before applying spin-orbit interaction as a per- 
turbation, permits the successful calculation of the 
oscillator strengths for these materials. This analysis 
supports the identification of these transitions but also 
indicates that the free-ion notation is somewhat less 
appropriate since the pure spin states are more strongly 
mixed in the crystal than in the free ions. 
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Narrowing Effect of Dipole Forces on Inhomogeneously Broadened Lines 


S. GESCHWIND AND A. M. CLoGsTON 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received June 26, 1957) 


Under the proper circumstances dipole forces can decrease an inhomogeneous broadening of a magnetic 
resonance line. The necessary condition is that the magnetization of the material be very much greater 
than the inhomogeneity, and is therefore most easily observed in ferromagnetic materials. Experiments 
are described in which this narrowing effect was observed in manganese ferrite and yttrium iron garnet 
The theory of this effect is discussed for the two cases in which the spatial period of the inhomogeneity is 
large compared to atomic distances and either (I) short compared to sample size or (II) comparable to 
sample size, Applications to line broadening in paramagnets and polycrystalline ferrites, and to the low 
temperature peak in single crystals of yttrium iron garnet and manganese ferrites, are discussed 

I. INTRODUCTION of the sample be considerably greater than the field 
inhomogeneity. This condition is virtually impossible 
to satisfy in nuclear resonance, can be satisfied in par 
ticular cases in electron paramagnetic resonance, but 
almost invariably holds in ferromagnetic 
The experimental observation of this narrowing effect 
is therefore easiest in ferromagnetic materials 
experiments demonstrating the effect are described in 
Sec. ITI. 

We shall consider, in this paper, field inhomogeneities 
of two sorts. First, there is case I in which the field 
fluctuates from point to point with a spatial period 


N electron and nuclear paramagnetic resonance, the 

effect of dc field inhomogeneities on the resonance 
line width is frequently met with in practice and is 
quite familiar. One observes a broadened line whose 
width is roughly equal to the absolute value of the 
field inhomogeneity, since at constant frequency, dif- 
ferent parts of the sample come into resonance at dif- 
ferent values of the mean external dc magnetic field. 

We wish to point out in this paper that under certain 
circumstances the magnetic dipole forces can decrease 
inhomogeneous broadening of the resonance line. In 
effect, even though different parts of the sample see 
different dc magnetic fields, the long-range dipole 
forces can couple different regions together so that they 
assume a common resonant frequency. The necessary 
condition for this to happen is that the magnetization 


resonance, 


and 


large compared to the distance between spins but short 
compared to the dimensions of the sample. A fine- 
grained polycrystalline ferrite is an example of this case 
since the direction of the magnetic anisotropy will vary 
in passing from one crystallite to the next. The second 
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case II, arises when the spatial period of the field 
inhomogeneity is of the order of the sample size. ‘This 
case corresponds to the familiar case of inhomogeneity 
of the external field, and has also been the easiest to 
realize experimentally by distortion of the ferromag- 
netic samples from ellipsoidal shape. The theory pre- 
sented in Sec. II will discuss the two cases in order. 

An earlier presentation of line broadening in ferro- 
magnetic resonance treated the effect of field inhomo- 
geneities with a spatial period comparable to the 
distance between spins, arising from the disorder of 
the magnetic lattice. In this case, the exchange field is 
the effective agent in narrowing the resonance line. In 
cases I and II above, the spatial period of the fluctua- 
tion of the field is so large that the torques produced 
by the exchange field are negligible. The exchange 
coupling cannot tie together the motion of distant 
regions of the sample, whereas the long-range dipole 
forces can, 


Il, THEORY 


The theory of the dipole narrowing of inhomo- 
genecously broadened resonance lines in ferromagnetic 
salts can be developed in a way very similar to the 
theory of ferromagnetic resonance line width given by 
Clogston, Suhl, Walker, and Anderson.' According to 
this reference the mode spectrum of a ferromagnetic 
ellipsoid placed in a uniform magnetic field is given by 


w= 7 (H—- NM +H ’e’) 
x (H—-N,M+H .a’+44M sin) }', (1) 


where w, is the frequency of a spin wave of wave 
number «x, a is the distance between spins, y equals 

g8/h, H is the applied external field, N, is the longi- 
tudinal demagnetizing factor, M is the magnetization of 
the sample, H/, is an exchange field, and cosé,=x,/«. 
The sample is supposed to be symmetric about the 
axis. The frequency of the uniform-precession, or 
infinite-wavelength mode x=0, is given by the Kittel 
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Fic. 1. The mode spectrum of a magnetized ferromagnetic 
ellipsoid of finite extent. The high « values correspond to the 
region where exchange is important. The region below ka, Com- 
prises the modes for which the exchange is unimportant and whose 
frequencies are determined by dipole forces alone 


! Clogston, Suhl, Walker, and Anderson, J. Phys. Chem. Solids 
1, 129 (1956). 
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relation, 
wo=yLH—(N,—N,)M |, (2) 


where N, is the transverse demagnetizing factor. 
The spectrum given by Eqs. (1) and (2) is shown in 
Fig. 1. The frequencies w, and w; are given by 


w.=7[(H—-N,M)(H—-N,M+4nM)}!, (3) 
w:=7(H—N,M). (4) 


The important features of this spectrum, including the 
degeneracy of wo with a manifold of spin-wave modes, 
have been discussed in reference 1. In Fig. 1, the range 
of x values has been divided into three regions by lines 
drawn at points x, and x». The line at x, marks the point 
at which exchange first becomes important and is given 
roughly by x2.=(1/a)(44M/H,)'~10° cm~. Below the 
line at x;, the spin wavelength becomes comparable to 
the dimensions of the specimen and spin waves are no 
longer a good representation of the modes of oscillation. 

As derived in reference 1, Eq. (1) applies strictly 
only to magnetic crystals whose magnetization M is 
close to the saturation value Mo. Actually the dispersion 
relation (1) can be derived classically on the basis of 
the Landau-Lifshitz, or Bloch equations. If restricted 
to a range of x values for which «< (1/a)(4e%M/H,)! so 
that the term in H, may be neglected, Eq. (1) applies 
to any insulating crystal with a magnetization M per 
unit volume, including paramagnets. 

In reference 1, a perturbation was assumed imposed 
upon the spin system that gave a connection between 
the spin wave x=0 and a manifold of degenerate spin 
waves of higher x value. The specialized assumptions 
made about this perturbation rendered it independent 
of the magnitude of «. The line width resulting from 
this perturbation is given in Eq. (29) of reference 1 as 


3 (Hp (4M)! H 
AH= (— )a(m ), (5) 
20 HS 4nM 


where / is a shape factor, and H,” is the mean square 
value of the perturbation through the specimen ex- 
pressed in oersteds. 


Case I 


We now wish to examine the result of confining the 
perturbation to the range of x values between x; and ko. 
Using methods entirely similar to reference 1, it is 


found that 
18¢\ H,? 
AH= (~~) LJ 
10 7 4nM 


where J is a shape factor given by 


1 /wo wiwmy \! wert+w? 
HOHE) 
6 @1 we — we" Zw 
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with wy=y4rM. [The quantities wo, w; and wz depend 
upon the shape through the demagnetizing factors 
appearing in Eqs. (2), (3), (4).] The exchange field no 
longer plays a part in this expression. The mean square 
perturbation H,? is narrowed by dipole forces alone to 
give a line width of order H,?/4rM. 

There are two points of comparison between Eqs. 
(5) and (6) that are of interest. Expression (5) was 
developed to deal with a rapid spin-to-spin variation 
of the dipolar or pseudodipolar forces in a ferromagnet 
and shows the very great narrowing brought about in 
such a case by the exchange field. Equation (6) shows, 
by way of contrast, that a more slowly varying per- 
turbation will be narrowed only by dipole forces, and 
therefore to a much smaller degree. 

The second point of interest lies in the shape factor 
found in both Eqs. (5) and (6). For the first case this 
is given by the quantity 7 shown in graphical form in 
reference 1. It can be seen there that J decreases very 
fast with transverse demagnetizing factor, approaching 
zero for an infinitely thin disk specimen. A similar 
graph giving J as a function of n;=N,/4m and H/4nM 
is shown in Fig. 2. We see here, again, a general tendency 
for the line width to be smaller the more nearly the 
specimen approaches the shape of a flat disk. The line 
width, however, no longer approaches zero for a flat 
disk, but approaches a constant value corresponding to 
J=1, However, the disk must not be allowed to become 


infinitely thin, as it will be remembered that a condition 
for validity of the calculation is for the perturbation to 
be of finer grain than the thickness of the specimen. 
With increasing values of n, the line width becomes 
very large approaching infinity for a value of n; given 
by wo=we. For values of H/42M less than unity, this 
condition obtains for two values of n,;. For values of nm; 
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Fic. 2. Specimen shape effect for dipole narrowing of line, 
broadened by inhomogeneity, with spatial period between «; 
and «2. 
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outside the vertical asymptotes, wo is greater than ws, 
so that the uniform mode is no longer degenerate with 
any spin waves of «<x». Therefore the line width arising 
from a perturbation confined to « values less than x» 
will be zero in this case. 


Case II 


Let us now consider the effect upon the resonance 
line width if the system is subject to a perturbation 
whose characteristic length places it in the region 
below «;. In this region the oscillations of the system 
must be discussed in terms of a set of normal modes 
described by Walker? and Mercereau and Feynman'® 
and observed by White and Solt* and Dillon.®. The 
frequencies of these modes are dispersed by the dipole 
fields into a spectrum extending between the limits w, 
and wy». 

We may now, because of our assumption that the 
spatial period of the perturbation is comparable to the 
sample size, confine our attention to those members of 
the set of modes which have only a small number of 
nodal surfaces within the specimen, Generally speaking, 
small perturbations will make a connection between 
the uniform mode and the set of normal modes that 
will lead to an additional absorption of power in regions 
away from the resonant frequency. Depending upon 
the particular case, this may take on the character of 
satellite absorption lines or of a non-Lorentzian broad- 
ening of the fundamental peak or both. The larger the 
magnetization, the greater the dispersion of these 
magnetostatic modes and the more these effects of the 
perturbation will be decreased. In effect, the line is 
narrowed by the dipole forces as before. 

There will, in the present case be a shape effect as 
before. In Fig. 4 of reference 2 it will be observed that 
there is a pronounced crowding of the modes into the 
region about w, for a thin disk and into the region 
about ws for a thin rod. This effect is peculiar to the long 
wavelength modes as distinguished from the spin wave 
modes. In contrast to Case I above, the resonance line 
may then be expected to be broadened more in these 
extreme cases than in the case of a spherical specimen, 
If the spread of the modes becomes smaller than the size 
of the perturbation, both expressed in oersteds, there 
will be no narrowing effect at all. Thus, an infinitely thin 
disk or rod can be expected to exhibit a line width com- 
parable to the magnitude of the inhomogeneity. This 
would also be the case for a sphere whose magnetization 
is so small that the spread between w and wy is smaller 
than the perturbation, as would be normally en- 
countered with a paramagnetic specimen. 


*L. R. Walker, Phys. Rev. 105, 390 (1957) 

4 J. E. Mercereau and R. P. Feynman, Phys 
(1956) 

*R. L. White and D. N. Solt, Jr., Phys. Rev. 104, 56 (1956) 

* J. F. Dillon, Jr., Bull. Am. Phys. Soc. Ser. II, 1, 125 (1956). 
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Ill. EXPERIMENTAL 


Field inhomogeneities as large as several hundred 
oersteds were desired over the region of the specimen. 
As a typical size of the samples used in ferromagnetic 
resonance is 0.010 in., it would be exceedingly difficult 
to obtain such a field gradient with an external field. 
Instead, the desired field gradient was obtained from 
an internal field by using nonellipsoidal-shaped samples. 
Consequently, the spatial period of the inhomogeneity 
was of the order of the sample size and makes the 
present experiments a realization of case II as discussed 
above. 

As an illustration, consider the hemisphere shown in 
Fig. 3, placed in a uniform external magnetic field. If 
the external field is sufficiently large so that the mag- 
netization can be assumed to be uniform throughout 
the sample, then one may calculate by simple magneto- 
statics the demagnetizing fields at different points in 
the specimen, For example, at point A, Haemag= —4"M 
while at point B, Hdemag= — %2V2M. Thus, for MnFe,0,, 
for which 4rM, at room temperature is approximately 
4500 gauss, there is an effective inhomogeneity across 
the sample of the order of 570 gauss. Similarly, one 
finds for a hemisphere of yttrium iron garnet (44M, 
= 2200) an effective inhomogeneity of the order of 280 
gauss. 

Flats parallel to the 110 plane were ground on the 
sphere and the resonance line width alternately observed 
with the de field parallel to the three principal crystal- 
line directions. The flats ranged from a slight perturba- 
tion to where nothing but a polar cap of the sphere 
was left. The results were that the different line widths 
in the three principal crystalline directions remained 
essentially unchanged. This is portrayed in Figs. 4 and 
5 for the 100 direction in both materials. The resonance 
shifts to lower fields, the more the sphere is truncated, 
i.e., as it approaches a disk geometry. In addition, higher 
eigenmodes of magnetic resonance of the sample, 
analogous to those of ellipsoids, are excited. 

The experimental results described above indicate 
that, although a field inhomogeneity of hundreds of 
oersteds exists across the specimen, distant regions of 
the sample do not oscillate at different frequencies but 
are coupled together by long-range dipole forces and 
oscillate in some eigenmode of magnetic resonance of 
the truncated sphere. 


- 


us 


Fic, 3. Local demagnetizing fields in hemisphere with 
uniform magnetization. 


CLOGSTON 


These results can be discussed in terms of the 
treatment of Case II in Sec. II. In the present case the 
perturbing field varies so slowly through the truncated 
sphere that only a few modes of low symmetry are 
involved. The major effect of the perturbation H, is 
therefore initially to lead to absorption of power at 
several discrete field values away from resonance, 
without perceptible broadening of the main line [Figs. 
4(b) and 5(b) |. It is not surprising indeed that this 
state of affairs persists even when the specimen has 
been cut to a hemispherical shape. Since the relevant 
modes are dispersed in a range 49M of field and may be 
considered to have roughly equal matrix components 
of H, with the main mode of oscillation, the fractional 
excitation of each mode will be of order H,/4xM. If the 
magnetization is several thousand oersteds, a variation 
of H, over the hemisphere of several hundred oersteds 
will maintain H,/49M in the range of small pertur- 
bations. 
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Fic, 4. Resonant absorption at 24000 Mc/sec in manganese 
ferrite with the de magnetic field in the [100] direction. As the 
sphere is ground down, the resonant peak shifts to lower field 
values and higher modes are excited. The main resonance does 
not broaden, however, over a large range of such perturbation. 


As the magnitude of the inhomogeneity is increased 
(by grinding the flat still further), more of the modes 
close to the uniform precession are excited, resulting in 
a broadened line, first indications of which may be seen 
in the low-field side of Figs. 4(c) and 5(c). Of course, 
we are now passing out of the regime of small pertur- 
bations and it becomes more correct to speak directly 
in terms of the eigenmodes of magnetic resonance of 
the truncated sphere and their excitation by the driving 
microwave field. 

An even more drastic inhomogeneity was introduced 
by using an irregular chip of single-crystal yttrium iron 
garnet whose largest dimension was 0.010 in. Many more 
modes are now excited resulting in a considerable 
broadening of the absorption spectrum, with many of 
these modes still distinctly resolved, however. (See 
Fig. 6.) 


IV. OTHER APPLICATIONS OF THE THEORY 


There are several other situations in which an appli- 
cation can be made of the theory of dipole narrowing. 





INHOMOGENEOUSLY BROADENED 


(a) Polycrystalline Ferrimagnetic Materials 


It has rather generally been assumed in the past that 
a polycrystalline specimen of some ferrimagnetic 
material, such as manganese ferrite or yttrium iron 
garnet, will show a resonance line broadened by the 
root-mean-square variation of the anisotropy field. It 
is now apparent that, if the crystallites are small com- 
pared to the size of the specimen, the line will be nar- 
rowed by dipole fields in accordance with Eq. (6). If 
the specimen is extremely dense so that the perturbation 
comes mainly from the crystalline anisotropy fields, 
rather than from the shape anisotropy of the crystallites, 
the narrowing can be very marked. Suppose that H, is 
of order 50 oersteds and 4%M approximately 2000 
oersteds. The line should then be narrowed by about 
a factor of four to about 12 oersteds. 
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. 5. Absorption in yttrium iron garnet [Y;Fe2(FeO,)s 
with the de field in the [100] direction. 


(b) Low-Temperature Peak in Single-Crystal 
Ferrimagnets 


The resonance line width of a single crystal of 
manganese ferrite or yttrium iron garnet still presents 
many puzzles, although the behavior may in part be 
accounted for by the theory of reference 1. One feature 
common to these two materials is a sharp rise in line 
width as temperature is decreased, followed by an 
abrupt decrease at still lower temperatures. No ex- 
planation has yet been made of this notable effect. The 
increase in line width is in both cases accompanied by 
a steep rise in crystalline anisotropy. The following 
explanation may be conjectured. Since the anisotropy 
is changing very fast with temperature, it is possible 
that minor differences from point to point in the crystal 
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Fic. 6. Resonance in an irregular chip of yttrium iron garnet 
whose largest dimension is 0.010 in. The strong demagnetizing 
field inhomogeneities in such a chip give rise to a mode spectrum 
to which the uniform driving field can easily couple 


cause a substantial dispersion of the anisotropy field. 
In a particular yttrium iron garnet crystal reported by 
Dillon,® the line width rises to a value of 400 oersteds, 
which would correspond to a root-mean-square fluc- 
tuation of the anisotropy of about 300 oersteds. Since 
the anisotropy field rises from 100 to 3000 oersteds in 
this temperature range such a dispersion in value may 
be possible. 


(c) Dipolar Narrowing in Paramagnets 


Since the necessary condition for observation of 
dipolar narrowing of an inhomogeneously broadened 
line is that 44M ,>H, (H, is the rms magnitude of the 
inhomogeneity), one should be able to observe the 
effect of dipolar narrowing in certain paramagnets at 
sufficiently low temperatures. For example, in the free 
radical aa-dipheny! 6-picryl hydrazil at a temperature 
of 4.2°K in a field of 20000 gauss (operating at 56 
kMc/sec) the magnetization, M, becomes approxi- 
mately 7.0 gauss and so inhomogeneities below this 
value should be narrowed. Furthermore, recalling that 
the separation between the magnetostatic modes in the 
region below xo in Fig. 1 is of the order M, one should 
be able to excite and resolve these higher modes of 
magnetic resonance in this material as the line width 
is only one oersted. 
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The microwave paramagnetic resonance hyperfine structures of 33-day Ce! and 11-day Nd"? have been 
observed in a single crystal of La,Mgs(NOs)i2°24H,0 at 4.2°K. From the number of hfs lines we find directly 
the nuclear spins /(Ce™) =7/2 and /(Nd'*”) =5/2. The magnetic hyperfine coupling constants are found 
to be B(Ce™) = 0.01264-0,0001 cm™, and B(Nd"*”) =0.02374-0.0001 cm™. From these the nuclear magnetic 
moments are calculated to be |u(Ce) | =0.894-0.09 nm, and |u(Nd™7) | =0.542|u(Nd™) | =0.56+0.06 nm. 
These results are discussed in relation to those of the shell model and nuclear alignment experiments. 


I, INTRODUCTION 


HE technique of microwave paramagnetic reso- 

nance absorption’ has been developed sufficiently 
to allow the measurement of the hyperfine structures 
of a number of radioactive nuclei, the lower limit on 
hali-lives being as short as a few days. This paper 
describes the first of a series of such experiments on 
the rare-earth group. The spins and magnetic hfs 
coupling constants are directly determined for fission- 
produced 33-day Ce and 11-day Nd'’ by examining 
their hfs when incorporated as trivalent ions in the 
double nitrate crystal LazMgs(NOs)i2-24H,O. These 
results are of particular interest in relation to low- 
temperature nuclear-alignment experiments on these 
nuclei. 


Il. THEORY 


Paramagnetic resonance for stable Ce has been ob- 
served in the double nitrate by Cooke, Duffus, and 
Wolf.2 The theoretical interpretation has been given by 
Judd’ in an extension of the analysis of Stevens and 
Elliott‘ for the ethy] sulfates. Paramagnetic resonance in 
the latter crystal, which possesses the symmetry C4a, 
has been observed.® However, in our work with radio- 
active rare earths we have preferred the double nitrate 
because of the relative ease of growing single crystals 
rapidly. 

The electronic configuration of Ce* is 4/'; the ground 
state of the free ion is */’s. A trigonal crystalline electric 
field of Cy, symmetry, as is provided by the double 
nitrate crystal, splits up the ground state into three 
Kramer’s doublets, the lowest doublet, |a) and |d), 
being characterized chiefly by J,=+4 plus a small 
admixture of J,=*§. Only the lowest doublet is 


* Supported in part by the U. S. Atomic Energy Commission. 

1 See, e.g., B. Bleaney and K. W. H. Stevens, Repts. Progr. 
in Phys. 16, 108 (1953); K. D. Bowers and J. Owen, Repts. Progr. 
in Phys. 18, 305 (1955) 

2 Cooke, Duffus, and Wolf, Phil. Mag. 44, 623 (1953). 

2a. ms oo, Proc. Roy. Soc. (London) A227, 552 (1955); 
A232, 474 (1955). 

4K. W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952); 
R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A215, 433 (1952); A218, 553 (1953); A219, 387 (1953). 

* Bogle, Cooke, and Whitley, Proc. Phys. Soc. (London) A64, 
931 (1951). 
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appreciably populated at helium temperatures. An 
external magnetic field of a few thousand gauss splits 
this into two magnetic levels separated by a microwave 
quantum. The magnetic resonance results may be 
interpreted in terms of the spin Hamiltonian of Abragam 
and Pryce®: 


i= g) BH,S,+¢,8(HS.+H,Sy) 


+Al,S, 
+B S2t+1,Sy), (1) 


where x, y,z are the principal axes of the crystalline 
electric field; S=4 is the “effective” electronic spin 
quantum number; J is the nuclear spin quantum num- 
ber; 8= Bohr Magneton; g is the spectroscopic splitting 
factor and has the principle values g;,=0.25, g,= 1.84 
for Ce** with z||H and 21H, respectively; H is the 
external magnetic field; A and B are the magnetic 
hyperfine coupling constants. We have omitted nuclear 
quadrupole and nuclear Zeeman terms because they are 
too small to be detected in the present experiment. For 
stable Ce, J=0, so that the paramagnetic resonance 
spectrum consists of a single line. The coupling con- 
stants A and B are expected to show an anisotropy 
similar to that of the g factor. They are defined by* 


A=46Bngi{r*)(a| N,\a), (2) 
B= 4B ngi(r*)(a| Nz|b), (3) 


where 6,=the nuclear magneton; g;=y,/J=nuclear g 
factor; r= radial distance of 4/ electrons; and N is the 
vector 
N=I1—s8+3(r-s)r/r’. 

Judd’ has calculated the matrix elements of N in Eqs. 
(2) and (3) for Ce** in the double nitrate and finds 
them to be 0.10 and 1.62, respectively. Taking these 
values and (r~*) = 32.5 A~* for Ce** as given by Bleaney,® 
we calculate from (3) that 


A =0,00306g; cm™, 
B=0.0496g, cm=. 


(4) 
(5) 


* A. Abragam and M. H. L. Pryce, Proc. Phys. Soc. (London) 
A205, 135 (1951). 

7B. R. Judd (private communication to E. Ambler), quoted in 
Ambler, Hudson, and Temmer, Phys. Rev. 97, 1212 (1995). 


* B. Bleaney, Proc. Phys. Soc. (London) A68, 937 (1955). 
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PARAMAGNETIC RESONANCE hfs OF Ce!*! AND Nd'*4! 


The paramagnetic resonance of Nd** has also been 
observed in the double nitrate crystal by Cooke and 
Duffus.* The electronic configuration is 4/*, the free-ion 
ground state being ‘J 9/2. From the resonance data Judd? 
concludes that the lowest lying Kramers’ doublet in 
the crystal contains admixtures of J,=+4, #4 and 
+4, as well as small admixtures of the first excited 
state ‘/11/2. The Nd** resonance data were interpreted 
in terms of the spin Hamiltonian (1) and the following 
values obtained by Cooke and Duffus’: g,=0.45, gi 
=2.72, B(Nd')=0.0312+0.0001 cm™, B(Nd"*) 
=0.0194+0.0001 cm=', (Nd) = $, and 7(Nd"®) = 4. 
A could not be measured because of insufficient mag- 
netic field. 

For both Ce*+ and Nd** the magnetic energy levels, 
and hence the values of the resonance field H, for 
allowed magnetic dipole transitions (AJ,=0, AS,= +1) 
at constant applied microwave frequency v, may be 
obtained by perturbation theory. For H Lz, the result 
to third order is'® 
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where m=I,. The spectrum consists of 2/+-1 lines, 
approximately uniformly spaced. To second order, the 
spacing AH between the two extreme lines (m=+/) 
is simply proportional to BJ; the third-order correction 
is ~0.1%. 
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III. EXPERIMENTAL PROCEDURES AND RESULTS 





* ions in La:Mg;(NOs3)::- 


Highly enriched U™* was irradiated in the Materials 
Testing Reactor at Arco, Idaho for an integrated slow- 
neutron flux of ~4X 10” neutrons/cm’. After cooling for 
3 weeks, the target was dissolved and the activity, in- 
cluding all fission products, was added to an aqueous 
solution of LagMg3(NOs)1i2 from which a single 300-mg 
crystal was grown, with ~100 millicuries gross ac- 
tivity. The principal radioactive rare-earth nuclei 
present in this crystal were estimated to be ~2 10" 
atoms Ce, ~8 10" atoms Pr’, and ~2 10" atoms 
Nd’, 

The paramagnetic resonance spectrum of this crystal 
was observed at 4.2°K and 9380 Mc/sec by using the 
apparatus previously described," which has been modi- 
fied in the following way: the cavity is a thinly silvered 
Pyrex glass cylinder operating in the 7Z,,, mode; this 
permits modulation of the resonance at 100 kc/sec 
instead of at 80 cps, resulting in a considerably improved 
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A229, 407 (1955). 

” Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) 
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signal/noise ratio. With the crystal z axis oriented 
parallel to the magnetic field, the following spectra 
were observed, as shown in Fig. 1. 


(a) A single intense line at g,= 1.84, due to stable 
even-even Ce present chiefly as an impurity in the La. 

(b) Eight hfs lines spaced about g,= 1.84, which we 
attribute to 33-day Ce™, showing [(Ce™)= 3. From 
the line spacing we find B(Ce™) =0.01264-0.0001 cm™. 

(c) A single intense line at g,=2.72, due to stable 
even-even Nd. 

(d) Eight hfs lines spaced about g,=2.72, with 
B=0.031, due to stable Nd! (J = 4). 

(e) Eight hfs lines spaced about g,=2.72, with B 
= (0.019, due to stable Nd (I= 4). 

(f) Six hfs lines spaced about g,=2.72 which we 
attribute to 11-day Nd’, showing [(Nd'’)=§. By 
comparison of the total hfs splitting we have deter- 
mined the ratios B(Nd')/B(Nd') = 1.614+0.002 and 
B(Nd™)/B( Nd") = 1.3174-0.002, using Eq. (6). From 
this latter ratio and B(Nd™) of Cook et al.,® we find 
B( Nd") = 0.0237+0.0001 cm. The line width of all 
the lines was about 10 gauss. Radiation damage reduced 
the line intensity appreciably after about 12 hours. 


The crystal was rotated about an axis perpendicular 
to the magnetic field and the spectra were observed at 
various angles between 0=90° (21 H) and 6=60°. The 
positions of all the lines agreed, within about 1%, with 


those calculated by using the values of g and B given 
above. ‘This confirms our conclusions about the chemical 
identity and the hfs constants given in the preceding 
paragraph. At angles 6<60° the lines broadened and 
became too weak to observe accurately. For the 
angles 60<@<90°, the positions of the lines are very 
insensitive to A and we were unable to measure this 
hfs constant for either Ce or Nd'*’, Using the approxi- 
mate rulet A/B~g)\/gi, we would expect A(Ce™) 
~0.002 cm™ and A (Nd"*”)~0,004 cm™. 

The crystal ¢ axis was oriented parallel to both the dc 
magnetic field and the microwave magnetic field and a 
search was made for the paramagnetic resonance lines 
of 14-day Pr’. Six hfs lines due to stable Pr" (J = $) 
were clearly seen spaced about g);= 1.55, in agreement 
with the original work of Cook and Duffus.’ No other 
lines due to Pr were observed. A possible conclusion is 
that Pr” has the same spin and the same magnetic 
moment within 0.2% as that of Pr. Since the latter 
seems somewhat fortuitous, it is perhaps more likely 
that the Pr resonance lines are more susceptible to 
lattice strains arising from radiation damage than are 
the Ce lines, and are weaker by about an order of mag- 
nitude. Thus, the Pr'® resonance lines may have escaped 
detection in this experiment. 

Using Eq. (5) and our measured value of B(Ce™), 
we obtain the nuclear g factor | g;(Ce™) | =0.256, and 
the magnetic moment |y(Ce)|0.89 nm. These 


values are probably uncertain to ~ 10% owing to the 
uncertainties in the values of (a| N,|b) and (r~*).” 

From Bleaney’s* value of |g;(Nd'*)|=0.294 ob- 
tained from paramagnetic resonance measurements on 
the ethy! sulfates, we obtain from our ratio B(Nd™)/ 
B(Nd"™") the nuclear g factor |g,;(Nd'*”) | =0.223, and 
the magnetic moment |u(Nd"7) |=0.56 nm; again, un- 
certainties in (a|N,|b) and in (r~*), make uw uncertain 
to ~10%. Hyperfine structure anomalies have been 
neglected in this calculation. 

It should be pointed out that our measured ratio 
B(Nd') /B(Nd™*) = 1.614+-0.002 in the double nitrate 
is statistically different from the corresponding ratio 
1.6083+0.0012 obtained by Bleaney, Scovil, and 
Trenam™” in the ethyl sulfate. There is no evident 
reason why this ratio should vary from one structure 
to another by this amount, ~ 0.3%. Hyperfine structure 
anomalies would be expected to be considerably smaller 
here where 4/ electrons are chiefly involved. 


IV. DISCUSSION 


In comparing our measured values /(Ce™)=j, 
| u(Ce™) | 0.89 nm with the expectations of the nuclear 
shell model,"* we see that the odd neutron in 5sCegs!" 
would be assigned an f7,2 (or, possibly, an hy/2) state. 
Although the Schmidt-limit magnetic moment value for 
this state is 4= —1.91 nm, the empirical evidence from 
other f7/2 neutron states suggests n~—0.9 nm as a 
typical value. Our spin measurement is also in agreement 
with the level assignments by 8, y spectroscopy." 

Ce has been investigated in low-temperature 
nuclear-alignment experiments by Ambler, Hudson, 
and Temmer" in a single crystal of cerium magnesium 
double nitrate and by Cacho, Grace, Johnson, Knipper, 
Scurlock, and Taylor" in a single crystal of neodymium 
ethyl sulfate. In these experiments the magnetic 
hyperfine coupling constants A and B are determined 
by fitting the experimental values of the y-ray anisot- 
ropy ¢ at various temperatures to a theoretical curve. 
Ambler ef al. find B(Ce) =0.0022+4-0.0002 cm=, or 
0.0026+0.0002 cm='!, depending on whether the 6 
transition preceding the 144-kev 7 ray involves a spin 
change of 0 or 1, respectively. Although their value is 
for the concentrated Ce salt and our value B(Ce) 
=().0126+0.0001 cm~ is for Ce** greatly diluted by 
La**, this should lead to only a small discrepancy since 
it has been observed that the g factors are the same in 
the concentrated and dilute salts.’ The real source of 


#B. R. Judd (recent private communication) has made calcu- 
lations on a Fermi-Thomas model with the result that for the 
Ce'* ion, (r~*) may be as low as ~25 A~*; thus the uncertainty of 
| u(Ce™)| may be as large as 20%. 

4M. Mayer and J. Jensen, The Elementary Theory of Nuclear 
Shell Structure (John Wiley and Sons, Inc., New York, 1955). 

‘4 For a summary see J. J. Jones and E. N. Jensen, Phys. Rev. 
97, 1031 (1955). 

16 Ambler, Hudson, and Temmer, Phys. Rev. 97, 1212 (1955); 
101, 196 (1956). 

'®Cacho, Grace 


ohnson, Knipper, Scurlock, and Taylor, 
Phil. Mag. 46, 1287 


1955). 
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the rather large discrepancy (a factor 5) is no doubt 
that originally pointed out by Ambler et a/. in explaining 
their rather small value of B: reorientation effects in 
the intermediate states, electron spin-spin interactions, 
and interference effects in mixed multipole radiation 
may tend to reduce the observed anisotropies and hence 
the B value. In the case of the experiments of Cacho 
et al.,'® where the hfs coupling constants are not to be 
compared readily since the crystals used are quite 
different, we compare our value |u(Ce') |=0.89+-0.09 
with their values |u(Ce)|=0.66+0.16 nm or 0.75 
+0.20 nm, depending upon whether the # transition 
involves a spin change of 0 or 1, respectively. This 
comparison suggests that in the ethyl sulfate experi- 
ments there is an attenuation of the y-ray anisotropy 
of ~ 20%. 

For goNdg7'*”? with five neutrons outside the closed 
shell at 82, one would expect, on the basis of the be- 
havior of Ce, Nd, and Nd, an (fz/2)°, [=7/2 
neutron configuration. However, our measured spin 
I(Nd'*") = § shows that this is not the case. The simplest 
explanations are: (a) the odd neutron is in an fy orbit, 
or (b) the neutron configuration is (/7/2)°, J=§. Un- 
fortunately our experiment does not measure the sign 
of the magnetic moment, the knowledge of which would 
affect a choice between these two possibilities. The 
decay scheme of Nd'*’ has not yet been correctly estab- 
lished, the ground state having been assigned'’ tenta- 
tively as ho;2. 

Nd"? has also been investigated in low-temperature 
alignment experiments by Ambler ef al.’* in cerium 


17 Hans, Saraf, and Mandeville, Phys. Rev. 97, 1271 (1955). 
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magnesium nitrate. From the anisotropy of the y-rays 
they find B( Nd’) = 0.004+-0.001 cm~', which is to be 
compared to our directly measured value B(Nd'*) 
= (),0237+4-0.0001 cm=. As in the case of Ce, the 
value of B from the alignment experiment is small by a 
factor 5. The discrepancies could perhaps be due to a 
common cause. However, in the case of Nd!’ the align- 
ment data were interpreted under the assumption that 
I(Nd"*")=9/2. A recalculation using the now known 
spin J=§ would no doubt alter the value of B. 

Another alignment experiment on Nd'’ has been done 
at Oxford'* in the ethyl sulfate. In order to compare 
results, we have used our value of B(Nd')/B(Nd""), 
which should be the same in any salt, together with the 
values B(Nd')=0.01989+-0.00001 cm, A(Nd™) 
= 0.03803+-0,00001 cm~! of Bleany et a/."° for the ethyl 
sulfate to obtain these values for the ethyl sul- 
fate: B(Nd!*’) =0.01512+0,00005 cm~ and A (Nd!) 
= (),0289+-0.0001 cm~!. The latter magnetic resonance 
value is to be compared to the Oxford alignment value 
A(Nd*")0,.0125 cm™. Part of the discrepancy may be 
due to the fact that the Oxford data were interpreted 
on the basis of J7(Nd'*?)=9/2; a recalculation using 
I= § would be desirable. 
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The microwave paramagnetic resonance hyperfine structures of 13-year Eu" and 15-year Eu'™ have 
been observed in a sample of Eu** which was incorporated in a KC] powder. From the number of hfs lines 
the spins were found to be /(Eu') =3 and /(Eu'™) =3. Neglecting hfs anomalies, from the ratios of the 
total hfs splitting these magnetic moment ratios were obtained: |w~(Eu™) | /|u(Eu'™) | =1.308+-0.004, 


| (Eu) | /| 4 (Eu) | 0.5574 +-0.006, 


|u (Eu) | /|4(Eu") | = 2,264+-0,006. 


Using yw(Eu'*)1.6 nm, 


we find |w(Eu™) | 2.1 nm and |u(Eu’)|2.0 nm. These results are discussed in relation to the nuclear 


shell model. 


I, INTRODUCTION 


HIS paper describes the measurement of the spins 

and magnetic moments of pile-produced Eu'™ 
and Eu'™ by the method of microwave paramagnetic 
resonance absorption’; some of these results were 
briefly announced earlier? For details on techniques 
and experimental apparatus we refer to previous 
papers.’ 


Il. THEORY 


The ground state of Eut* is a half-filled 4f shell 
giving a configuration of 4/7, *Sz/2. Owing to the zero 
orbital angular momentum the ions behave almost like 
free spins in a cubic crystalline field. The spectroscopic 
splitting factor g is isotropic and very nearly 2.0, 
allowing the use of a powder instead of a single crystal. 
Paramagnetic resonance in Eu was first observed by 
Bleaney and Low‘ in powdered cubic SrS containing a 
trace of Eu. An isotropic hyperfine structure of the 
two stable isotopes, Eu! (47.77%) and Eu'™ (52.23%), 
was clearly resolved; J=5/2 for each. The magnitude 
of the hfs splitting suggests the promotion of an s electron 
to the 6s state by configuration coupling. 

In a powdered cubic crystal the spectra may be 
described by a spin Hamiltonian of the form 


K = ¢3(H-S+ AIS), (1) 


where 8 is the Bohr magneton and the first term 
represents the electronic Zeeman interaction in the 
external magnetic field H; the second term is the 
magnetic hyperfine interaction of the electronic spin § 
with the nuclear spin I. We have omitted all crystalline- 
field splitting terms because in a powder only the 
transitions S,= M =4—+—4 are independent of crystal- 
line orientation to first order, so that normally only 


* Supported in part by the U. S. Atomic Energy Commission. 

'B. Bleaney and K. W. H. Stevens, Repts. Progr. in Phys 
16, 108 (1953); K. D. Bowers and J. Owen, Repts. Progr. in 
Phys. 18, 304 (1955) 

* Kedzie, Abraham, and Jeffries, Bull. Am. Phys. Soc. Ser. I, 
1, 390 (19563. 

§ Dobrowoiski, Jones, and a, Phys. Rev. 101, 1001 (1956); 
Kedzie, Abraham, and Jeffries, Phys. Rev. 108, 54 (1957), 
preceding paper 

‘B. Bleaney and W. Low, Proc. Phys. Soc. (London) A68, 
65 (1955); W. Low, Phys. Rev. 98, 430 (1955). 


these transitions will be observed as sharp lines. There 
are 2/+-1 of these magnetic dipole transitions, whose 
positions for a constant applied microwave frequency 
v= p8H o/h are, to second order, 


A? 
H(m) -y—Am-| vend 
2(Ho— Am) 


Jerr 1)—m?], (2) 


where m=TI,. Since the hyperfine coupling constant 
A is proportional to g;=y/J (if hyperfine anomalies 
are neglected), we see that the total hfs splitting 
AH =| H(m=—I)—H(m=1) |«u, to high order. 

In addition to the strongly allowed transitions 
described above, the spectra also show weak lines 
occurring in pairs between the main hfs lines. The 
positions of these lines, but not the intensities, may be 
explained by adding the term g/@H -I to the Hamiltonian 
(1). The weak lines then correspond to the transitions 
M=}-——4, Am=+1. They will not be discussed 
further here, although if the above explanation proves 
to be correct the spacing between the lines will give a 
direct measurement of gr. 


III], EXPERIMENTAL PROCEDURES AND RESULTS 


A few millicuries of 15-year Eu'™ were prepared in 
the (m,y) reaction by irradiating natural-abundance 
Eu to a total integrated thermal-neutron flux of 
nol=7.3X10"/cm* in the Materials Testing Reactor 
at Arco, Idaho. Eu'™ and Eu'® were burned out by 
this high flux leaving ~88% Eu'™ and ~12% Eu! in 
this sample, referred to as A. Another sample, B, was 
reclaimed from the fission products of Pu, containing 
78.3% Eu'™, 15.2% Eu, and 6.5% Eu'® as determined 
by mass spectrographic analysis. The 13-year Eu'® 
was made by the (m,y) reaction in enriched Eu'™ 
(91%) by irradiating in the Materials Testing Reactor 
at Arco, Idaho to a total intergrated thermal-neutron 
flux of nvt=0.63X10"/cm?, This sample C had the 
approximate abundance 85% Eu'!, 7% Eu!”, 8% 
Eu'®, The Eu was converted to the chloride and added 
to about 300 mg of KCl which served as a cubic host 
and also made the sample magnetically dilute, which is 
essential in order to prevent dipole-dipole broadening 
of the resonance lines. The sample was dried in the 





SPIN AND MAGNETIC 
presence of HCI gas to insure the formation of Eu’*. 
The usual oxidation state Eu*+ has the nonmagnetic 
ground state 7/y) and shows no paramagnetic resonance. 
The mixture was fused, ground to a powder, and placed 
in the microwave cavity of the paramagnetic resonance 
apparatus.’ 

The magnetic resonance was observed at 77°K and 
a frequency of 9300 Mc/sec. Both samples A and B 
showed the six hfs lines of stable Eu'®, upon which were 
superposed a weaker set of seven hfs lines with the 
same g factor. These we identify as due to Eu'™ by 
comparison of the intensities with those calculated 
from the mass spectrographic measurements. We thus 
conclude that J(Eu!™*)=3. From the ratios of the 
total hfs splittings AH, we find 


AH (Eu) /AH (Eu'™) = 1,308-0.004 
=|u(Eu™)|/|u(Eu')|, (3) 


neglecting hfs anomalies. From optical hfs measure- 
ments, Schuler and Schmidt® and Brix® have found 
u(Eu!')3.6 nm and yu(Eu'™)=1.6 nm. Using the 
latter value and our ratio (3) yields |u(Eu'™) |&2.1 nm. 

Sample B did not show any hfs lines that could be 
attributed to Eu'®®, which was 6.5% abundant. The 
signal-to-noise ratio was such that they should have 
been observed unless they were closely superposed on 
the strong Eu'® lines. 

The spectrum of sample C showed the six strong 
hfs lines of Eu'®', six weaker lines of Eu'™ and, in 
addition, a set of seven partially obscured hfs lines with 
the same g factor. These we attribute to Eu'™, showing 
I(Eu'®) =3. The measured ratios of total hfs splittings 
are 
AH (Eu!) /AH (Eu!) =0.55744-0.006 

= |u(Eu™)|/|u(Eul)|, (4) 
and 
AH (Eu'")/AH (Eu!) = 2.264+0.006 

= |u(Eu')|/|u(Eu')|. (5) 
Using u(Eu'™)=3.6 nm®® yields |u(Eu')| =2.0 nm. 


r (82.5 GAUSS) + 


aa 


~ CALCULATED 





Fic. 1. Schematic representation of the observed and calculated 
paramagnetic hfs lines of Eu'™ and 15-year Eu' in powdered KCl. 


*H. Schuler and T. Schmidt, Z. Physik 94, 457 (1935); T. 
Schmidt, Z. Physik 108, 408 (1938). 

*P. Brix, Z. Physik 132, 579 (1952); P. F. A. Klinkenberg, 
Revs. Modern Phys. 24, 63 (1952). 
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Eul#? Eultéé 


AND 


From the ratios (3), (4), and (5) one obtains 


AH (Eu!) /AH (Eu!) =0,965+0,.010 
= |u(Eu'™)|/|u(Eu™)|. (6) 


The above assignments of spin and magnetic mo- 
ments were further checked in each case by comparing 
all the observed lines with those calculated by using 
the second-order expression (2). Excellent agreement 
was obtained. Figure 1 is a schematic representation 
of the observed and calculated spectra for Eu'® and 
Eu, 

The absolute magnitude of the hfs coupling constant 
A was measured, with the results 

A(Eu!®) =0,003256+-0.000006 cm™!, 
A(Eu'®) =0,001512+-0,000015 cm™', 
A(Eu!™) =0.001438+-0.,000003 cm™, 
A(Eu'™) =0,001567+-0.000006 em™. 


IV. DISCUSSION 

The measured spin J =3 of both o3Eugy'™ and ¢3Eug,!™ 
is consistent with their respective decay schemes.’ 
The experimental fact that the nuclear magnetic 
moments are very nearly the same is consistent with 
the simple assumption that the configuration of each is 
an odd proton jj coupled to an odd neutron with the 
nuclear g factors very similar in each case, Although 
the quite different magnetic moments of Eu’ and 
Eu'® can only be understood in terms of the collective 
model,® we nevertheless assume a d5,. proton state for 
Eu! and Eu'™, The measured spin / = 3/2 for g4Gdg,'"* 
is strong empirical evidence for a py/. neutron state for 
Eu'® and Eu'™, For the (d5/2,ps/2) configuration in 
simple jj coupling to 7/=3, we calculate p= 2.96 nm, 
if we take the Schmidt-limit values for g, and g,. On 
the other hand, if we take the empirically determined 
values g,=—0.21 (from Gd'** measurements)’ and 
£poz+1.04 (the average value for Eu'™ and Eu'™),® 
we obtain w==2.03 nm in surprisingly good agreement 
with our measured values above. ‘This is perhaps 
somewhat fortuitous, since if one uses instead of the 
average g, for Eu’ and Eu'™, the individual values, 


one obtains n= 2.93 nm and w=1.17 nm, respectively. 
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The microwave paramagnetic resonance hyperfine structure of 72-day Co has been observed at 20°K 
and 3-cm wavelength in a single crystal of (Zn,Co)K2(SO,4)2-6D20. From the spacing of the hfs lines relative 
to those of Co”, we find for the magnetic moment |u(Co™) | =4.0524-0.011 nm, neglecting hfs anomalies. 
The pattern of lines is consistent with the previously known spin J =2. 


N a previous paper,' referred to as I, the direct 

measurement of the spin and magnetic moment of 
Co” by microwave paramagnetic resonance was 
described. This work has been extended to 72-day Co™. 
For details on the method, the spin Hamiltonian and 
the experimental apparatus, we refer to I. 

The Co was supplied by the Oak Ridge National 
Laboratory and was prepared by the Ni*(n,p)Co™ 
reaction using fast pile neutrons. A Co impurity in the 
Ni target produced a comparable amount of Co® by 
the Co™(n,y)Co reaction. These activities were 
identified by observing their 7 spectrum with a scintil- 
lation spectrometer. The Co was separated from the 
Ni by ion-exchange techniques and added as Cott to 
a saturated heavy-water solution of ZnK2(SO,4)2, from 
which a single crystal weighing about 100 mg was 
grown from a seed; the crystal contained ~4 millicuries 
of Co*, We have used ZnK»(SO,)2 here instead of 
Zn(NH,4)2(SO,4)2 as in I in an attempt to prevent 
exchange of H between NH, and D,O, which could 
result in increased line width due to the protons in 
the H,O waters of crystallization. The crystal was 
placed in the microwave cavity of the paramagnetic 
resonance apparatus with the crystallographic z axis 
parallel to the external magnetic field H. Observation 
of the magnetic resonance spectrum at 20°K and a 
frequency of 9300 Mc/sec showed the following features 
(see Fig. 1). 

(a) Eight intense hfs lines due to stable Co™ (J =7/2) 
which was present as an impurity in the Ni target. 

(b) Eleven weak hfs lines, partially obscured by the 
Co™ lines, due to Co (J =5), as reported in I. 


| aS 
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Fic. 1. Schematic representation for the observed paramagnetic 
resonance hfs lines of Co®*, Co, and Co in (Zn,Co)K2(SO.)s 
-6D,O. The dashed lines are not actually resolved from the 
near-lying intense lines of Co; their positions are calculated. 


*Su yported in part by the U. S. Atomic a Commission. 
1 Dobrowolski, Ren, and Jeffries, Phys. Rev. 101, 1001 (1956). 


(c) Three additional clearly resolved weak lines with 
the same g factor as the lines (a) and (b). This was 
verified by rotation of the crystal: The lines (a), (b), 
and (c) moved together, due to the large anisotropy 
of the g factor of Cot*+. Thus these three lines are due 
to Co; in fact they are some of the hfs lines of Co®, 
the only other Co isotope present in the crystal. The 
spin of Co®* has previously been determined?’ to be 
I=2, corresponding to five hfs lines, two of which 
would coincide with the intense Co® lines and so are not 
resolved in our experiment. The two extreme hfs lines 
corresponding to M;= +1] are clearly resolved, however, 
so that the total hfs splitting AH relative to 
that of Co™ can be precisely measured. If hfs anomalies 
are neglected, this ratio is simply the magnetic moment 
ratio, independent of the spin value. Our result is 


AH (Co) /AH (Co™) = | u(Co*) | /|u(Co™) | 
=().8734+0.0024, (1) 
which yields 


| u(Co®) | =4,052+0.011 nm, (2) 


without diamagnetic correction, from the value u(Co™) 
= 4.6399 of Proctor and Yu.* We also determine from 
the ratio of hfs splittings, the magnetic moment ratio: 


| u(Co™) | /|u(Co™) | = 1.0645-+0,002. (3) 


In addition to the hfs lines (a), (b), and (c) above, 
there were other weak lines which were shown, by 
rotating the crystal, to be due to Co™ lines in a small 
crystallite whose axis was not parallel to that of the 
main crystal. This was further checked by dissolving 
the crystal and regrowing it: These lines disappeared, 
but the lines (a), (b), and (c) remained as before in 
their same relationship. 

Although the hfs pattern of Co® as observed in this 
experiment is consistent with J =2, it is also consistent 
with J =1, since the two lines presumed to be superposed 


* Good, Peaslee, and Deutsch, Phys. Rev. 69, 313 (1946). 

*K. Strauch, Phys. Rev. 79, 487 (1950). 

* Daniels, Grace, Halban, Kurti, and Robinson, Phil. Mag. 43, 
1297 (1952). 

® Cork, Brice, and Schmid, Phys. Rev. 99, 703 (1955). 

* Frauenfelder, Levine, Rossi, and Singer, Phys. Rev. 103, 
352 (1956). 

7B. L. Robinson and R. W. Fink, Bull. Am. Phys. Soc. Ser. II, 
1, 40 (1956). 

* W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 
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on the intense Co® lines could actually be missing. In 
an attempt to prepare pure Co’, a sample of Ni was 
carefully purified by ion-exchange methods and then 
irradiated in the Materials Testing Reactor at Arco, 
Idaho. Unfortunately the paramagnetic resonance 
spectrum of this sample of Co®* also showed prominent 
Co™ lines and because of the overlapping we were unable 
to make a definite spin determination, other than 
I(Co*)=1 or 2. Attempts to determine the spin by 
comparison of line intensities as in I were unsuccessful 
here, owing to inability to obtain reliable intensity 
ratios for the hfs lines. 

The conclusions of 8,y spectroscopy experiments***~7 
are that Co has a spin /=2 and decays principally in 
the scheme 2(61)2(y2)0 through the well-established 
0.805-Mev level. The most direct evidence for the 
decay scheme was perhaps first provided by the low- 
temperature nuclear alignment experiments of Daniels 
et al.4 From the temperature dependence of the y-ray 
anisotropy they have also determined the magnetic 
moment |yu(Co**)| =3.5+0.3 nm, in reasonable agree- 
ment with the magnetic resonance value, Eq. (2), 
Wheatley, Griffing, and Hill have simultaneously 
aligned Co** and Co® in the same crystal, obtaining a 
magnetic moment ratio for various assumptions of 
decay schemes. For a 5(81)4(y2)2(y2)0 scheme for 
Co® and a pure Gamow-Teller 2(81)2(72)0 scheme for 


Co, they find |u(Co"*)|/|u(Co)| =1.10+-0.03; this 
scheme gives the best agreement with the directly 
measured ratio, Eq. (3). More recently Griffing and 


°C. S. Cook and F. M. T 
IT, 1, 253 (1956). 
© Wheatley, Griffing, and Hill, Phys. Rev. 99, 334 (1955). 


‘omnovec, Bull. Am. Phys. Soc. Ser. 


Wheatley" have determined that there is an appreciable 
admixture of Fermi interaction in the 8 decay. 

Our value of the magnetic moment of »7Cos,°* may 
be compared to that expected from simple shell-model 
considerations. We assume that Co has an odd fr, 
proton (as does »7Cojo™) and an odd py neutron 
(as perhaps 2¢I*es,°’ does). Then we calculate, as in I, 
the nuclear g factor for simple jj coupling. The results 
are as follows. 


(a) u(Co**) =6.24 nm if one uses the Schmidt limit 
values gp= 1.65; gn=1.27. 

(b) u(Co*) =3.43 nm if one uses the Dirac limit 
values gp=1.14, gn=0. 

(c) w(Co*)=4.00 nm if one uses the empirically 
determined values gp=1.32 from Proctor and Yu,* 
and g,~—0.03 from the upper limit of Bleaney and 
Trenam.” The calculation is not very sensitive to gp, 
since it is small, 

It is seen that fairly good agreement obtains between 
the empirically calculated value (c) and our measured 
value, Eq. (2). Our measurements do not determine 
the sign of the magnetic moment. The close agreement 
in magnitude with (c) suggests that it is positive. 
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By using the method of proton recoils in nuclear emulsions, angular distributions of neutrons emitted 
to low-lying states of Si** in the reaction Al*?(d,n)Si** have been obtained at deuteron energies of 2.16 and 
6.00 Mev. As might be expected, the angular distributions obtained at Z,;=2.16 Mev show considerable 
deviations from the predictions of the simple Butler stripping theory. The angular distributions obtained 
at /4=6.00 Mev have been analyzed by means of the Butler theory to obtain parities and limits on the 
spins of Si** states. These results are, for the ground state, J” =0*, 1+, 4+, or 5+; 1.78-Mev state, J” = 2+ 


or 3*; 4.62-Mevy state, J” 


to 4>; 6.24-Mev state, J*=2+* or 3+; 6.88-Mev state, J7=(1~- to 4-); 


7.90-Mevy state, J* =2* or 3*; 8.57-Mev state, J” =2* or 3+; 9.39-Mev state, J” =2* or 3+. It is pointed 
out that the odd parity of the 4.62-Mev state of Si** is consistent with the possible shell-model states of a 


spheroidal nucleus. 


INTRODUCTION 


HE angular distributions of neutrons emitted to 

resolved levels in (d,n) reactions have been 
studied in about a dozen cases. An early experiment by 
Ajzenberg' showed the usefulness of the Butler theory 
in interpreting (d,n) reactions at low bombarding 
energies, Subsequently a number of other neutron 
angular distributions were obtained for the purpose of 
studying nuclear levels (see, e.g., the work of Middleton 
et al.**), Pruitt, Hanna, and Schwartz‘ found consider- 
able deviations from the Butler predictions® at bom- 
barding energies below the Coulomb barrier of the 
target. Later experiments at bombarding energies 
below the Coulomb barrier®:’ have confirmed the fact 
that the simple Butler theory is not adequate to explain 
the observed angular distributions. It has also been 
found from experiment that the angular distributions of 
protons from (d,p) reactions below the Coulomb barrier 
are not well described by the simple Butler theory.” 
Below the Coulomb the reaction mechanism is obscure, 
and one may anticipate a considerably different reaction 
mechanism for proton and neutron emission." There 
are three approaches which have been used to interpret 


t Supported by the U. S. Air Force through the Air Force 
Office of Scientific Research of the Air Research and Development 
Command. 
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stripping angular distributions below the Coulomb 
barrier. The first is the assumption that part of the 
reaction takes place by means of the compound-nucleus 
mechanism. Interference between compound-nucleus 
state amplitudes was postulated in the analysis” of the 
experiment of Canavan,* because after a stripping 
angular distribution was subtracted, the remainder of 
the angular distribution was not symmetric about 
90 degrees, as required of a compound-nucleus angular 
distribution, in the absence of interference. The second 
method is that used by Tobocman and Kalos* and 
Grant,* in which the Coulomb and nuclear effects 
omitted in the simple stripping theory are taken into 
account. The angular distributions of Canavan were 
again analyzed by Grant with this method, but the 
rise in the cross section at backward angles could not 
be explained. The third effect is stripping of the emitted 
particle from the target with the subsequent absorption 
of the deuteron. In the center-of-mass system it makes 
little difference which particle is called the target and 
which the bombarding particle, so that it is quite 
reasonable that either may be subject to stripping. This 
effect is called heavy-particle stripping.’® Owen and 
Madansky have fitted'® the angular distribution from 
the reaction B"(d,n)C” over a deuteron energy range 
from 0.6 to 4.7 Mev,’ with the assumption of deuteron 
and heavy-particle stripping, and without taking into 
account compound-nucleus, Coulomb, or nuclear scat- 
tering effects. The relevant question at present is for 
what targets and at what bombarding energies the 
three effects discussed above become important. 

We decided to obtain neutron angular distributions 
for a number of levels to see whether any simple inter- 
pretations were possible. In the present work angular 
distributions of neutrons emitted to levels of Si?* from 
the reaction Al?’ (d,n)Si?* have been obtained at energies 
below and above the Coulomb barrier, which for 
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ANGULAR DISTRIBUT 
Al*?+d is ~3.6 Mev. The bombarding energies were 
2.16 and 6.00 Mev. At-the 6.00-Mev bombarding energy 
the Butler stripping-theory analysis of the neutron 
angular distributions reliably provides the parities and 
limits on the spins of the Si** states. The bombardment 
at the energy below the Coulomb barrier was carried 
out in order to obtain the excitation energies of the Si?* 
states, in addition to the angular distributions at 
Ea=2.16 Mev. At this lower energy, the energies of 
neutrons emitted to low-lying states of Si** were suf- 
ficiently lower that the neutron energy resolution of 
the nuclear-emulsion technique employed was appre- 
ciably better. Having obtained the level energies, one 
is better able to separate the neutron energy spectra 
obtained at the higher bombarding energy into discrete 
energy groups, for the purpose of obtaining angular 
distributions. Also, once one knows from the higher 
bombarding energy experiment the orbital angular 
momentum of the captured proton leading to a par- 
ticular state of Si**, one can construct the stripping- 
theory angular distributions expected at the lower 
bombarding energy. In this way, deviations from the 
stripping angular distributions become apparent. 


EXPERIMENTAL PROCEDURES 
A. E, 


The experimental arrangement has been described in 
detail in a previous report'® on the levels of Si?*, but a 
brief review is in order. A thin Al foil target was 
bombarded with 2.16-Mev deuterons from the MIT 
Rockefeller Van de Graaff generator. Ilford C-2 emul- 
sions, 400 microns thick, were used as detectors, and 
were placed at nine angles to the incident beam. 


2.16-Mev Experiment 
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Fic. 1. The angular distribution of neutrons emitted to the 
6.24-Mev state, at Ey=2.16 Mev. The solid line is the Butler- 
theory prediction, with r=5.36%10~" cm. The errors indicated 
are statistical errors only 
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Neutron spectra at 0°, 10°, 20°, 30°, 45°, 60°, 90° and 
120° were obtained by recoil-proton measurements in 
the emulsions. From these spectra the excitation ener 
gies of low-lying Si** states were found at 1,78+0.10, 
4.54+0,20, 4.95+0.20, 6.24+0.06, 6.88+0.06, 7.39 
+0.06, 7.89+-0.06, 8.31+0.10, 8.57+40.08, 9.37+0.04, 
10.00+0.10 and 10.25+0.06 Mev. The best values for 
the Si?* levels taken from our work, the gamma-ray 
measurements of Bent ef al.,!’ the measurement of the 
excitation of the second excited state by Endt and 
Paris,'* and of the first excited state by Motz and 
Alburger are 1.78+0.01, 6.24+0.06, 6.88+0.00, 
7.39+0.06, 7.904-0.05, 8.28+0.06, 8.57+0.08, 9.39 
+(),04, 10.00+0.10, and 10.25+0.06 Mev. 

To obtain an angular distribution from the experi 
mentally observed number of neutrons in an energy 
group at various angles, the following corrections are 
made; (a) correction for variation of the n-p scattering 
cross section with energy, (b) geometry correction, to 
take account of the finite thickness of the emulsion, and, 
(c) correction for variation of the emulsion area scanned 
at different angles. The angular distributions obtained 
are then transformed to the center-of-mass system,” 
Representative examples of the angular distributions 
thus obtained are shown in Figs. 1-5. The error shown 
is the statistical error only, Another important error 
enters into the estimation of the number of tracks in 
an energy group. If one refers to the neutron spectra,'*”! 
one can see that some of the neutron groups are not 
resolved at one or more angles. When the resolution is 
poor, i.e., for the states at 6.88, 7.39, and 8.28 Mev, a 
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hic. 2. The angular distribution of neutrons emitted to the 
7.39-Mev state, at ky=2.16 Mev. The solid line is the Butler 
theory prediction, with r= 5.36% 10°" cm 
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Fic. 3. The angular distribution of neutrons emitted to the 
7.90-Mevy state, at E,=2.16 Mev. The solid line is the Butler 
theory prediction, with 7 = 5.36 10~" cm 


consistent procedure was adopted for estimating the 
number of tracks in an unresolved group. The energy 
interval defining a neutron group was taken from an 
adjacent angle, at which the group was resolved, and 
all of the neutrons in this energy interval were assigned 
to the group. The error in the number of neutrons in an 
energy interval, estimated by this procedure, may be 
large and cannot be estimated accurately. 

The energy resolution to be expected in this experi- 
ment has been calculated. The major contribution to 
the group width at half-maximum below 5-Mev neutron 
energy is the range straggling of protons in the emulsion. 
Above 5 Mev, the geometrical error, assuming that 
neutrons are incident on the emulsion from a fixed 
direction, becomes important. In general, the length 
and angle measurement errors contribute less than 10% 
to the total group width. The theoretical group width 
at half-maximum decreases from 170 kev at 1 Mev to 
101 kev at 3 Mev, and then increases to 260 kev at 
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Fic. 4. The angular distributions of neutrons emitted to the 
8.57-Mev state, at Ey=2.16 Mev. The solid line is the Butler 
theory prediction, with r= 5.36 10™ cm 
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10-Mev neutron energy. The best experimental group 
widths are about 50 kev greater than the expected 
group widths,” perhaps because of emulsion distortion, 
which was not considered. Because the statistics are in 
general rather poor, groups must be separated by 
about twice the width at half-maximum of a group in 
order to be resolved. The states which may be unre- 
solved are discussed in the section on “Results.” 

It is possible that states reached by capture of 
protons with / values greater than zero are unresolved 
from neighboring states reached with higher cross 
sections. The angular distributions obtained will then 
represent the state reached with highest cross section, 
despite the possible unresolved levels. 

For purposes of comparison, Butler-theory curves 
have been drawn using the / values obtained from the 
6.00-Mev bombardment, except for the 8.28-Mev level 
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Fic. 5. The angular distribution of neutrons emitted to the 
9.39-Mev state, at Ey=2.16 Mev. The solid line is the Butler 
theory prediction, with r=5.36X 10~" cm. 


distribution. At the higher bombarding energy, the 
8.28-Mev level was not resolved. It is to be noted that 
for the state at 9.39 Mev the angular distribution is 
very close to the Butler-theory curve for small angles 
near the principal maximum, but that the experimental 
cross section is considerably higher than the Butler 
prediction for larger angles. The same qualitative 
behavior holds for the 6.24- and 8.28-Mev state angular 
distributions. For the lower excited states, the angular 
distributions are nearly isotropic within statistics. 
Further understanding of these angular distributions 
can come only from a fuller analysis by means of a 
more complete stripping theory. 


B. E,=6.00-Mev Experiment 


The Coulomb barrier of the Al*’+d system, for an 
Al radius of 4.3%10~" cm and an effective deuteron 
radius of 1.110~-" cm is 3.6 Mev. In order to obtain 
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Fic. 6. The neutron spectrum at 15° for £4=6.00 Mev 


valid stripping angular distributions, a bombarding 
energy of 6.00+0.005 Mev, considerably in excess of 
the Coulomb barrier, was chosen. The exposure was 
1500 microcoulombs, and a potential of 300 volts was 
used for electron suppression. An AI foil target, weighing 
0.23 mg/cm? was used, with a backing of 10-mil 
tantalum. As before, nuclear emulsions were employed 
for neutron energy measurement. The plate camera” is 
an aluminum ring of 7-in. radius, with blades set at 15° 
intervals, onto which emulsions, wrapped in aluminum 
foil, are attached with binder clips. Neutron spectra 
at 0°, 15°, 30°, 45°, 90°, and 135° with respect to the 
incident beam were obtained by measuring proton 
recoil tracks in the emulsions. A Leitz binocular micro- 
scope, equipped with a Heine stage, was used for track 
measurement. Only long tracks, corresponding to 
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Fic. 7. The angular distribution of neutrons emitted to the 
ground state, and the combined angular distribution of neutrons 
emitted to the states at 4.62 and 4.9 Mev, at E4g=6.00 Mev. The 
solid and dashed curves are the Butler-theory predictions, with 
r=5.110~" cm 
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Fic. 8. The angular distributions of neutrons emitted to the 
1.78- and 6.24-Mev states, at Ey=6.00 Mev. The curves are the 
Butler-theory predictions, with r= 5.1 10~" cm 
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neutron energies greater than 4.5 Mev, and excitation 
energies in Si** less than 10.5 Mev, were scanned, to 
correspond to the excitation region explored in the 
lower bombarding energy experiment. 1000 tracks were 
scanned at each of those forward angles where the 
track density made it possible, while fewer were scanned 
at higher angles where the track density was very low, 
about 100 acceptable tracks per cm?’ of emulsion, A 
typical neutron spectrum obtained at E4=6.00 Mev is 
shown in Fig. 6 (see also, reference 21). In the 2.16-Mev 
deuteron energy spectra, the neutron group with 
E,~1.8 Mev was identified as due to carbon con- 
tamination. This carbon group appears much less 
strongly in the 6,00-Mev deuteron energy spectra, 
(E,~5.4 Mev). Angular distributions of neutrons 
emitted to Si®* states were obtained from these spectra 
by the method described in the previous section 
Figures 7-11 show the angular distributions obtained. 
The ordinates of the angular distribution curves are in 
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Fic. 9. The angular distributions of neutrons emitted to the 
6.88- and 7.39-Mev states, at 4=6.00 Mev. The curves are the 
Butler-theory predictions, with r=5.1 10°" cm 
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Fic. 10. The combined angular distribution of neutron emitted 
to the states at 8.28 and 8.57 Mev, and the angular distribution 
of neutrons emitted to the 7.90-Mevy state, at Ey=6.00 Mev. The 
curves are the Butler-theory predictions, withr = 5.1 10cm 
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arbitrary units, which directly correspond to absolute 
cross sections. The cross section for emission of neutrons 
at 0° to the 9.39-Mev state(s) was computed using the 
formulas of Rosen, and is 31+8 mb/steradian. The 
error quoted involves 10% errors in the incident flux, 
the number of tracks in an energy group, target thick- 
ness, and average attenuation of the neutron flux in the 
emulsion, 

lor unresolved neutron groups, corresponding to 
unresolved Si** states, the composite angular distri 
bution of the unresolved neutron groups was obtained. 
The 8.28- and 8.57-Mev levels were unresolved, as were 
the 4.62- and 4.9-Mey levels. For these cases it proved 
possible to establish the fact that the largest contri- 
bution to the cross section came from just one of the 
states, so that the angular distribution obtained de 
scribes this state primarily. This was done by obtaining 
the mean energy of the composite neutron group, and 
from this the mean excitation energy in Si**, to which 
it corresponded. If the mean excitation came out much 
closer to that of one level than of the other, the cross 
section for production of Si®* in the corresponding state 
contributes the major portion of the observed cross 
section. For the combined states at 8.28 and 8.57 Mev, 
the mean excitation of the composite group which cor 
responds to them is 8.50 Mev at 0° and 8.59 Mev at 
15°, indicating that the angular distribution obtained 
is mainly that of the 8.57-Mev state. Similarly for the 
states of 4.62 and 4.9 Mev the mean excitation energy 
of the composite group at 0° is 4.6 Mev; at 15°, 4.68 
Mev; at 30°, 4.65 Mev; and at 45°, 4.55 Mev. The 
angular distribution obtained therefore is primarily that 
of the 4.62-Mev state. 
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Fic. 11. The angular distribution of neutrons emitted to the 
9.39-Mey state(s), at Eg=6.00 Mev. The curve is the Butler- 
theory prediction, with r=5.1 10™ cm 





The angular distributions obtained are compared 
with Butler-theory curves drawn with the aid of 
nomographs™ and the more recent tables*® of Lubitz 
and Parkinson. The amplitudes of the theoretical 
curves were chosen to fit the experimental amplitudes 
at the position of the principal peaks. A radius of 
5.1K10-" cm sufficed to fit all of the experimental 
angular distributions, and was chosen by varying the 
radius and seeing which radius fit two of the experi- 
mental curves best. 


RESULTS 
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Since the ground state of Al?’ is 5/2+,”* the parity of 
a Si®* state is even if the orbital angular momentum of 
the captured proton is even, and odd if / is odd. Capture 
of l=0 protons leads to states whose total angular 
momentum is 2 or 3; capture of /=2 protons leads to 
states of angular momentum between 0 and 5, but 
more likely, 0, 1, 4, or 5 because 2 and 3 can be reached 
by }=0, which has a larger cross section. In the following 
discussion, an “/=0 angular distribution” is the angular 
distribution of neutrons emitted to a state which is 
formed when protons of angular momentum zero are 
captured, 


Ground State (Fig. 7) 


As expected from the theory of even-even nuclei, the 
ground state is 0*,2* which would lead to an /=2 
angular distribution. At E,=6.00 Mev we find an 
angular distribution which is consistent with /=2, 
because of the zero point at 0°, but the statistics are 
too poor to regard this as a confirmation. At Ey=2.16 
Mev, the angular distribution is isotropic within 
statistics. 
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1.78-Mev State (Fig. 8) 


The spin and parity of this state are 2*.°° We find 
an /=0 angular distribution, verifying this result. At 
Ea=2.16 Mev the angular distribution is isotropic 
within statistics. 


4.62-Mev State (Fig. 7) 


From the measurements of Rutherglen e/ al.*’ the 
4.62-Mev level can have a spin of 2, 3, or 4 and either 
even or odd parity. Gove** reports that the direct 
transition from this level to the ground state is not 
observed, necessitating a spin of at least two. As men- 
tioned previously, we have obtained a composite angular 
distribution of neutrons emitted to the 4.62- and 
4.9-Mev states, but consideration of the mean excitation 
energies in Si** corresponding to the mean neutron 
energies incicates that the angular distribution corre- 
sponds to the 4.62-Mev state. It is described by an /=1 
Butler curve, except at 45°, where the experimental 
point is high. The high point at 45° could be due to an 
admixture of an /=2 or higher distribution of the 4.9- 
Mev state neutrons, but such a definite statement 
cannot be justified on the basis of one point. The 
4.62-Mev state probably has J=1~ to 4> from the 
angular distribution but the absence of the direct 
ground state transition indicates that 1~ is extremely 
unlikely and that 3~ or 4 are favored. At Ey=2.16 Mev 
the angular distribution is isotropic within statistics. 


4.9-Mev State 


The spin and parity of the 4.9-Mev state cannot be 
identified on the basis of this work or of previous work. 


6.24-Mev State (Figs. 1 and 8) 


The neutron group corresponding to the 6.24-Mev 
state has /=0 angular distributions at k,=2.16 and 
6.00 Mev and is thus 2+ or 3*. 


6.88-Mev State (Fig. 9) 


The 6.88-Mev state angular distribution has been 
compared with an /=1 Butler curve. At 0°, the experi- 
mental point is considerably higher than is consistent 
with the /=1 curve, but the discrepancy may be due 
to the overlapping of the 6.88-Mev state neutron group 
with the group of neutrons emitted to the 6,24-Mev 
state. The magnitude of the cross section makes it 
unreasonable to assume the 6.88-Mev state to have an 
!=0 angular distribution, and the fact that there 
certainly are a significant number of tracks at zero 
degrees eliminates the /= 2 possibility. The /=1 assign 


ment is not certain. 

27 Rutherglen, Grant, Flack, and Deuchars, Proc. Phys. Soc 
(London) A67, 101 (1954). 

2 Gove, Litherland, and Paul, Bull. Am. Phys. Soc. Ser 
178 (1957); H. E. Gove (private communication) 
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DISTRIBUTIONS FROM 


NEUTRONS 


7.39-Mev State (Figs. 2 and 9) 


The 7.39-Mev state neutron angular distribution 
does not have the character of a stripping distribution 
at either 2.16- or 6.00-Mev deuteron energy, and its 
spin and parity cannot be identified on the basis of the 
present work. Because the cross section at Eg= 6.00 
Mev, for large angles, is consistently greater than the 
Butler prediction, it is possible that there is an unre 


solved state near the 7.39-Mev level, reached by /> 2 


7.90-Mev State (Figs. 3 and 10) 


The 7.90-Mev state neutron angular distribution is 
l=0, at Ey=6.00 Mev, so that this state has spin and 
parity 2* or 3+. At Ea= 2.16 Mev the angular distribu 
tion does not follow a simple stripping pattern, and the 
cross section is anomalously low 


8.28-Mev State (Fig. 10) 


The 8.28-Mev state angular distribution can be seen 
only as a distortion of the angular distribution of the 
8.57-Mev state angular distribution, in the composite 
angular distribution of the two states (see earlier dis- 
cussion), The 8.28-Mev state contributes to high points 
in the experimental angular distribution at 30° and 
45°, and so is most likely /=1 or /= 2. No identification 
of the character of this state can be made on the basis 
of the present work. 


8.57-Mev State (Figs. 4 and 10) 


‘The 8.57-Mev state angular distribution is described 
by an /=O0 Butler distribution, except at 30 and 45 
degrees, where the experimental points are high, as 
discussed above. The 8.57-Mev state is therefore 2* 


or 3°. 


9.39-Mev State (Figs. 5 and 11) 


The 9.39-Mev state angular distribution is described 
by an /=0 angular distribution, and therefore is 2* or 
3*, The calculation of Wilkinson” indicates that the 
first 7’ =1 level of Si** is at 9.4 Mev, and reference to 
the Al** spectrum shows that there is a 2+ excited state 
29 kev above the 3* ground state. ‘The 9.39-Mev level 
is thus a composite of the two levels in Si** analogous to 
the 7=1 ground state and the first excited state of Al**, 


in addition to an unknown number of 7 =O states 


DISCUSSION 


A striking feature of the 2.16-Mev deuteron energy 
/=0 angular distributions is the decrease in zero 
degree amplitude with increasing neutron energy. This 
behavior is easily explained by calculating the Butler 
cross section at zero degrees as a function of emergent 
neutron energy. From purely kinematic considerations 
the emission of lower energy neutrons is favored. The 


* 1). H. Wilkinson, Phil. Mag. 2, 1031 (1956) 
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fact that the neutron energy corresponding to the 
9,39-Mev state is 2 Mev, and that it in fact is 
composed of two unresolved levels reached by capture 
of l=0 protons explains the predominant cross section 
for formation of this state. 

There exists no reliable method for separating angular 
distributions into portions due to stripping and portions 
due to compound-nucleus formation. However a pos- 
sible upper limit to the contribution of the compound 
nucleus mechanism can be obtained by assuming the 
isotropic portion of the angular distribution to be the 
portion contributed by the compound-nucleus reaction. 
At Eag=216 Mev, about half the cross section for 
formation of the 9.39-Mev state(s) forms the upper 
limit to the compound-nucleus contribution. For states 
of lower excitation, for which the stripping cross section 
is lower, and which exhibit larger isotropic portions of 
the cross section, the limit is larger. At Ea=6.00 Mev, 
the /=0 angular distributions have essentially no 
isotropic background, although for some angles and for 
some of the levels the cross section away from the 
forward maximum is slightly higher than the Butler 
prediction. 

The odd parity of the 4.62-Mev level is Si** is some- 
thing of a problem, Si’* is an alpha-particle nucleus, and 
the alpha-particle model, in general, can lead to low 
lying odd-parity levels. No calculation of the levels of 
Si** have been made on the alpha-particle model. If one 
wishes to explain the spins and parities of excited 
states by means of the simple shell model, the simplest 
assumption is that one nucleon at a time is raised into 
the next available shell-model state, in the same shell 
as the ground state. However, the odd-parity 4.62-Mev 
second excited state cannot be explained in this way, 
because there are no odd-parity shell-model states 
available in the d shell. Brink” has pointed out however 
that the odd parity of the 4.62-Mev state can be 
accounted for within the framework of the shell model 
if one assumes a nonspherical potential, Evidence that 
nuclei between oxygen and silicon have stable non- 


spherical shapes comes from the success in matching 
the level schemes of F'* and Al** with rotational levels 


” 1). M. Brink (private communication 
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based on a spheroidal potential by Paul,®!* and from 
the successful predictions of the binding energies of 
nuclei between oxygen and silicon by Brink and 
Kerman,” based on the level scheme and allowed- 
particle states in a spheroidal potential. With increasing 
nuclear distortion the shell-model states, which are 
degenerate, split up, and the z component of the 
particle angular momentum along the nuclear sym- 
metry axis becomes the only good quantum number. 
For a prolate nuclear shape the substates with j,<j7 
become depressed with respect to their positions based 
on a spherical potential, the decrease in energy becom- 
ing greater with increasing nuclear distortion. The 1/2 

substate of the f7/2 shell-model state, for great enough 
nuclear distortion of Si**, will lie lower in energy than 
the ds/2 substates. If one assumes the ground state of 
Si** to be made up of particles in the d5;2(5/2) state, then 
a low excited state available is a 2~ state, formed by the 
combination of one particle in the ds5/2(5/2) state and 
another in the f7/2(1/2) state.” The spheroidal-potential 
shell model thus provides a natural explanation of the 
odd parity of the 4.62-Mev state of Si**, and predicts 
a spin of 2. To conclude, angular distributions have been 
obtained for neutrons emitted to resolved states of 
Si**, at a bombarding energy below the Coulomb bar- 
rier. Although the stripping mechanism is certainly 
responsible for a large portion of the cross section, 
deviations from the stripping angular distributions 
remain to be explained. 
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The Rice Institute 180° magnetic spectrometer was used in measuring the energies of inelastically scat 
tered protons from targets of natural nickel and from targets enriched in the isotopes Ni®*, Ni®, Ni®, and 
Cu, Energy levels below 3.09-Mev excitation in Ni®*, Ni®, and Ni® and below 1.64-Mev excitation in Cu® 


were determined. 


INTRODUCTION 


4 NERGIES for the first excited states of Ni®* and 
Ni® and for several low-lying states of Cu® have 
been determined from inelastic proton scattering by 
Windham et al.! These authors pointed out that the 
first excited state of Ni® at 1.330 Mev as compared 
with the first excited state of Ni®® at 1.453 Mev is 
qualitatively in accord with the shell structure theory 
for these nuclei. Similarly, the first excited state of 
Ni® should be lower than the first excited state of Ni™, 
and the first excited state of Cu® is expected to be 
lower than the first excited state of Cu®™. In order to 
test the validity of these ideas and to provide a more 
complete picture of the energy level structure of Ni®*, 
Ni®, Ni®, and Cu®, spectra of inelastically scattered 
protons from these nuclei were observed. 


EXPERIMENTAL PROCEDURE 


Energy levels in Ni®*, Ni®, Ni®, and Cu® were deter- 
mined by magnetic analysis of inelastically scattered 
protons. Thin natural nickel foils and evaporated 
targets enriched in Ni**, Ni®, Ni®, and Cu were 
bombarded with protons from the 5.5-Mev Van de 
Graaff accelerator. The momenta of the scattered 
protons were determined using a 180° magnetic spec- 
trometer. Ilford nuclear track plates were used to detect 
the scattered particles. The exposure for each nuclear 
track plate was approximately 500 microcoulombs of 
protons incident on the target. The energies of the 
scattered protons were calculated from their momenta. 
The bombarding energy for each spectrum was calcu- 
lated from the energy of an appropriate group of 
elastically scattered protons. The Q values, or excitation 
energies, corresponding to groups of inelastically scat- 
tered protons were then obtained from the energy of the 
group and the bombarding energy. Isotopic assignments 
for the energy levels were made on the basis of the 
target composition. The spectrometer and related calcu- 
lational techniques have been described previously.” 
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Cu” (p,p’)Cu” 


Figure 1 is a spectrum taken at a bombarding energy 
of 4.98 Mev with an enriched Cu® target. In this and 
in succeeding figures the proton yield has been plotted 
versus the magnetic rigidity, Bp. The percent of isotopic 
enrichment of the target material and the bombarding 
energy, /,, are given in each figure. The enriched iso 
topes were supplied by the Isotopes Division, Oak 
Ridge National Laboratory. A scale of the scattered 
proton energy, /», appears at the top of each figure. In 
Fig. 1 a group of protons corresponding to a state at 
0.768 Mev in Cu® appears at a Bp value of 287 kilo 
gauss-centimeters. Groups of protons corresponding to 
the state at 0.768 Mev were also observed in spectra 
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Fic. 1, Partial spectrum of protons scattered from an evapo 
rated target enriched to 99.16% in Cu® and showing the proton 
group from the state at 0.768 Mev of excitation in Cu®. The scale 
at the top of each figure gives the energy FE» of the scattered 
protons 
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hic, 2. Partial spectra of protons scattered from an evaporated 
target enriched to 99.16% in Cu®. The upper three spectra are 
those used to identify the state at 1.112 Mev of excitation. The 
lower spectrum shows a proton group from the state at 1.622 Mev 
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taken at 5.1-Mev and 5.39-Mev bombarding energies 
(not shown). Since elastic groups from contaminants of 
carbon, nitrogen, and oxygen obscured a large portion 
of the region of interest in these spectra, it was necessary 
to take a series of partial spectra at several slightly 
different bombarding energies as in Fig. 2. A group of 
protons corresponding to the excitation of Cu® to 
1.112 Mev was identified by its shift in energy due to a 
change in the bombarding energy. In addition, a group 
from a state at 1.622 Mev in Cu® is quite evident in 
the last of the spectra of Fig. 2. Groups from the states 
at 1.112 Mev and 1.622 Mev also appeared in the 
5.1-Mev spectrum. 


Ni(p,p’)Ni 


In previous inelastic proton experiments’ using 
natural nickel targets, a number of proton groups were 
observed that were determined to be due to excited 
states above 2-Mev excitation in isotopes of nickel. An 
additional proton group was observed which was pre- 
sumed to correspond to the first excited state of Ni® 
at about 1.17-Mev excitation. Subsequent experiments 
employing enriched isotopes have made possible specific 
isotopic assignments for these states. Additional states 
in nickel were also determined and assigned to par- 
ticular isotopes. 

Figure 3 shows three spectra that were taken at 
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PROTONS FROM Cuff, 
5.31-Mev bombarding energy. The region of excitation 
in nickel explored in these spectra is from 2.0 to 3.09 
Mev. Ni® and Ni®* enriched nickel oxide were evapo- 
rated onto carbon foils and were used as targets for the 
upper and lower spectra, respectively, while the center 
spectrum was taken with a 4 micro-inch natural nickel 
foil. Spectra covering this same region of excitation 
were taken at a bombarding energy of 5.0 Mev with 
these targets. These spectra showed no new proton 
groups which could be attributed to states in nickel. 
The lower spectrum in Fig. 4 was taken using a target 
of nickel oxide with enrichment in the Ni™ isotope. 
The region of excitation covered ‘in this spectrum is 
from 2.0 Mev to 2.96 Mev. Groups from four excited 
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Fic. 4. Upper left: partial spectrum of protons scattered from 

a target of nickel oxide enriched to 97.8% in Ni® and evaporated 

on a natural nickel foil. Protons from the first excited states of 

Ni®*, Ni®, and Ni® are shown. Upper right: partial spectrum of 

protons scattered from a target of nickel oxide enriched to 97.8% 

in Ni® evaporated on a carbon foil. A group of protons from the 

first excited state in Ni® is superposed on the elastic group from 

C4, Below: partial spectrum of protons scattered from a target 

of nickel oxide enriched to 99.1% in Ni® evaporated on a carbon 

foil. Protons from states above 2.0 Mev in Ni® are shown, 


states in Ni® appear. The upper right-hand spectrum 
was taken with a target of enriched Ni® oxide evapo- 
rated onto a carbon foil. A proton group from the first 
excited state of Ni® is superposed on the C™ elastic 
group. The upper left-hand spectrum of Fig. 4 was 
taken while using a target of enriched Ni® oxide evapo 
rated onto a natural nickel foil. This spectrum shows 
the first excited states of Ni®™, Ni®, and Ni®*. The same 
target was used to investigate the region of excitation 
from 0 to 1.17 Mev, but no proton groups were observed 
which could not be attributed to contaminants. Spectra 
have also been taken using targets enriched in Ni® and 


Ni**, Ni®®, AND Ni®? 


PaBLeE I. Observed energy levels 


Mean energy of state 
estimated error 


Mev 


Number of deter 
minations 


0.768 


1.112 
1,622 


0.004 
0.004 
0.005 


1.453+-0.004" 
2.4564-0.007 
2.483 40.010 
2.779 40.004 
2.905 +0.004 
2.945 +-0.005 
3.041 +0.004 


1.330 
2.161 
2.287 
2.512 
2.629 


t- 0.004" 
0.005 
t-0.004 
+0.010 
0.006 


17240.004 
047 +-0.004 
304+-0.005 


* Includes the values given by Windham ef al 
Ni®® covering the region of excitation from 1.46 Mey 
to 2.0 Mev. No proton groups were observed in these 


spectra 
DISCUSSION 


Ihe energy levels of Cu®, Ni®*, Ni®, and Ni® that 
were observed in these experiments are listed in ‘Table I 
The energy values given there are an average of all the 
determinations made at this laboratory including the 
results of Windham ef al.' In addition, the number of 
determinations for each energy level is given 

The state at 2.161 Mev in Ni®™ is in agreement with 
the value reported by Wolfson‘ from analysis of y rays 
following the decay of Co. Except for the 2.483-Mev 
state in Ni®*, all of the states in Ni®* and Ni® are in 
agreement with a recent report of Paris and Buechner.° 
‘These authors did not observe a state near 2.483 Mev 
in Nie, 

It is interesting to notice that the relative positions 
of the first excited states of Ni®*, Ni®, and Ni® are as 
expected from the shell theory whereas the relative 
positions of the first excited states of Cu™ and Cu™ are 
not as expected. Although elastic groups of protons 
from contaminants hampered the analysis of the data 
in the low-lying region of excitation in Cu®, it is felt 
that an excited state of energy less than the 0.768 
Mev state in Cu® could have been observed if its cross 
section at the bombarding energies used were greater 
than 1% of the elastic cross section for proton scatter 
ing from Cu®, 

‘J. L. Wolfson, Can. J. Phys. 33, 886-888 (1955) 


®°C.H. Paris and W. W. Buechner, Bull. Am. Phys. Soc. Ser. II, 
2, 61 (1957) 
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Nuclear Energy Levels in O'*, O'*, and F?*+ 


T. E. Younc, G. C. Puriirps,* ann R. R. SPENCER 
The Rice Institute, Houston, Texas 
(Received June 17, 1957) 


Thin targets of F* and O'* have been bombarded with protons of approximately 5 Mev from the Rice 
Institute Van de Graaff accelerator. Excited states were observed at 1.344+-0.005, 1.4584-0.005, and 1.554 
0.005 Mev in F™, and at 1.981+-0.004 Mev in O"*. 0 values for the F(p,a)O" reaction were determined 
to be 2.0614-0.015, 1.9814-0.008, 1.1934-0.008, 0.997+4-0.008, and —0.763+0,008 Mev. 


INTRODUCTION RESULTS 


HE experiments discussed in this paper were per 1. F'*(p,a)O'* Reaction 

formed to seek confirmation, by independent 
methods, of nuclear energy levels which had been 
reported mainly from studies of gamma radiation, Of 
interest were states observed at 8.86 Mev in O'* by 
Sherr and Hornyak! and by Wilkinson ef al.?; at 1.98 
Mev in O'* by Ahnlund* and by Holmgren et al.4; and 
at 1.45 Mev in F" by Toppel ef al.° The a-particle 
model, which successfully describes many excited states 
in O'* has not been found capable of explaining a state 
at 8.86 Mev of excitation.* It is therefore of particular 
interest that the existence of this level be well sub 
stantiated. It was also hoped that the isotopic spin of 
the 1.98-Mev state in O'* could be determined by ob ENERGY (MEV) 
servation of inelastically scattered deuterons. 42 a 50 3,3 


| 19 
F(P.aom™ o, 


Shown in Fig. 1 is the a-particle spectrum obtained 
at 5.21-Mev bombarding energy and corresponding to 
excitation of between 6 and 9 Mev in O'*. QO values, 
levels of excitation, and approximate cross sections are 
given in Table I. The values given are the averages of 
values obtained at 5.21- and 5.08-Mev incident proton 
energies. The low intensity of a particles from the pair- 
emitting state at 6.06 Mev requires the relatively large 
error assigned to the energy of that state. Errors quoted 
for the energies of excited states are based on the 
assumption of a ground-state Q value of 8.124+0.007 





EXPERIMENTAL PROCEDURE 6 
2 0 
20 E;=5.207 MEV (8.887) 


Thin targets of F and O'* were bombarded with 
protons of approximately 5 Mev from the Rice Institute 
5.5-Mev Van de Graaff accelerator. Fluorine targets 10 
were prepared by evaporating CaF onto thin carbon 
and nickel foils. Four and ten micro-inch nickel foils 
were heated in approximately 25 mm of Hg absolute 
pressure of oxygen enriched to 37% in O"* to produce 
targets of NiO.’ The various targets used were from 3 
to 15 kev thick to the incident beam. 

Reaction products emitted at 180° to the incident 
beam were studied using the Rice Institute annular 
magnetic spectrometer, which has been described previ 
ously.* A modification of the target assembly has 
reduced the background in inelastic-scattering exper) 
ments to less than 20 microbarns/sterad. Ilford F1 
nuclear track plates were used to detect the reaction 
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Fic. 1. Alpha-particle spectrum observed from F™ target at 
an incident proton energy of 5.207 Mev. Numbers by a-particle 
groups indicate, in Mev, the energy of excitation in the residual 
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Mev.’ The results are in good agreement with the values 
reported from the study of y radiation.'* Any additional 
a-particle groups, corresponding to excitations of from 
6 to 9 Mev, which originated from reactions having 
cross sections of as much as 0.4 mb/sterad would have 
been observed. 


2. O'*(p,p’)O'* Reaction 


Spectra at three incident proton energies were taken 
covering the region of excitation in O'* below 2.6 Mev. 
The spectrum observed at 4.58 Mev is shown in Fig. 2. 
The bombarding energies were determined from the 
extrapolated leading edges of the O'* and O'* peaks. A 
group of protons corresponding to the 1.98-Mev state 
in O!* was observed at each bombarding energy. Table I 
gives the mean value of the three determinations of the 
excitation energy and cross section of this state. There 
was no evidence for a state in O'* near 2.45 Mev‘ with 
an intensity greater than 10% that of the 1.98-Mev 
state. 


TABLE I. Average values of experimental determinations. The 
energies of excitation in the O'* nucleus have been computed by 
using a ground-state V value of 8.124-+0.007 Mev. Cross 
are expected to be correct only to within a factor of two or three 


sections 


section 


Q value nergy of state Cross 
Klement (Mev) (Mev) (mb/sterad 
6.063 40.017 0.1 
6.143+0.011 O48 
6.931+0.011 1 
7.127+0.011 2 
$.887-+-0.011 


Q'" 2.061+40.015 
1.981+-0.008 

1.193 40.008 

0.997 +-0.008 

0.763 +0.008 

1.981 +0.004 1.981 +-0.004 

0.005 

0.005 

0.005 


1.344+0.005 
1.458+-0.005 
1,554+0.005 


O'*(d,d')O'* Reaction 


A partial spectrum covering the region of excitation 
of the 1.98-Mev state was taken at an incident deuteron 
energy of 4.98 Mev. No inelastic deuteron peak was 
observed with an intensity greater than 3% that of the 
deuteron elastic peak from O'*. A recent report" in 
dicates that this state has been observed by inelastic 
scattering of 7.7-Mev deuterons 


4. F'"(p,p’)F'® Reaction 


Shown in Fig. 3 is the proton spectrum obtained at 
5.21-Mev bombarding energy. Information concerning 
states in F at 1.34, 1.46, and 1.55 Mev is presented in 
Table I. No proton groups were observed which could 
be assigned to states in F!* in the region of excitation 
between 1.55 and 2.35 Mev. In Fig. 3 the weak groups 
(A) and (B) would correspond to excitations of 2 


* Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
10 D. R. Bach and P. V. C. Hough, Phys. Rev. 102, 1341 (1956). 
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dent proton energy of 4.58 Mev, showing the proton group corre 
sponding to an excitation of 1,9814-0.004 Mey in O! 


Proton spectrum observed from O'* target at an inci 


Mev" and 2.34 Mev, 
have widths which indicate that they could be assigned 
to calcium, nickel, or fluorine. 
possible since they appeared at only one bombarding 


respectively in I', These groups 
Such assignment was not 
energy. Proton groups which have not been identified 
in Fig 
backing. ‘The specific isotopes responsible for the various 
peaks 


This experiment is discussed in the preceding paper 


3 have been assigned to reactions in the nickel 


have been determined by use of enriched targets 
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Fic. 3. Proton spectrum observed from F"™ target at an incident 
proton energy of 5.207 Mev. Numbers by inelastic proton groups 
show, in Mev, the energy of excitation in the residual nucleus 
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The energies of levels at 1.34, 1.46, and 1.55 Mev 
are in excellent agreement with the values recently 
reported from measurement of y radiation.® If proton 
groups (A) and (B) do not correspond to states in 
fluorine, the upper limit of the cross section for excita 
tion of other possible states is 0.1 mb/sterad. 


DISCUSSION 


Confirmation has been obtained for states at 6.06, 
6.14, 6.93, 7.13, and 8.88 Mev of excitation in O'% 
These include three of the four states usually used to 
set up the a-particle model, An extensive discussion of 
the 8.88-Mev state and its implications in relation to 
the a-particle model has been given by Wilkinson et al.” 
Excited states at 1.34, 1.46, and 1.55 Mev in F® have 
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been confirmed by. inelastic proton scattering. No con- 
clusive results were obtained regarding a state in F at 
2.22 Mev, and no evidence was seen for a state at 0.9 
Mev." The results presented here are in good agreement 
with those obtained for O'* and F by Squires ef al.” 
The state at 1.98 Mev in O'* has been observed by in- 
elastic proton scattering, but no evidence was seen for a 
state at 2.45 Mev. These results might be interpreted 
as meaning the isotopic spin of this state is not the same 
as that of the ground state. However, the contradictory 
results of this and the other recent experiment” of 
O'*+-d scattering leave the isotopic spin of the 1.98-Mev 
state in O* in question. 

% Squires, Bockelman, and Buechner, Phys. Rev. 104, 413 
(1956) 
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Impulse Approximation for Stripping Reactions* 


W. Topocmant 
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(Received September 21, 1956; revised manuscript received December 18, 1956) 


The impulse approximation expansion is applied to stripping processes. We find that the first term of the 


impulse expansion for the stripping problem is identical with the first term of the Born expansion. It is 
suggested that the impulse approximation argument may provide a better justification for the usual 
treatment of stripping and pickup reactions than does the Born approximation argument. 


1. INTRODUCTION 


HEORETICAL analyses developed to describe 

deuteron stripping and pickup reactions! have 
had a large measure of success. These treatments all 
contain two central assumptions. It is first of all 
assumed that the interactions giving rise to the stripping 
and pickup reactions all take place in the surface or 
outside region of the target nucleus. This is called the 
cutoff assumption. Secondly, it is assumed that these 
interactions can be treated by Born approximation. 
It is the second of these two assumptions which we 
wish to discuss. 

It is, at first sight, surprising that the kind of inter- 
actions involved in stripping reactions can be satis- 
factorily treated by Born approximation. It is well 
known that when these same interactions are involved 
in elastic scattering processes they cannot be treated by 
Born approximation. We shall show that the Born 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at the Department of Physics, The Rice Institute, 
Houston, Texas 
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approximation expression for the transition amplitude 
can be derived by means of an impulse approximation.” 
The impulse approximation would appear to be better 
justified for the stripping problem than the Born 
approximation, but for neither case has any quantita- 
tive estimate been made. 


II. BORN APPROXIMATION TO STRIPPING 


Consider a system consisting of three particles which 
we denote by m (a neutron), p (a proton), and N (a 
nucleus). Let n interact with p by means of potential 
Vn», and let Vy, represent the interaction between N 
and p. For simplicity assume there is no interaction 
between N and n. Let T=7,4+7,+Ty be the kinetic 
energy operator. The Schrédinger equation for this 
system is then 


(ko— T- Vup— V np) Wo : 0. (1) 


To discuss the solutions of the above equation we 
introduce the solutions of the Schrédinger equations for 


2G. Breit, Phys. Rev. 71, 215 (1947); G. F. Chew, Phys. Rev 
80, 196 (1950); G. F. Chew and G. C. Wick, Phys. Rev. 85, 
636 (1952); J. Ashkin and G. C. Wick, Phys. Rev. 85, 686 (1952); 
S. Epstein, Phys. Rev. 86, 836 (1952); G. F. Chew and M. L 
Goldberger, Phys. Rev. 87, 778 (1952) 





STRIPPING 
the system in the absence of one or more of the inter 
actions, 

(Ea— T— Vp) ¢a=9, 
(E,—-T— V ap)Xe =(), 
(E,— T)6,= 0, 


and the corresponding Green’s functions, 


G,= lim (£,- 


e+ 


T—Vwy,tte)", 


C,= lim (E, 


e+) 


V ap tte), 


Zo= lim (Eg—T +16)". 


The transition amplitude for scattering into the 
state go (elastic scattering, inelastic scattering, or 
stripping) is given by 


A: (¢o| V ap Yo). 


To evaluate A for stripping, the cutoff assumption 
requires that we limit the integration over r,, the 
separation of p and N, to the range R<r,<«@, where 
R is the range of Vy,. In addition we make the Born 
approximation of replacing Yo by xo, the wave function 
for the incident deuteron beam. If we want to do a 
little better we can the distorted wave Born 
approximation by replacing ¢o and xo with the wave 
functions ¢o and Xo, respectively. These wave functions 
are defined by 


(Ko— T 
(ko T 


(8) 


use 


Vnp- V rn) Po 0, (9) 


V np— Viv) Xo= 9, (10) 


where the potentials Vr, and Vwp are chosen so as to 


give the right elastic scattering. Vy, is taken to be a 
function of the separation of the neutron from the 
center of mass of N and p while Vo depends on the 
separation of NV from the center of mass of n and p. 

In order to estimate the difference between Wo and 
Xo we make a perturbation expansion of Wo in which 
Xo is the leading term. This expansion comes from 
interating an integral equation for Yo in which ¢o is 
the inhomogeneous term. 


vo Xo t (So ( Vn p 
Ko + So V Np 


V wo)Wo, (11) 


V vD)X0 t 


V wotie) 


Wo= lim (Eo—T—Vap ! 


ew" 


We see that Xo will be a good approximation to Wo if 
we can find a Vyp which essentially cancels Vwy. 
This is possible only if Vw, is slowly varying over 
distances of the order of the average separation of the 
neutron and proton in the deuteron. This condition is 
not fulfilled for the stripping of deuterons by nuclei. 
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III. IMPULSE APPROXIMATION TO STRIPPING 


We shall construct an integral equation for Yo having 
the impulse approximation wave function for the 
inhomogeneity. Iteration of this equation yields the 
impulse approximation expansion. We start by intro 
ducing the integral equation associated with Eq. (3),* 


(12) 


(13) 


Xa=OatgaVnpXa, (scattering states), 


Xa=RaVapXa, (bound states).4 


We next introduce the operator 


DuakaVnp|xXa)(Xa| (14) 


2 1 — D> agaVnp| Xa) (Xa 
1—{gV np}, 


whose Hermitian conjugate will play an important 
role in the impulse approximation expansion. We use 
the subscript a to denote the quantum numbers of 
the scattering eigenstates of 7+ V,,, while the subscript 
a is used to denote the quantum numbers of the bound 
eigenstates. Comparison of Eq. (14) with Eq. (13) 


leads to the result 
(15) 
Consequently, the Hermitian conjugate to (2! 


i 28 Xa, (Ga 


Q is thus the wave matrix for 7'+} Since the 6, 
form a complete set while the x, do not, we have 


(Vapi Q=1, 


Is just 


(16) 


ne 
MN=Q (17) 
and 

QO! = 


Q{gV np} =1—Loa|Xa)(xa| @1—P. (18) 


P, the projection operator on to the bound state eigen 
states of 7+-V,,, satisfies the relation 
P=(0,0' J=[OQ,(gV ap) | 


concerned 


(19) 


We The 


case will be that arising when a neutron is incident on 


shall be with two cases first 


a bound state of the nucleus and proton. The wave 


function describing this situation will satisfy the follow 
ing integral equations? : 


Yo= Got+GoV apo, 
Wo GoVn po 


is the wave function for the incident beam. 


(20A) 


So(Vinp—Vvv)Wo (20B) 
Here & 
The second case that interests us will be that which 


results when a deuteron is incident on a nucleus 


’B. A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950) 
M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 39% (1953); 
5. Sunakawa, Progr. Theoret. Phys. Japan 14, 175 (1955) 

* The wave function x, as well as 6, y, and y, depends on the 
coordinates of all three particles. The adjective and 
“scattering” applied to x refers to the dependence of x on the 
separation of the neutron from the proton 

°B. A. Lippmann, Phys. Rev. 102, 264 (1956); L. L 
and W. Tobocman, Phys. Rev. 105, 1099 (1957 


‘bound”’ 
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The integral equations for this case are 
Yo: xot GoV vn wo= Kot So / Vup— V wo)Wo, 
Wo Go V npWo, 


where xo is the wave function describing a plane wave 
of deuterons and nuclei. 

Note that one integral equation does not uniquely 
determine the wave function of a three-body system. 
We can add any solution of Eqs. (21) to a solution of 
Eqs. (20) to get a second solution of Eq. (20A). Iteration 
of any one particular integral equation, if the resulting 
series converges, will give a particular solution of 
the equation. 

For the moment consider the case where we have 
neutrons incident on bound protons. We can combine 
Eqs. (18) and (20A) to get 


(1—P+2{ ¢V np} Wo 


(21A) 
(21B) 


Q( got+-Go V np), 


Wo PhotQ got 2(GoV np {g V ap} Wo. (22) 


From the definition of 2 we see that Q¢go is the expression 
which results from making a Fourier analysis of ¢o 
and replacing each plane wave in the separation of n 
and p by an exact scattering wave function for n 
and p. Thus Q¢o is the impulse approximation to po 
for this case. Po is the part of Yo which asymptotically 
represents deuterons formed by pickup. Po is negligible 
compared to {go so we have, to a good approximation, 


Wo* Qyot2(GoV np- {gV np} Qeot dais (23) 


Thus we have before us the structure of the higher 
order corrections to the impulse approximation. 

The above case was considered for purposes of 
illustration. Our primary interest is the case where we 
have deuterons incident on nuclei. Combining Eqs. 
(18) and (21B) gives 


(1— P+2{gV np} Wo 


G5 Vag 0; 


Wo Pot 2(GoV np . {gV np} Wo. (24) 
Here Pyo asymptotically represents the incident 
deuteron beam plus the elastically scattered deuterons 
plus the inelastically scattered deuterons. Since the 
inelastically scattered deuterons are relatively un- 
important, we can replace Py by Xo, the wave function 
for the incident and elastically scattered deuterons, 
without making much of an error. Thus 


Wo? Xot 2(GoV ap— {gV np} )Xot waa (25) 


Just as in the previous case {yo was the impulse 
approximation to Yo, here we regard Xo as the impulse 
approximation to Po. 
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The terms which we have neglected on the right 
sides of Eqs. (23) and (25) can be written P@o(Vy,> 
—Vyp)Wo. These are not neglected simply on the claim 
that Vwy—V wo is small as in the Born approximation, 
but also because of the presence of the projection 
operator P. We have pointed out that 


PO o(V np— V wo)Wo 


represents the inelastically scattered deuterons and is 
thus negligible in comparison to the incident and 
elastically scattered deuterons. However, this interpre- 
tation has meaning only in the asymptotic region, 
that is to say, in the region where Vy,—Vwp=0. 
However, as a consequence of the cutoff assumption 
alluded to in the introduction, we use only the asymp- 
totic part of Wo, the part where r,>R. Thus the cutoff 
assumption plays a role in justifying the impulse ap- 
proximation for stripping. 


IV. DISCUSSION 


We have demonstrated that the distorted wave Born 
approximation and the impulse approximation applied 
to the stripping reaction give the same result. But the 
conditions for the validity of these two approximations 
are quite different. In both instances it is necessary that 
Vw, be slowly varying, but in the Born approximation 
the rate of variation of Vw, is compared to the ratio 
of the binding energy of the deuteron to the average 
radius of the deuteron while in the impulse approxima- 
tion we must compare the rate of variation of Vy, 
to that of Vay. 

The nuclear potential Vy, varies by about 50 Mev 
in a distance of 10~“ cm while the V,, interaction is 
usually represented by a potential having a range of 
about 10-" cm and a depth of several thousand Mev. 
Clearly the condition for validity of the impulse 
approximation has a better chance of being satisfied 
than that for the Born approximation. 

The validity of the impulse approximation for elastic 
scattering of low-energy neutrons incident on protons 
bound in molecules has been verified in direct numerical 
calculations by Breit and Zilsel® and by Lippmann.’ 
The situation for intermediate incident energies and 
nuclear binding has not been investigated. 
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The photoneutrons ejected from a small lead target by 23-Mev bremsstrahlung x-rays from a betatron 
have been observed by means of recoil protons in nuclear emulsions. The angular distribution of the more 
energetic photoneutrons was nearly isotropic. The yield, in units of 10’ neutrons per mole-roentgen, was 
1.4+0.2. The observed energy distribution had its maximum near 1.75 Mev. A yield curve for photo 
neutrons was obtained using neutron counters in paraffin. A cross-section curve was derived from the yield 
curve with a normalization based on the nuclear-emulsion data. The calculated energy distribution which 
gave a satisfactory fit to the observed photoneutrons consisted of 90% “evaporation” from a compound 


A 


nucleus and 10% emission by the “resonance”’ direct effect. In calculating the contribution of “evaporated”’ 
neutrons a nuclear “temperature” for the residual nucleus of 1.35 Mev was used, and the factors for trans 
mission of /=0 neutrons through a centrifugal barrier were applied 


I. INTRODUCTION 


HE emission of photoparticles from a nucleus has 
been considered to take place primarily as 
“evaporation” from a compound nucleus as described 
by Weisskopf and Ewing! and applied by Diven and 
Almy’ to photodisintegration caused by a spectrum of 
x-rays. The angular distribution of particles emitted by 
this process is expected to be isotropic. In addition to 
this process the immediate ejection of the nucleon which 
absorbes the photon, the direct effect, was postulated 
by Courant.’ Wilkinson‘ describes it as the “resonance” 
direct effect. Investigations of photoprotons from heavy 
elements,>~’? where the Coulomb barrier strongly in- 
hibits the emission of “evaporated” protons, have 
shown that a large percentage of protons ejected by the 
direct effect was needed to account for the observed 
photoprotons. 

Although observations of the direct effect for photo- 
neutrons might be expected to be obscured by many 
“evaporated” neutrons, there have been some indica- 
tions that a small percentage of neutrons were ejected 
by the direct effect. Byerly and Stephens* found that 
about 10% of the photoneutrons from copper irradi- 
ated with 24-Mev bremsstrahlung had energies higher 
than expected on the basis of evaporation. The measure- 
ment of an angular anisotropy for higher energy photo- 
neutrons from lead irradiated by 22-Mev bremsstrah- 
lung by Price® suggests that higher energy neutrons were 
emitted by the direct process. Measurements of angular 


and energy distributions of photoneutrons from lead 


1V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472, 935 
(1940). 

2B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950 

3E. D. Courant, Phys. Rev. 82, 703 (1951). 

4]. H. Wilkinson, Physica 22, 1039 (1956) 
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were made by Johansson"® and Dixon" using 65-Mev 
and 70-Mev bremsstrahlung, 

The present measurement of the lead photoneutrons 
was undertaken to see whether a more complete in- 
vestigation with 23-Mev bremsstrahlung would give 
information, from angular and energy distributions, 
adequate to detect direct photoneutrons. Preliminary 
results of our measurements were reported at the 
American Physical Society meeting in Chicago.” 


Il. EXPERIMENT 


A 4-inch-diameter collimated beam of 23-Mev brems 
strahlung x-rays from the University of Pennsylvania 
betatron bombarded a 1.248-gram truncated lead sphere 
located at 75 inches from the betatron target. The ex 
posure arrangement inside the evacuated camera is 
shown in Fig. 1. Pairs of Ilford 2-1 nuclear emulsions 
were placed at angles to the beam as shown. The neu 
trons from the target traversed the emulsions approxi 





Fic. 1. Experimental arrangement within the camera, show 
ing the truncated sphere of the target and the pairs of nuclear 
emulsions, 


“S. A. E. Johansson, Phys. Rev. 97, 434 (1955) 

"W.R. Dixon, Can. J. Phys. 33, 785 (1955 

2M. E. Toms and W. E. Stephens, Bull. Am. Phys. Soc. Ser 
II, 1, 340 (1956) 





78 M rOMS AND 
mately parallel to their surfaces. One emulsion of each 
pair was 200 microns thick and the other was 100 
microns thick. Only the 200-micron emulsions were 
analyzed for this investigation. The presence of the 
other plate made corrections symmetrical for absorption 
of neutrons by the glass and emulsion. The lead target 
irradiated 7200 Although the 
target was only 5 mm thick in the direction of the beam, 
it attenuated the useful x-rays by 24%. The neutron 
yield was corrected for this absorption. The effective 
center of irradiation was displaced less than 0.1 mm 


was with roentgens. 


from the geometric center of the target and so the 
angular corrections are negligible. Plates to be used to 
determine the background were exposed with no target 
in the camera 

A magnification of about 1000 was used in scanning 
the plates. Equal volumes, having 20 sq mm of surface 
area, were scanned at each angle on the background 
plates and on the plates exposed with the lead target. 
Due to the fogging, the regions selected for scanning at 
30° and 50° were farther from the target than those at 
other angles. Recoil protons lying within a square 
pyramid having surfaces at +15° to the direction of the 
neutrons were accepted for measurement. The energy 
of the neutron was considered to be that of its recoil 
proton. The emulsions were soaked in 20% glycerine to 
reduce shrinkage and hence the vertical criterion of 
acceptability could be more accurately applied. A total 
of 922 acceptable recoil-proton tracks were measured on 
the plates exposed with lead and 162 on the background 
plates. These numbers include corrections for recoil 
protons which left the emulsions. Eighty percent of the 
background tracks represented energies of less than 1 
Mey 
have been accurately measured from 0.5 Mev up, since 


The observed energy distribution is considered to 


x107 
2.5 





| 


iO 12 14 16 18 20 22 24 
(MEV) 





-. 
R 


6 


BETATRON ENERGY 


Fic. 2. Photoneutrons from lead as a function of 


bremsstrahlung energy 
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recoil protons of 0.4 Mev in energy were initially in- 
cluded in the measurements. 

The number of photoneutrons in each 4-Mev interval 
was obtained for each angle from the number of accept- 
able recoil protons observed in the emulsions. This was 
done by taking into account (1) the probability of 
producing acceptable recoil protons in the volume of 
emulsion examined, which included (a) the number 
of hydrogen nuclei per cc of emulsion, (b) the amount 
of neutron path length in the volume, (c) the neutron- 
proton scattering cross section, and (d) the fraction of 
recoils lying within acceptable angles; (2) the absorp- 
tion of neutrons by the target and along their paths 
through the plates. 

The fractional solid angle was calculated for each 
volume. The energy distribution of the photoneutrons 
was obtained by (1) summing the neutrons in each 
energy interval over the angles, (2) dividing the neutron 
sums by the sum of the fractional solid angles, (3) divid- 
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Fic. 3. Photoneutron cross section of lead as a 
function of photon energy 


ing by the number of moles of target irradiated by the 
beam, and (4) dividing by the exposure in roentgens, 
corrected for the effective absorption of the x-rays by 
the target. 

The yield of photoneutrons is the sum of the energy 
distribution over the energy intervals and equals 1.42 
10’ neutrons per mole-roentgen. It is considered 
accurate to 15%. The angular distribution of photo- 
neutrons having energies of 4.0 Mev or more was ob- 
tained in units of neutrons per steradian-mole-roentgen. 

In order to calculate the energy distribution of photo- 
neutrons expected on the basis of theory, it is necessary 
to know the photoneutron cross section as a function 
of energy. Since there have been some questions as to 
the determinations of such cross sections, it was decided 
to make a new determination by measuring the excita- 
tion curve of photoneutrons from lead and normalizing 
it at 23 Mev to the yield observed using nuclear emul- 
sions. This excitation curve is shown in Fig. 2 and 





PHOTONEUTRONS 


includes a small contribution from the Pb(y,2n) re- 
action. X-rays from the betatron of the U. S. Naval 
Research Laboratory were used to bombard a pure lead 
target and the neutrons were detected with counters 
lined with B' and imbedded in paraffin. The cross- 
section curve for lead photoneutrons, shown in Fig. 3, 
was calculated from the excitation curve and the x-ray 
energy spectrum by means of the “photon difference”’ 
method." 


III, DISCUSSION 


The value of the yield of photoneutrons from lead 
obtained in this investigation, 1.4210’ neutrons/ 
mole-r, is low compared to the value of 2.310" neu- 
trons/mole-r found by Price and Kerst.'* They used 
22-Mev bremsstrahlung and measured the neutron flux 
with a rhodium detector calibrated by means of a 
- standard Ra-Be neutron source. Montalbetti, Katz, and 
Goldemberg'® measured the yield of photoneutrons from 
lead with 22-Mev bremsstrahlung and obtained the 
value 2.710! They used BF; 
counters imbedded in paraffin to detect the neutrons 
and measured the lead excitation curve relative to 


neutrons/mole-r. 


Cu(y,n) excitation. 

The angular distribution of neutrons having energies 
of 4 Mev or more (19% of the total number of neutrons) 
is shown in Fig. 4. The statistical uncertainties shown 
come from the 90 recoil protons on which this dis- 
tribution is based. The curve shown is of the form 
a+b sin’é, where @ is the angle the neutrons make with 
respect to the direction of the x-ray beam. The isotropic 
part, a, equals 1210* photoneutrons per steradian- 
mole-roentgen and consists of two parts, a; and da». The 
first part, a, is a 67% contribution from “evaporated” 
photoneutrons, and the second part dg, is the isotropic 
contribution from the direct effect. The coefficient, b, 
of the anisotropic component is taken to be the value 
obtained for a b/d, ratio of 0.7 as predicted by Wilkin- 
son’s theory.’ This gives a b/a ratio of 0.23. In order to 
measure the angular distribution of the higher energy 
photoneutrons from lead, Price’ used the activity of 
Mg” produced by the Al’’(n,p) reaction as his detector. 
In the region of interest (3-8 Mev) the cross section for 
this reaction increases rapidly with neutron energy, 
thereby giving the most weight to the highest energy 
neutrons. He obtained a distribution, a+5 sin’6, having 
a b/a ratio of 0.83. This increasing cross section was 
used to weight the neutrons we observed in the 3- to 
7-Mev region, and a b/a value of 0.78 was obtained 
which is in good agreement with Price. 

Since the major portion of the cross section for the 
photoproduction of neutrons from lead up to 70 Mev, 
as given by Jones and Terwilliger,’® lies between 10 
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Fic. 4. Angular distribution of photoneutrons from lead having 
energies > 4.0 Mev. The curve is of the form a+ sin¥, with a b/a 
ratio of 0.23, 


and 20 Mev, the results obtained with 22- and 23-Mev 
bremsstrahlung may be compared to results with 65- 
and 70-Mev bremsstrahlung. There may be some in- 
crease in lower energy neutrons as more (y,2n) and 
(y,pn) reactions can result from the high-energy tail of 
the cross section. Johansson,’ using 65-Mev brems 
strahlung, has measured the b/a ratio for photoneutrons 
from lead with his scintillation counter biased to detect 
neutrons of energies greater than 5 Mev or greater 
than 10 Mev. In both cases he found the b/a ratio to 
be approximately unity. Accepting all energies and 
using 70-Mev bremsstrahlung, Dixon" found the angu 
lar distribution of the photoneutrons to be essentially 
isotropic. These results show that the anisotropic 
component is quite small and even when only high 
energy neutrons are observed it accounts for no more 
than one-third of the neutrons. 

The energy distribution of the photoneutrons from 
lead, based on 756 net recoil protons which we ob- 
served, is shown as the histogram in Figs. 5, 6, and 7. 
In Fig. 7 the statistical errors are shown. The area of 
the historgram equals the value of the yield. In Fig. 5, 
the curves show distributions of photoneutrons calcu- 
lated on the basis of “evaporation” from a compound 
nucleus. Weisskopf and Ewing! express the level density 
as w(S)=C exp(a&)', where a and C are constants and 
& is the excitation energy of the nucleus in Mev. The 
distribution shown as the dashed curve was calculated 
1.6(A 
density, where A is the mass number of the residual 


by using a 40)' in the expression for the level 
nucleus. This value for a, in units of Mev~'!, was sug- 
gested by Weisskopf and was used by Diven and Almy’ 
in calculations of energy distributions of photoparticles. 
It has been suggested that a better fit of the data might 
be obtained by changing the value of a in the expression 
for the level density. This corresponds to varying the 


nuclear “temperature,” ©, described by Blatt and 
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Fic. 5. Energy distribution of photoneutrons from lead with 
curves calculated for “evaporation” with residual-nuclear tem- 
nang re @=1.11 Mev (dashed), 1.35 Mev (solid), and 2.00 


Mev (dotted), and no correction for neutron transmission through 


the centrifugal barrier.* 


Weisskopf.'’? The dependence of © on & and a is given 
by @= (46/a)'. The excitation of the residual nucleus 
corresponding to photon absorption at the maximum 
of the photoneutron cross section is the value of & 
used to evaluate © in terms of a. The value of a given 
above is 20.67 Mev™ and corresponds to a ©=1.11 
Mev. The solid curve* in Fig. 5 was calculated with 
@=1.35 Mev (a= 14.00 Mev) and the dotted curve 
with ©= 2.00 Mev (a=6.36 Mev). The area under 
each curve equals the observed yield. The distribution 
for O= 1.11 Mev predicts too few high-energy neutrons. 
The high-energy tail of photoneutrons seems to be 
fitted by the distribution for @= 2.00 Mev but too few 
neutrons are predicted with energies of about 2 Mev. 
Such a high temperature, moreover, cannot be justified 
on the basis of © obtained from the negative slope of 
the plot of neutron energy, €,, vs In{J(€,)/e, |, where 
I(¢,) is the intensity of the neutrons of a given energy. 
The value of © found from this slope is in the neighbor- 
hood of 1.35 Mev, and is consistent with the improve- 
ment of the fit to the observed photoneutrons of the 
solid curve over the dashed and dotted curves. This 
indicates that the nuclear “temperature”’ of the residual 
nuclei from the (y,#) reaction on normal lead may be 
near this value. All three curves of Fig. 5 predict many 
more neutrons between 0.5 and 1.0 Mev than those 
observed, 

The poor fit of the curves of Fig. 5 in the low-energy 
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the “temperatures” indicated but were calculated for level den 
sities given by values of the parameter, a, corresponding to the 
(’s with the absorption of 13.8-Mev photons. 
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region seems to indicate a common defect. These 
curves were calculated with the assumption that the 
penetration cross section for neutrons, S(e,), as de- 
scribed by Weisskopf and Ewing,’ could be taken as 
mwk?, the geometric cross section of the nucleus. The 
validity of this assumption is related to the value of 
the transmission of neutrons through a centrifugal 
barrier, 7 )(e,), since S:(é€,)=T71(€,)"R? for various 
values of neutron angular momentum. Blatt and 
Weisskopf'’ show curves for the transmission of neu- 
trons having / values of 0, 1, and 2 through a centrifugal 
barrier of a nucleus with a radius R~5X10~" cm. 
Below 2 Mev the 7;(e,) values are significantly different 
from unity ; hence, in the low-energy region, the assump- 
tion is poor. Since the admixture of neutrons of different 
1 values is not known, corrections were made using only 
the transmission coefficients for /=0 neutrons, T(€,). 
Since the penetration cross section, S(e,), enters into 
the energy-distribution calculations in both the nu- 
merator and denominator, the factor wR? cancels, 
leaving only the transmission coefficients. The values 
for the number of neutrons per nucleus-roentgen in 
each energy interval, F(e,), can be written as 


F (€n) = €nT o(€n) 


WAE/Y enTo(€nwrAen}, 


N(E) 
xE|ocom] | 
Al 


where e, is the neutron energy, o(y,m) the photoneutron 
cross section, N(/) the photon spectrum, w, the level 
density of the residual nucleus, and E£ the photon 
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Fic. 6. Energy distribution of photoneutrons from lead with 
curves calculated for “evaporation” with residual-nuclear tem 
peratures, @=1.11 Mev (dashed), 1.35 Mev (solid), and 2.00 
Mev (dotted), and with the correction for /=0 neutron trans 
mission through the centrifugal barrier.* 
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energy or the excitation energy of the compound 
nucleus. By comparing F(€,) values calculated by using 
the formula with values obtained by letting the To(e,) 
values in the denominator equal unity, it was found 
that the change in shape of the distributions with /=0 
corrections is due almost entirely to JT o(e,) as the 
coefficient of the summation. 

The curves shown in Fig. 6 include the correction 
for the transmission of /=0 neutrons and were calcu- 
lated for the same © values as the curves in Fig. 5. A 
comparison of corresponding curves shows that the /=0 
correction has an effect similar to an increase in ©; 
namely, a decrease in the number of low-energy neu 
trons, and an increase in the number of higher energy 
neutrons with a slight shift of the peak toward higher 
energy. Higher order / corrections, if they could be 
applied, would shift the distributions in a similar 
manner but to a lesser extent. The ©=2.00-Mev curve 
becomes a poorer fit with the /=0 correction. The fits of 
both the ©=1.35-Mev curve and the ©=1.11-Mev 
curve are improved. 

Both the corrections for transmission of neutrons 
through a centrifugal barrier and an increase in the 
nuclear ‘‘temperature”’ decrease the amount of possible 
direct effect needed to explain the observed energy 
distribution. Of the curves shown in Fig. 6, the one 
corresponding to @=1.35 Mev is the best fit to the 
data. This spectrum of “evaporated” photoneutrons 
was combined with a small contribution of direct 
photoneutrons. The 10% contribution of “resonance”’ 
direct photoneutrons is shown as the dotted curve of 
Fig. 7. The 90% contribution of “evaporated” photo- 
neutrons is shown dashed. The solid curve, the com- 
bination, is a reasonably good fit to the data. This 
analysis suggests that there may be as much as a 10% 


Pb 
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Fic. 7. Energy distribution of photoneutrons from lead fitted 
with 90% “evaporation” with a temperature @=1.35 Mev and 
/=( neutron transmission (dashed), and 10% “resonance” direct 
effect (dotted), The combination is the solid curve.* 


direct-effect contribution to the production of photoneu- 
trons from lead bombarded by 23-Mev bremsstrahlung. 
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The decay properties of fission product Br™ have been studied by scintillation methods. Its half-life was 
found to be 31.40+0.08 minutes. Gamma-ray spectra showed gamma rays of energy 0.27, 0.35, 0.43, 0.47, 
0.52, 0.61, 0.74, 0.81, 0.8794-0,007, 1.01, 1.21, 1.47, 1.57, 1.74, 1.9040.02, 2.05, 2.17, 2.474-0.03, 2.82, 3.03, 
3.28, and 3.9340.03 Mev. Single-crystal and coincidence spectrometry established beta-ray groups at 4.71, 
3.83, 2.80, 1.81, 1.39, and possibly 0.83 Mev. From these data a level scheme in Kr™ has been formulated 
with excited levels at 0.88, 1.90, 2.17, 2.36, 2.62, 2.71, 2.91, 3.35, 3.70, 3.91, and 4.18 Mev. The mass differ 
ence between the ground state of Br and Kr is represented by the 4.71-Mev beta ray which includes 


32% of the beta-ray transitions 


I, INTRODUCTION 


YHORTLY after the discovery of fission, Dodson 

and Fowler' and Hahn and Strassmann’ reported 

a bromine fission product of half-life 30 to 40 minutes. 

Born and Seelmann-Eggebert’ assigned the 30-minute 

bromine activity 84 gby the reaction 
Rb" (n,a) Br. 

The beta spectrum of Br™ has been studied with a 
magnetic lens spectrometer by Duffield and Langer,‘ 
who reported beta groups of 4.67940.010, 3.56, 2.53, 
and 1.72 Mev, the highest energy group being 40% 
abundant, having a log// value of 7.75, and showing an 
allowed shape. ‘Their coincidence experiments indicated 
that this 4.68-Mev group was the ground-state transi 
tion and presented an inconsistency with the most 
likely expectations of simple shell-model theory. Their 
subsequent search for an isomeric level in Kr™ gave 
negative results. In the decay of Rb™, Huddleston and 
Mitchell® observed a single level in Kr™ at 0.890 Mev. 
Additional work by Duffield and Langer* on the Rb™ 
decay disclosed two gamma rays of 0.890 and 1.89 Mev. 
Recently Welker and Perlman® have studied the decay 
of Rb™ and assigned the first two excited states in 
Kr™ at 0.89 and 1.91 Mev. From Coulomb excitation 
of krypton, Temmer and Heydenburg’ have found the 
first excited level in Kr™ at 0.880 Mev and have given 
) 


< 


to mass 


it a 24+ assignment 

The high decay energy of Br™ available for excitation 
of nuclear levels in Kr™ suggested that a number of very 
energetic gamma rays might be present, which in addi 
tion to its high fission yield, made an investigation of 
the decay of Br™ interesting and important. Thus the 


* Operated by Union Carbide Nuclear Company for the U. S, 
Atomic Energy Commission 

'R. W. Dodson and R. D. Fowler, Phys. Rev. 55, 880 (1939) 

*Q. Hahn and F Naturwissenschaften 27, 533 
(1939) 

*H. J. Born and W. Seelmann-Eggebert, Naturwissenschaften 
31, 86 (1943) 

*R. B. Duffield and L. M. Langer, Phys. Rev. 81, 203 (1951) 

*C. M. Huddleston and A. C. G. Mitchell, Phys. Rev. 88, 1350 
(1952) 

* J. P. Welker and M. L. Perlman, Phys. Rev. 100, 74 (1955) 

7G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956) 


Strassmann, 


82 


present study was initiated, using scintillation methods 
to obtain both the beta- and gamma-ray spectra. 


Il. SOURCE PREPARATION AND HALF-LIFE 
DETERMINATION 


The Br™ samples used in this study were prepared 
by neutron irradiation of UO.SO, in the Oak Ridge 
Graphite Reactor, After irradiation, the targets were 
dissolved in dilute HNO; containing carrier Br~ and 
I-, and following KMnQ, oxidation, the Bry and I, 
were extracted into CCl,. After several cycles of se- 
lectively reducing the Br, with NH,OH-HCI and ex- 
tracting the ly, the Br~ was precipitated as AgBr. 

From two separate experiments very closely agreeing 
half-lives have been determined for Br. In one the 
sample was mounted 9.3 cm above a 3-inchX 3-inch 
Nal crystal and the integral gamma-ray decay followed. 
Here the pulse-height selector was set to discriminate 
against the low-energy gamma rays of Br which were 
also present. The resulting decay curve was exponential 
over about eight half-lives and a least squares analysis 
of the data gave a half-life value of 31.814-0.04 minutes. 
In a second experiment a twenty-channel analyzer was 
set to cover the most intense gamma-ray peak (0.879 
Mev). By a least squares analysis the peak was found 
to decay with a half-life of 31.79+0.04 minutes. It is 
felt that an accurate representation of the Br™ half-life 
is given by 31.80+0.08 minutes where the quoted 
deviation is an estimate of the combined standard and 
systematic errors. This is in agreement with the value 
31.6+0.2 minutes recently determined by Fix and 
Schindewolf.* 


Ill. SINGLE CRYSTAL SPECTROMETER RESULTS 


The gamma-ray scintillation spectrometer consisted 
of a 3-inch X 3-inch cylindrical NaI crystal mounted on 
a Dumont 6363 photomultiplier tube by the method 
described by Lazar and Klema.* Sources were centered 
9.3 cm above the top surface of the crystal. To eliminate 


Schindewolf, Massachusetts Institute of 
1955 to May 31, 


*R. C. Fix and U 
lechnology Annual Progress Report, June 1, 
1956 (unpublished), p. 34. 

9N.H. Lazar and FE. D. Klema, Phys. Rev. 98, 710 (1955) 
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Fic. 1. High-energy por 
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cm above a 3-inchX 3-inch 
Nal crystal. 
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the beta background it was necessary to place a 2.69 
g/cm? polystyrene absorber between the sample and the 
crystal. For the pulse-height analysis a twenty-channel 
analyzer designed by Bell, Kelley, and Goss" was used. 

A single crystal gamma-ray spectrum (high-energy 
portion) of Br® is shown in Fig. 1. Although a complete 
analysis was performed to resolve the full-energy peaks, 
only the 3.93- and 3.28-Mev gamma rays'! have their 
complete pulse-height distributions shown in order to 
avoid possible confusion as a result of the complexity 
of the fully analyzed spectrum. The full-energy peaks 
are drawn in with a Gaussian shape, whereas the shapes 
for the Compton and pair peaks are obtained from the 
pulse-height distributions of various energy gamma-ray 
standards run under conditions similar to this experi 
ment. The lower energy portion of the gamma-ray 
spectrum run at expanded amplifier gain is displayed in 
Fig. 2. The analyzed components properly accounted 
for the gross pulse-height distributions except for a 
slight asymmetry on the high-energy side of the 3.28- 
Mev gamma ray and for the somewhat excessive widths 
of the 1.01- and 1.21-Mev full-energy peaks. Attempts 


Bell, Kelley, and Goss, Oak Ridge National Laboratory 
Report ORNL-1278, 1951 (unpublished) 

1! Energies of gamma rays discussed in the text are from Table 
I which lists the best energy values from several experiments. The 
figures show values determined in the particular experiments 
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to sum the ‘‘backscatter”’ peaks (large-angle Compton 
scattering of the photons from the surroundings into 
the crystal) from the many gamma ‘rays‘are’subject to 
large error and thus‘make further analysis below,about 
0.35 Mev very impractical. However, it is later shown 
in coincidence experiments that this region does con 
tain additional gamma rays. 

Since 6363 photomultiplier tubes are known to 
exhibit a gain shift with counting rate,’* the energies of 
the most prominent gamma rays were measured by 
counting the Br™ simultaneously with appropriately 
selected The Bi? 0.569 1.063-Mev 
peaks just bracket the most intense Br’ gamma ray 
whose energy was thereby determined as 0.879+-0,007 


standards. and 


Mev. The highest energy gamma ray was determined 
as 3,93+0.03 Mev, using ThC” (2.615 Mev) and the 
zero-energy intercept of a calibration curve. By com 
paring with Na™ (1.368 and 2.753 Mev) two other 
prominent gamma rays were found to have energies of 
1.90+0.02 and 2.47+0.03 Mev 
remaining Br gamma rays were obtained from these 


The energies of the 


four most prominent Br™ peaks as internal standards. 
Before calculating the relative gamma ray intensities, 

it was necessary to make certain assumptions about the 

decay scheme to check for possible coincident summing 


2 Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955) 
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Fic, 2. Low-energy portion of a gamma-ray spectrum trot 


Br™ at expanded amplifier gain. Other conditions are the same 
as Fig, 1 


of cascading gamma rays (the decay scheme assumed 
was based on the principal observations from coinci 
dence experiments). From calculations of the type 
described by Lazar and Klema,’ the loss in gamma-ray 


intensity from coincident summing was found to be of 
0.20 
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Fic. 3. Fermi analysis of high-energy portion of Br™ beta-ray 
spectrum measured on a 14-inch 1-inch anthracene scintillation 
spectrometer 
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the order of one percent and therefore negligible. The 
full-energy peak areas of the gamma rays in Figs. 1 
and 2 were corrected for absorption losses in the poly- 
styrene and for the peak efficiencies and geometry of 
the crystal used.” The best values of the gamma-ray 
energies and the relative gamma-ray intensities are 
shown in Table I. 

The beta-ray spectrum measured with an 
anthracene scintillation spectrometer using a 14-inch 
X1-inch cylindrical crystal. A thin source of the ac- 
tivity in the form of silver bromide precipitate was 
mounted on 0.8 mg/cm? polystyrene film. As the beta 
spectrum was already known to be complex,‘ only the 


was 


PasBLe I. Summary of Br™ gamma-ray data 


Intensities relative to 0.879 
Mev gamma ray as 100 units 
Gamma ray appeared in 
from coin coincidence with 
cidence 0.879 1.90 2.47 3.93 
data Mev Mev Mev Mev 


Best value 
From 
singles 
data 


Cramma-ray 
energy 
Mev 


S 
= 


— i *: 


Yes Yes ¢ Yes 
Yes Yes No 
Yes Yes No 
? Yes No 
Yes Yes No 
Yes ? No 


0.27 +0.04 a 
0.35 +0.03 3.5 
0.43 +0.04 1» 
0.47 +0.04 2.04 1.0 
0.52 +0.03 7.34-2.0 
0.61 +0.03 5 +2 
0.74 +0.03 6.742.5 Yes No No 
0.81 +0.03 20 +4 Yes Yes No 
0.8794-0.007 100 No No *s No 
1.01 +0.02 20 3 Yes ?4 No No 
1.21 +0.02 7 0.8 . Yes Yes No No 
1.47 +0.03 4 i Yes No No No 
1.57 +0.05 2 1 ; Yes Yes No No 
1.74 +0.05 3 3. Yes No No No 
1.90 +0.02 36 No No No No 
2.05 +0.05 3.8 : ? Yes No No 
2.17 +0.04 39414 No No No No 
247 +0.03 18 +3 3 4: Yes No No No 
2.82 +0.05 4.04+1.6 a 3 Yes No No No 
3.03 +0.05 9.8+3.0 a 5 Yes No No No 
3.28 +0.05 5842.0 5. Yes No No 

3.93 +0.03 25 +4 No No No No 
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* This peak appears so near the ‘‘backscatter’’ peak that its analysis 


was not possible 

» Since it is difficult to subtract the Compton background, no attempt 
was made to determine the limit of error in the intensity 

¢ Another 0.74-Mev gamma ray which would not have appeared in any 
of the coincidence data is proposed elsewhere in the decay scheme and is 
discussed in the text 

4 There were slight indications for a very small coincidence contribution 
from a 1.01-Mev gamma ray which could be accommodated at several 
positions above the 1,90-Mev level. 


end-point region of the maximum beta-ray component 
was studied. The Fermi analysis shown in Fig. 3 
yielded a value of 4.76+0.10 Mev which is probably 
not as accurate as the energies assigned to the other 
beta-rays from coincidence experiments, since in the 
single crystal spectrum the random summing of Comp- 
ton electrons from high-energy gamma rays causes 
considerable distortion near the end point. Energy 
calibration was obtained from the 0.625-Mev line of 
Ba'*™ and the 0.976-Mev line of Bi®’. The linearity 
of the spectrometer above 0.976 Mev was checked with 


8 Lazar, Davis, and Bell, Trans. Inst. Radio Engrs., Nuclear 


Sci. NS-3, 136 (1956) 
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a precision pulse generator and by a measurement of 


the P® beta-ray spectrum. 


IV. COINCIDENCE SPECTROMETRY 
A. Gamma-Gamma 


Gamma-gamma coincidence measurements were made 
using a ‘‘fast-slow”’ coincidence circuit whose resolving 
time was 27=0.17 usec. The radiations were viewed by 
two 3-inchX3-inch Nal crystals at 180° to each other 
and the sources were located at the center of a collimat- 
ing anti-Compton shield similar to that described by 
Bell."4 In separate experiments the single-channel win- 
dow was set on the principal gamma peaks and the 
coincident gamma-ray spectrum in each case recorded 
on the multichannel analyzer 


4000 
cidence with 
879 - Mev Gamma-Ray 
on 3x3 in. Nal (TI) 
Crystals ot 18 
Source C 
2.69 g/cm* Polyst 
Absorber 


stance = 5.0 cr 


yrene 





74 











il 
11 
FULL L 


Fic. 4. High-energy 


in coincidence 


region of Br’ gamma-ray spectrum 
vith 0.879-Mey gamma ravs 


The gamma-ray spectra in coincidence with 0.879 
Mev are shown in Figs. 4 and 5. The full-energy peaks 
were determined from analyses of the curves in the same 
manner as described for the single-crystal spectra. In 
Fig. 5 the Compton and pair contributions from the 
gamma rays above 1.01 Mev were normalized from the 
data of Fig. 4 

In Fig. 4 the 3.28-, 3.03-, 2.82-, and 2.47-Mev peaks 
are clearly resolved and thus provide a straightforward 
analysis. However, in the region of 2.0-2.3 Mev the 
situation is more complex; there are some indications 


4 P. R. Bell in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. 5. 
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ric. 5. Br® gamma-ray spectrum (at expanded amplifier gain) in 


soinibde nce with 0.879-Mev gamma rays 
for gamma rays of about 2.0 and 2.2 Mev, but the very 
low intensity and poor statistics do not warrant their 
insertion. That there is a 2.05-Mev gamma ray in 
coincidence with 0.879 Mev, is, however, later verified 
on the basis of its coincidence with the 1.90-Mev transi 
tion. The peak at 1.57 Mev is easily resolved although 
the poor statistics of the gross spectrum in this region 
cause an error in its intensity of as much as 50% 
portion of the 0.879-coincident 


may < 

The lower energy 
gamma-ray spectrum at expanded amplifier gain is 
shown in Fig. 5. At 0.51 Mev a point-by-point sub 
traction gives a peak much too broad which implies 
that this is probably a composite peak containing both 
the 0.47- and 0.52-Mev gamma rays observed in the 
single crystal spectrum. Similarly at 0.35 Mev a peak 
much broader than the normal 
can probably be assumed to contain additional gamma 
rays of about this energy 

To determine the gamma rays in 
Figs. 4 and 5 relative to the 0.879-Mev peak in the 
window, use is made of the following general equation : 


€,(v)Uyde“C, fA+FS f/B)W 6), (1) 


Gaussian distribution 


intensities of the 


P(y¥3) 


where /’(7;) is the coincidence peak area of the gamma- 
ray coincident with the counts in the single-channel 
window, €,(7i) and 2(7,) are the peak efficiency and 
solid angle for the detection of y;, e~*4 is the fraction 
of y; transmitted through the beta absorber, and C,, is 
the observed counting rate in the window of the single 
channel analyzer. A is the fraction of the observed rate 
in the window due to the gamma ray with which co 





N. R 


——— 
4 


Br™ in Coincidence with 
‘.90- Mev Gamma-Ray on 
) Crystals 


3x 3in, Nol(T 
0.83 


of 180° 
|0.89 


ource Distance «5.05 cm 


1) 2,69 g/cm? 


Polystyrene 
Absorber 





























hic, 6, Br’ gamma-ray spectrum coincident with 
1.90-Meyv gamma rays 


incidences are being measured and may be obtained 
from the single-crystal spectrum. The factor / is the 
number of coincidence processes relative to the number 
of gamma rays of interest in the window. The term 
>. / iB; corrects for Compton pulses in the window from 
higher energy gamma rays which are also in coincidence 
with y;. B; is the fraction of counts in the window due 
to y, and f/f,’ the relative number of y; coincident with 
y;, a8 determined from the decay scheme. W (0) is the 
angular distribution function of the two gamma rays 
integrated over the face of the crystal.'® Except for the 
case of the 0.879-1,.01-Mev coincidences, the value of 
W (0) was unknown and hence was assumed to be unity 
By using Eq. (1), the 0.88- and 1.9-Mev peaks were 
shown to arise from coincidences with Compton pulses 
in the window 

The gamma-ray spectrum coincident with 1.90 Mey 
is shown in Fig. 6 and as in the spectrum coincident 
with 0.88 Mev, there is an undefined distribution in the 
region of 2.2 Mev. Also at 1.75 Mev there may be a 
coincident peak, but because of poor statistics no 
attempt has been made to determine its intensity. 
Although the spectrum below about 0.6 Mev is not 
shown in Fig. 6, it was obtained from an experiment at 
expanded amplifier gain from which an analysis of the 
coincident gamma rays up to 1 Mev was made. As was 
the case in the 0.879-Mev coincidence experiment, the 
appearance of the 0.88- and 1,90-Mev peaks in Fig. 6 


1M. E. Rose, Phys. Rev. 91, 610 (1953), 


JOHNSON AND G. D. 


O’KELLEY 


can be accounted for by the other components in the 
window. 

In the gamma-ray spectrum coincident with the 
2.47-Mev gamma ray, a very prominent peak was ob- 
served at 0.88 Mev. There was also some evidence for 
very weak gamma rays at 0.74, 0.60, 0.50, and 0.35 
Mev. With the single-channel window set on the 3.93- 
Mev gamma ray, there appeared a single coincident 
peak at 0.27 Mev. 

A summary of the intensities measured in various 
gamma-gamma coincidence experiments is included in 
Table I, in which the coincidence ratios [ f in Eq. (1) ] 
have been corrected to the same basis as the single- 
crystal intensities using the decay scheme and gamma- 
ray branching ratios calculated from the single-crystal 
intensities. 


B. Beta-Gamma 


Whereas considerable error may be introduced in 
determining the lower energy beta-ray components from 
a complex of beta groups, it is possible to simplify the 
Fermi plot by looking at the beta spectra in coincidence 
with appropriately selected gamma rays, and hence to 
obtain the various beta-ray end points more accurately. 
Beta-gamma coincidence spectrometry is also very 
helpful in determining the positions of gamma rays in 
a decay scheme. In the beta-gamma coincidence experi- 
ments of this study the same “fast-slow” coincidence 
circuitry mentioned previously was employed. A 1}- 
inch X 1-inch anthracene crystal was used in the multi- 
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Fic. 7. Fermi analysis of beta-ray spectrum in coincidence 
with 0.879-Mev gamma rays. 
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channel circuit and a 3-inchX3-inch Nal crystal in the 
single-channel side. 

Figures 7, 8, and 9 show Fermi analyses of beta-ray 
spectra in coincidence with gamma rays of 0.879, 1.90, 
and 2.47 Mev, respectively. A beta-ray group of 
3,8340.07 Mev was found in coincidence with 0.879 
Mev; two groups of energy 2.80+0.10 and 1.81+0.06 
Mev were in coincidence with 1.90 Mev; a group of 
1.39+0.10 and possibly 0.83+0.08 Mev was in coin- 
cidence with the 2.47-Mev gamma ray. The 0.83-Mev 
component may be questionable, since backscatter 
from the thick source used probably introduced a 
considerable distortion of the low-energy beta-ray 
spectrum. 

To determine if the 4.76-Mev beta ray of Fig. 3 was 
the ground state transition, the window of the single- 
channel analyzer was set to cover that portion of the 
4.76-Mev beta spectrum beyond the end point of the 
3.83-Mev component. No gamma rays appeared in 
coincidence, however. 

V. DECAY SCHEME 

A decay scheme consistent with the majority of the 
Br observations is presented in Fig. 10. It is assumed 
that since no gamma rays were in prompt coincidence 
with the beta ray measured as 4.76 Mev, this group 
represents the ground-state transition. As mentioned 
previously, the beta-ray energy obtained from the 
single-crystal spectrum is less reliable than the other 
beta-ray energies measured by the coincidence method ; 
hence, the preferred mass difference between Br and 
Kr® is taken as 4.71+0.08 Mev, by using the beta-ray 
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Fic. 8. Fermi analysis of beta-ray spectrum coincident 
with 1.90-Mev gamma rays 
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lic. 9. Fermi analysis of beta-ray spectrum in coincidence 
with 2.47-Mev gamma rays 


energy of 3.83+0.07 Mev in coincidence with the 
0.879+-0,007-Mev gamma ray. A coincidence between 
the 1.90-Mev gamma peak and a 2.80-Mev beta ray 
defines the second excited level at 1.90 Mev. 

Although Figs. 4 and 6 give slight indications for 
coincidences between the 1.90- and 2.17-Mev gamma 


rays, suc h can be discounted on the basis of intensity 


arguments. The latter is therefore assumed to proceed 
to the ground state of Kr™ and to bring about a level 
at 2.17 Mev. 

Levels at 2.36 and 2.62 Mev may be inferred since the 
1.47- and 1.74-Mev gamma rays are in coincidence with 
the 0.879-, but not with the 1.90-Mev peak. There is no 
direct experimental evidence for the 2.71-Mev level. 
However, its insertion helps account for the 1,21-, 0.81-, 
0.61- and 0,35-Mev gamma rays while maintaining 
consistency with the beta-gamma coincidence data. 
Strong coincidences of a 1.81-Mev beta ray with the 
1.90-Mev gamma ray lead to a level assignment at 
2.91 Mev. Gamma rays in coincidence with the 0,879 
Mev gamma ray determine the levels at 3.35, 3.70, 
3.91, and 4.18 Mev. A beta-ray group of 1.39 Mev also 
distinguishes the level at 3.35 Mev, and the single peak 
at 0.27 Mev in coincidence with the 3.93-Mev gamma 
ray further verifies the 3.91- and 4.18-Mev levels. 

It seems noteworthy to point out that in the above 
arguments for eleven excited states in Kr®™ only the 
2.71-Mev level was invoked on grounds other than 
from coincidence experiments. However, it is not Lo be 
implied that the scheme of Fig. 10 gives all the levels 
excited in the Br™ decay. The multitude of gamma rays 
encountered in this problem makes it quite likely that 
additional transitions of low intensity have not been 
detected and perhaps are related to additional levels. 
In fact, the gamma-ray spectrum in coincidence with 
the 2.47-Mev peak gives some indications for the possi- 
bility of additional excited levels at high energies. 
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Placement of the 0.879-, 1.01-, 1.47-, 1.74-, 1.90-, 
2.17-, 2.47-, 2.82-, 3.03-, and 3.28-Mev gamma rays in 
the scheme of Fig. 10 is dictated by the coincidence re 
sults with 0.879 and 1.90 Mev. Although a faint peak 
at about 1 Mev was detected in coincidence with 1.90 
Mey, the intensity of this gamma ray would be less 
than one percent of the intensity of the 0.879-Mev 
gamma ray. Hence, the 1.01-Mev gamma ray must be 
assigned as shown in the decay scheme, which is in- 
consistent with the observations of Welker and Perlman® 
on the decay of Rb™. While the 1.90-Mev gamma ray 
was detected, they did not observe the 1.01-Mev 
cascade transition in either the single-crystal or co- 
incidence spectra. To clarify this situation, the single- 
crystal and 90° coincidence spectra of Rb™ were 
measured in this laboratory with spectrometer arrange- 
ments similar to those described earlier. In Fig. 11(a) 
the low-energy region of the Rb™ single-crystal spectrum 
is shown whereas Fig. 11(b) shows the 1.01-Mev 
gamma ray in coincidence with 0.879 Mev. 

An analysis of the Rb™ single-crystal spectrum gave 
a ratio 7(0.88)/1(1.90)=90 compared with the value 
71 calculated from the data of Welker and Perlman. 
Using the anisotropy [W(180°)—W (90°) ]/W (90°) 

— 0.246 for the 1.01—0.879 Mev cascade measured in 
a Br™ angular correlation experiment, it was possible 
to determine the value of W(@) for both the 90° and 
180° coincidence experiments. From two closely agree- 
ing Rb™ coincidence experiments, a value of J(1.01)/ 


1(1.90)=0.59 was calculated by use of Eq. (1), com- 
pared with an upper limit of 0.33 from the data of 
Welker and Perlman. With this same treatment the 
value in the case of the Br™ decay was /(1.01)//(1.90) 

0.60. Therefore, since less than 1.01-Mev separation 
exists between the 1.90-Mev Kr® excited level and the 
ground state of Rb™,® and as the 0.88- and 1.90-Mev 
levels have been established as the first two excited 
stateg of Kr™, this very close agreement confirms that 
the 1.01-Mev transition cascades directly into the 
0.88-Mev Kr* level. 

The 2.05-Mev transition appeared in coincidence 
with 1.90 Mev, and as there is no strong evidence for 
an excited Kr® level above 4.18 Mev, assignment of 
this transition from the 3.91- to the 1.90-Mev level is 
reasonable. 

The single-crystal analysis for the 0.74-Mev gamma 
ray yielded an intensity of 6.7 units compared with the 
value 3.7 determined from its coincidence with 0.879 
Mev. It is assumed, therefore, that 3.7 units of the 
0.74-Mev gamma-ray cascade via the 1.74-Mev path 
to the 0.88-Mev level and the remaining 3 units cascade 
into the 2.17-Mev level, accounting for the intensity of 
the 2.17-Mev transition. In placing the 0.81-Mev 
gamma ray as shown, its relative intensities measured 
from single-crystal spectra and 1.90-Mev coincidence 
experiments agree; but the relative intensity from the 
0.879-Mev coincidence data disagrees with the other 
results, probably because of difficulties associated with 





NUCLEAR DECAY OF Br*¢ 
analyzing the coincidence pulse-height spectrum in this 
region. The remaining gamma rays have been placed in 
the scheme in the manner most consistent with intensity 
arguments based on both the single-crystal and coin- 
cidence data, as well as with the available beta-ray data. 

In an experiment designed to establish the beta-ray 
branching to the levels of Kr™, the beta disintegration 
rate of an aliquot of Br was measured on a 4x propor- 
tional counter, correcting for a small contribution from 
Br® and its daughter Kr*™. Simultaneously the abso- 
lute rate of 0.879-Mev gamma rays in another aliquot 
was determined by gamma-ray spectrometry. Then 
using the decay scheme of Fig. 10 and the absolute 
beta- and gamma-ray rates, the beta branching to the 
levels of Kr™ was calculated. In this manner the beta 
branching to the ground state was found to be 0.319 
+0.050. The various beta groups are listed in Table II 
together with their associated intensities and compara- 
tive half-lives, the latter computed from Moszkowski’s 
nomographs.'® Errors in intensities were assigned from 
an analysis of the errors in the gamma-ray intensities, 
allowing for the possibility of additional weak gamma 
rays. 


VI. DISCUSSION 


For Br® the ground-state proton configuration pre- 
dicted by the shell model is - - -(ps/2)*(fs/2)* with a 
possibility for (psy2)*(foy2)*. The expected neutron 
configuration is ---(1/2)*(go/2)~', and less probably, 
++ (pryj2)'(go/2)"". When one uses Nordheim’s rules,!” 
the most likely spin and parity possibilities are 2— and 
1+, the former being preferred, since the measured 
spins of Rb**, Kr®, and Sr*’ as well as the spin and 
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Fic. 11. (a) Low-energy portion of gamma-ray spectrum from 
a Rb*® source 9.3 cm above a 3-inch X3-inch Nal crystal. (b) Rb™ 
gamma-ray spectrum in the region of 1 Mev coincident with 
().879-Mev gamma rays 


16S. A. Moszkowski, Phys. Rev. 82, 35 (1951) 
17L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951) 
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rase II. Intensities and comparative half-lives of Br™ beta-ray 
transitions. (Beta-ray subscripts denote final states.) 


Beta-ray 
group 


Bo 4.71+0.08 
Bo.ss 3.8340.07 0.14440.029 
By 2.80+4-0.10 0.150+0.060 
Beir ~~ 
Bo a6 “a 
Bo ~~) 
Be 0) 
By 1.81-+-0.06 (O0.015)* 
1.39-+0.10 0.1364-0.035 
(O.019)* 
0.187 4-0.038 
0.029+0.010 


1,00 


Experimental 


energies, Mev Intensity 


0.319-+0.050 


(7.3) 
9+0.1 
(6.0) 
0+0.1 
4 01*°? 


0.834-0.08 


* Intensity value uncertain due to possibility of additional weak gamma 
rays decaying to or from this level 


parity assignments of Rb™ and Rb*® can be attributed 
to fs2 proton and gz neutron orbitals. The ground and 
first excited states of Kr are known to be 0+ and 
2+, respectively, and each of the beta branches to 
these two levels has a log /t of 7.7. Accordingly, the 2- 
assignment appears reasonable for the Br™ ground 
state. This, however, is not in agreement with the 
interpretation of the Br™ beta spectrum by Duffield 
and Langer* who reported an allowed shape for the 
ground-state transition. On examining their data it 
seems possible that the expected unique shape may 
have been masked by the lower energy beta rays. Their 
analysis of the beta-ray spectrum using an allowed 
shape for the most energetic group possibly accounts 
for their having reported a larger ground-state branch 
ing and lower energies than those of this research. 

For the second excited level in Kr®™ either a 14+, 2+, 
or 3+ assignment is compatible with log/t=7.1 for 
the beta branch to this 1.90-Mevy state. Using the 
Weisskopf formula'* and estimates of the matrix ele 
ments based on the lifetime systematics of Goldhaber 
and Sunyar,'’ ratios of the intensities of the 1.90- to the 
1.01-Mev gamma rays were calculated for the possible 
spin and parity assignments and transition multi- 
polarities. Comparison with experiment narrows the 
assignment to the 1.90-Mev level as either 1+ or 2+. 

If one assumes that the second excited state in Kr™ 
is 14+ and that the 1.01- and 0.88-Mev gamma rays 
form a pure M1 — £2 cascade, an anisotropy of —0.26 
is calculated by using the tables of Biedenharn and 
Rose.” This is in close agreement with the measured 
value —0.25, whereas all other pure multipole assign 
ments give answers quite remote from the experimental 
observation. If, however, this level is 2+ and the 1.01 
Mev transition is £2 with an M1 admixture of only 
Theoretical Nuclear Physics 

1954), Chap. XII 


in Beta- and Gamma-Ray 
(Interscience Publishers, 


16 J. M. Blatt and V. F. Weisskopf 
(John Wiley and Sons, Inc., New York 

1M. Goldhaber and A. W. Sunyar 
Spectroscopy, edited by K. Siegbahn 
Inc,, New York, 1955), Chap. XVI 

*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys, 25, 
729 (1953 
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Negative-parity assignments to the 3.91- and 4.18- 
Mev levels are based on the log/t values of about 5. 
The authors wish to express their appreciation to 
F. K. McGowan and P. H. Stelson for several helpful 


discussions. 


about 0.1%, a value in accord with experiment is also 
obtained. Hence, it is not possible to clearly discriminate 
against either a 14+ or 2+ assignment although the 
existing information on second excited states of even- 
even nuclei would tend to favor 2+. 
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Beta Spectrum of Th’*** + 


B. J. Dropesky anp L. M. LANGER* 
Scientific Laboratory, University of California, Los Alamos, New Mexico 


(Received June 21, 1957) 


Los {lamos 


The beta spectrum of Th has been measured in a ring-focus solenoidal spectrometer and was not found 
to exhibit an anomalous shape, as had been previously reported. The end point is 1.23+0.01 Mev in agree 
ment with the earlier value. It is shown that Th decays predominantly to the ground state of Pa™*. Half 
life measurements yield a value of (22.4+0.1) min for Th™*, somewhat shorter than the previously reported 


values 


[\ an earlier investigation,' it was found that the 
beta spectrum of Th™ appeared to have an anoma- 
lous shape which was not explainable in terms of the 
generally accepted theory of beta decay.? The mo- 
mentum distribution exhibited a deficiency of .low- 
energy electrons which became manifest in that the 
Fermi-Kurie plot of the data fell below the usual 
straight line, in the energy region below 600 kev. No 
satisfactory explanation of this peculiar behavior was 
available at the time. 

In the present work, the spectrum of Th’ 
investigated under somewhat improved conditions. 
Measurements were made in a new ring-focus solenoidal 
spectrometer patterned after the instrument designed 
by Schmidt® and operating at a transmission and reso 
lution of about one percent. The electrons were de- 
tected with a methane-flow (10 cm Hg pressure) pro 
portional counter having a 0.9-mg/cm’ aluminized 
Mylar window. The sources were in the form of 4-in. 
diameter disks mounted on 0.9 mg/cm? aluminized 
Mylar backing. Three different sources were prepared 
by slow-neutron capture in the Los Alamos “Water 


#8 was re 


* Permanent address Indiana University 
Bloomington, Indiana 

t Work done under the auspices of the U 
Commission 

! Bunker, Langer, and Moffat, Phys. Rev. 80, 468 (1950). 

*A somewhat similar anomalous beta spectrum (i.e., an ap 
parent deficiency of electrons at low energy) was reported for 
Ru by E. Kondaiah in M. Siegbahn Commemorative Volume 
(Almqvist and Wiksells Boktryckeri AB, Uppsala, 1951), p. 411 
Recent measurements on the beta spectrum of Ru by R. L 
Robinson and L. M. Langer (to be published) yield a normal, 
linear Fermi-Kurie plot with an end point of 227 kev for the 
spectrum of beta particles measured in coincidence with the 498 
kev gamma ray. It would appear that the apparent anomalous 
behavior, in this case too, was probably instrumental. 

‘F. H. Schmidt, Rev. Sci. Instr. 23, 361 (1952). A detailed 
description of the spectrometer used in this investigation will 
appear in another paper 
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Boiler” reactor. One was a uniform, 3-mg/cm? slurry 
deposit of ThO, on a thick 0.002-in. Al backing. A 
second run was obtained with a source of 1.2 mg/cm? 
of ThO, bonded with dilute Zapon, mounted on 0.9- 
mg/cm? Mylar. A third run was obtained with a vacuum 
evaporated deposit of Th, 0.36 mg/cm? thick, on a 
backing of 0.00025-in. aluminum. Measurements were 
started only after all 2.3-min Al’* activity had died out. 
It was then found that all parts of the measured dis- 
tributions decayed with the same half-life. 

The Fermi-Kurie plots of the data are shown in Fig. 1. 
It is clear that there is here no anomalous behavior but 
only the usual low-energy deviation which is to be 
expected from such relatively thick sources and back- 
ings. The end point is 1.23+0.01 Mev, in’ agreement 
with the earlier result. 

It is difficult, in retrospect, to account for the results 
which were observed in the earlier work. The original 


+ 3mg/em* ThO, on 13.7mg/em* Al 

"12 mg/cm? ThO, on 0.9 mg/cm? Mylar 

* 0.36 mg/cm ThF, evaporated on 
LTimg/em* al 


of o4 406 O86 
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lic. 1, Fermi-Kurie plots of the Th beta spectrum. 
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apparatus has since been modified considerably. One 
possible explanation may arise from the fact that the 
original runs on Th were sandwiched between runs 
on a 5-Mev beta spectrum. The operation of the lens 
spectrometer at such very high fields may have induced 
residual dipoles in neighboring iron (such as the re- 
enforcing in the concrete floor), The superposed dipole 
field might have resulted in the observed reduced 
transmission at low energies, 

The half-life of Th” was remeasured by following 
the decay of a variety of sources with either a side- 
window or end-window methane-flow beta proportional 
counter. The sources consisted of ThO., Th metal, or 
ThF, (evaporated on 0.25-mil Al) irradiated with 
neutrons for 5 to 7 minutes. The decay curves, starting 
about 15 min after the end of the irradiation, showed 
two components (Th and 27-day Pa™*), except for a 
small contribution from Na™ from the Al-backed source. 
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A least-squares analysis of the data, covering about 8 
half-lives, gave a value of 22.4+0.1 minutes for the 
half-life of Th™*. This is somewhat shorter than the 
previously reported values.‘ 

The gamma radiations from Th™ were investigated 
with a Nal(Tl) scintillation spectrometer and 100 
channel analyzer. A search for internal conversion lines 
down to about 5 kev was made with the solenoid spe 
trometer employing a thin Zapon-window counter. 
These surveys indicate the presence of only very weak 
(<1%) transitions. It is therefore concluded that Th™ 
decays predominantly by the 1.23-Mev beta transition 
directly to the ground state of Pa™. 

We are indebted to M. Allan Johnsrud for preparing 


the Th, films. 


Modern Phys. 25, 
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Angular Distribution of the D(d,n)He’ Reaction below 1 Mev*t 


J. C. Fuuier, W. E. Dance, ano D. C. RALPH 
Department of Physics, Louisiana State University, Baton Rouge, Louisiana 
(Received April 22, 1957) 


Angular distributions of the D(d.m)He* reaction have been measured at 9 deuteron energies ranging 
from 0.1 Mev. to 0.9 Mev. Neutrons were detected by two plastic scintillators mounted on photomultiplier 


tubes, one of which could be rotated to make angles of 0° to 165 


with the beam direction. The other 


scintillator, placed on the rotational axis, was used as a reference counter, Data were fitted to the expression 
do (6’) = da (90°) (1+-A cos*#’+B cos‘’) in the center-of-mass system by the method of least squares. The 
asymmetry coefficients are compared with those obtained by other workers. 


INTRODUCTION 
I ATA on the D(d,n)He* reaction in the energy 


range below 1.0 Mev as reported from several 
laboratories’ are in considerable disagreement regard 
ing the angular distribution. The angular distribution 
may be expressed in the form da(6’)=da(90°) (1+ A 
x cos*#’+ B cos‘#’) at these energies, but the experi- 
ments are at variance as to the values of the energy- 
dependent asymmetry coefficients. It seems important 
to determine more closely the values of the asymmetry 
coefficients and their variation with bombarding energy. 


* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research 

t Submitted by one of us (J.C.F.) to the Graduate School of 
Louisiana State University in partial fulfillment of the require 
ments for the Ph.D. degree. A preliminary report of this work 
was presented at the annual meeting of the Southeastern Section 
of the American Physical Society, April 4-6, 1957 (Bull. Am 
Phys. Soc. Ser. II, 2, 286 (1957) ] 

I. Bartholdson, Arkiv Fysik 2, 271 (1950-51 

2 P. R. Chagnon and G. E. Owen, Phys. Rev. 101, 1798 (1956). 

'(;. T. Hunter and H. T. Richards, Phys. Rev. 76, 1445 (1949 

‘Preston, Shaw, and Young, Proc. Roy. Soc. (London) 226, 
206 (1954) 


The present work was undertaken to measure the 
relative angular distribution as a function of energy 
between 0.100 and 0.900 Mey. 


EXPERIMENTAL ARRANGEMENT 


The deuterons were accelerated in a Van de Graaff 
machine and were allowed to strike a deuterium 
zirconium target 300 yg/em* thick on a 0.25-mm 
platinum backing. Targets were mounted on the end of 
a 10-mil wall brass tube with a vinyl cement. Insulation 
from the beam tube was achieved with a thin mica ring 
placed between the tube and the target. Target cooling 
consisted of air blasts directed on the platinum backing 
and on the beam tube directly above the target. This 
method of cooling was adequate at an energy of 0.900 
Mev, an ion current of about 0.5 wa, and a beam 5 mm 
in diameter. 

The desired ion beam energy was determined by 
adjusting the field of a shunted permanent-magnet 
analyzer. The generating voltmeter used to measure 
the accelerating potential was calibrated before and 
during the series of runs by using the gamma-ray 
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Center-of-mass angular distributions of the D(d,n)He* 
reaction. The curves are least-squares fits of the experimental 
points. Successive ordinates have been displaced to prevent 
overlapping of the data 
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resonances of the F"(py)O'® reaction, Calculated 
target thicknesses® ranged from 44 to 52 kev with an 
uncertainty of about +20%. The uncertainty in 
average deuteron energy in the target varied from 
1.5% at 0.900 Mev to 6% at 0.100 Mev. 

Neutrons were detected with two plastic scintillators® 
mounted on Du Mont 6292 photomultipliers, one of 
which could be rotated to make angles of 0° to 165° 
with the incident beam direction. The other scintillator, 
placed on the rotational axis, was used as a reference 
counter. Data were recorded at 15° intervals in the 
laboratory coordinate system. To minimize changes in 
counting distance due to variation in the beam position, 
counts taken successively on opposite sides of the beam 
were added. The angular resolution of the rotatable 
counter was +3° for the counting distance used at 
energies below 0.700 Mev, and +4° at 0.700 Mev and 
higher energies. Angles were measured to +1°. 
Statistical errors in counting were +1% or less at all 
bombarding energies except 0.100 Mev, where the 
maximum error was +1.5%. 

The output of the movable photomultiplier was fed 
into a single-channel analyzer whose integral bias was 
set to accept only pulses whose heights were greater than 

*S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 


779 (1953). 
* National Radiac Corporation, “Sintilon.”’ 
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AND RALPH 

half the height of those from recoil protons with the 
full neutron energy. The ratio of these counts to those 
in the reference counter was obtained at each angle. 
To include all proton recoils produced, the ratios were 
multiplied by a factor obtained from the pulse height 
response of the scintillator, assuming that the n-p 
scattering is isotropic so that equal recoil-energy 
intervals contain equal numbers of protons. The pulse- 
height response of the scintillator for protons above 
1.75-Mev energy was determined from the end points 
of proton recoil distributions of neutrons with energies 
of 1.75 to 4.0 Mev. It was found that this measured 
response was in very good agreement with that pub- 
lished for stilbene by Fowler and Roos’ after the two 
curves were normalized at 3.9 Mev. The stilbene curve 
was used as the extrapolation below 1.75 Mev. In 
obtaining the multipliers for the ratios mentioned above, 
the only part of the extrapolation used was the segment 
between 1.12 and 1.75 Mev. Small deliberate alterations 
of the shape of the lower energy region of the response 
curve resulted, for proton recoils from the d-d neutrons, 
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Fic. 2. Energy variation of the asymmetry coefficients 
A and B of the reaction D(d,n)He’. 





7J. M. Fowler and C. E. Roos, Phys. Rev. 98, 996 (1956). 
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in very noticeable apparent asymmetries about 90° 
in the center-of-mass system, while the identity of the 
reacting particles requires symmetry about 90°. 
Achievement of this symmetry with the unaltered 
curve therefore gave confidence in the stilbene extra- 
polation for the lower recoil energies. The data were 
adjusted for the effect of the variation in efficiency of 
the scintillator with neutron-proton scattering cross 
section. 

Investigation of general neutron background con- 
sisted, in part, of determining the angular distribution 
at two widely different counting distances. This 
investigation revealed no significant reduction in the 
measured total asymmetry. No neutron background 
corrections were applied to the data. Carbon contamina- 
tion of the target surface gave rise to gamma-ray and 
neutron background from the C(d,p)C™* and 
C”(d,n)N* reactions above about 0.600-Mev bombard- 
ing energy. The pulse discrimination level was always 
adequately high to eliminate these low-energy neutrons. 
Corrections for the 3.1-Mev gamma rays from C!* 
were determined at each angle by detecting a known 
fraction of them with the integral bias set high enough 
to eliminate all pulses from recoil protons. The fraction 
counted was obtained from a previously determined 
differential bias curve of the gammas. The extent of 
annihilation radiation from the positron decay of N® 
was determined by counting these gamma rays at the 
end of each run. The maximum total background 
correction obtained by these two methods was less 
than 8%, 


RESULTS 


After transformation to center-of-mass coordinates,*® 
the data were fitted to the expression 


da (0’) = da(90°)(14-A cos*é’+ B cos‘d’), 


by using a three-constant least-squares treatment from 
which do(90°), A and B were obtained. The differe itial 
cross sections appearing in the expression are relative, 
since the yields are normalized to unity at 0 degrees. 


§ J. B. Marion and A. S. Ginzbarg, Tables for the Transformation 
of Angular Distribution Data from the Laboratory System to the 
Center-of-Mass System (Shell Development Company, Houston) 
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Fic. 3. Energy variation of the sum (A+B) of the asymmetry 
coefficients of the reaction D(d,n)He* 


In Fig. 1 the angular distributions in the center-of 
mass system are shown with their least-squares fits at 
each average deuteron energy in the target. The 
ordinates for each distribution have been displaced 
to prevent overlapping. No terms higher than cos‘#’ 
were required, as was expected from previous work." 

Variation of A and B with incident deuteron energy 
is shown in Fig. 2, along with the values reported in 
references 2 and 4. The errors indicated are standard 
deviations obtained in the formal way from the least 
squares analysis; the curves are arbitrary fits to the 
present.data. It is observed that the range of values of 
A and B reported from different laboratories is large 
at several energies. The present data show smooth 
energy variation of the coefficients below 1 Mev. 
(A+B) as a function of bombarding energy is rep- 
resented in Fig. 3; A is plotted at lower energies,! 
where a (1+-A cos*#’) analysis was employed. Again 
the curve is an arbitrary fit to the present data. In 
regard to total asymmetry, this presentation indicates 
reasonable agreement of the present results with those 
of Chagnon and Owen’ and varying extent of agreement 
with other authors. It is noted that the charged-particle 
work‘ tends to give greater asymmetries at energies 
below 0.500 Mev. 
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Velocities of Fragment Pairs from U**’, U***, and Pu’*® Fission* 
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Velocities of the fragment pairs from thermal-neutron-induced fission of U™*, U™*, and Pu™ have been 
measured by a time-of-flight method. The primary masses and energies of the fragments have been 
determined from the conservation of mass number and momentum. These results are compared with 


previous fission-fragment-mass and -energy 


the symmetric 


measurements 
mode is observed, which is in agreement with previous double-ionization-chamber 


A decrease of the total kinetic energy near 


measurements. The intrinsic energy spread for mass-97 fragments was found to be 8.141.6% with a 95% 


confidence interval 


I. INTRODUCTION 


ASS yields from the fission of U™, U™*, and 

Pu” have been investigated by radiochemical 
and mass spectrometric methods and have recently 
been summarized by Katcoff.! The results of Thode 
and Graham’ on the xenon abundances in U”® fission 
indicate an abnormally high yield at masses 133 
and 134, and the results of Glendenin ef al.* indicate 
a complementary fine structure at mass 100, These 
anomalies have been attributed to a preference for 
an 82-neutron configuration of the heavy fragment in 
the fission process,‘ to neutron boil-off following fission,® 
or to a combination of these effects. Since these yields 
represent the combined effects of fission and prompt- 
neutron emission, primary (before neutron emission) 
mass yield data would be useful in testing these 
hypotheses. 

Kinetic energies of fission fragments have previously 
been deduced from the ionization produced by stopping 
the fragments in various gases. Results of recent 
measurements have shown that the ionization thus 
produced is not simply proportional to the fragment 
energy.’ These results are consistent with the nuclear 
recoil effect previously discussed by Knipp and Ling.* 
From velocity measurements of single fragments, 
Leachman’ concluded that the kinetic energies of the 
fragments exceeded by approximately 6 Mev those 
obtained by Brunton and Hanna'’ and Brunton and 


Thompson."' Furthermore, the width (full width at 

* Work performed under auspices of the U. S. Atomic Energy 
Commission 

'S. Katcoff (private communication). 

2H. G. Thode and R. L. Graham, Can. J. 
(1947) 

*Glendenin, Steinberg, Inghram, and Hess, Phys 
8600 (1951) 

* Wiles, Smith, Horsley, and Thode, Can. J 
(1953 

*L. KE. Glendenin, Phys. Rev. 75, 337 (1949) 

*W. J. Whitehouse, Progress in Nuclear Physics (Pergamon 
Press Ltd., London, 1952), Vol. 2, p. 120. 

’H. W. Schmitt and R. B. Leachman, Phys. Rev 
(1956) 
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*R. B. Leac 
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(1950) 

" PD. C. Brunton and W. B. Thompson, Can. J. Research A28, 
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half-maximum) of the dispersion in these ionization 
measurements was estimated to be about 9 Mev. 
When corrected for the above energy difference, the 
double-ionization-chamber measurement of the average 
total kinetic energy for fission of U®* is in agreement 
with a recent calorimetric measurement.” 

The variation of the kinetic energy with mass 
ratio has been considered previously.’** Assuming that 
the charge of a fragment is proportional to its mass and 
that the kinetic energy is derived from the Coulomb 
repulsion of the two fragments, the total kinetic energy 
is expected to decrease monotonically as a function of 
mass ratio. However, the results obtained from the 
double-ionization-chamber measurements of Brunton 
et al.’"' have indicated that the total kinetic energy 
decreases near the symmetric mode. This decrease has 
been considered by Fong’ to be the result of the 
relatively large dispersions associated with the ioniza- 
tion-chamber measurements. 

A determination of the energy distribution of Zr” 
fragments from thermal-neutron-induced fission of U*** 
has been reported by Cohen e/ al.'* In this measurement, 
magnetic deflection and radiochemical methods were 
used. The full width at half-maximum of the total 
kinetic energy distribution for this mass ratio was 
deduced to be 11.4+0.8% with a most probable 
energy of 174.742 or 158.5+2 Mev, depending on the 
charge assignment. An energy spread of 5 to 8% for 
specific fission fragments has been reported by Good 
and Wollan.'* Fong" predicts an intrinsic energy spread 
of 6 or 7% for the most probable modes of fission. 

The present investigation was undertaken to provide 
additional data concerning the absolute fragment 
energies, primary mass distributions, and the intrinsic 
energy spreads. Time-of-flight techniques were used 
to determine the velocities of the fragment pairs. 
From these measured velocities, the primary masses 
and energies of the fragments were obtained from the 
principles of conservation of momentum and mass 

RR. B. Leachman and W. D. Schafer, Can J. Phys. 33, 357 
(1955) 

‘SM. Deutsch and M. Ramsey, Los Alamos Scientific Labora- 
tory Report LA-510 (MDDC-945), 1946 (unpublished). 

“P. Fong, Phys. Rev. 102, 434 (1956) 


‘® Cohen, Cohen, and Coley, Phys. Rev. 104, 1046 (1956). 
'©W. M. Good and E. O. Wollan, Phys. Rev. 101, 249 (1956). 
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TABLE I. Estimated full width at half-maximum dispersions 
for one and two neutrons emitted from each fragment. These 
values are for 269-cm drift distances and measured time resolution 
AT =5.5X 10" sec 


Two neutrons 
from each 
fragment 


One neutron 
from each 
fragment 

Av, (107 cm/sec) 

Avy (107 cm/sec) 
AM, (mass numbers) 
AMy (mass numbers) 
AE, (Mev) 

AEn (Mev) 


number. This method not only provides a better and 
more accurately determined energy resolution than 
the ionization method, but also allows an absolute 
determination of the fragment kinetic energies. Pre- 
liminary data obtained by the double-velocity method 
have been reported earlier."’ 


II. EQUIPMENT 


As shown schematically in Fig. 1, the velocities of 
the two fragments from a fission event were measured 
by their time-of-flight through two 269-cm evacuated 
drift tubes. Fission was induced in the fissile foil by a 
beam of thermal neutrons from a reactor. The time of 
each fission event was provided by the pulse Po, which 
was obtained by detecting the electrons ejected as the 
fragment emerged from the source backing.'* This 
time-of-fission detector consisted of the backing of 
the fissile deposit, an electron lens, and an electron 
detector. The methods used for recording the fragment 
drift times, analyzing the data, and determining the 
resolution of these velocity measurements were essen- 
tially the same as those previously described.’ The 
time resolution associated with the present measure- 
ments was found to be Gaussian with a 5.5 10~%-se 
full width at half-maximum. 

The electron detector and the smaller remote detector 
each consisted of a 2-inch-diameter, 0.001-inch-thick 
disk of plastic scintillator cemented to the face of a 
6342 photomultiplier. The larger remote detector 
consisted of an &-inch-diameter, 0.02-inch-thick disk 
of plastic phosphor cemented to a 2-inch-thick Lucite 
light pipe which was optically coupled to a 6364 
photomultiplier. This large detector was required to 
insure an adequate efficiency of detecting both frag- 
ments from a particular fission event. The diameter of 
this detector was determined not only by the dimensions 
of the source and the other fragment detector but also 
from considerations of neutron emission from the 
moving fragments and the scattering of the fragments 


OW. E. 
Atomic Energy 
(Office of Technical Services, 
Washington, D. C., 1955.) 

'®W. E. Stein and R. B. Leachman, 
(1956). 


Stein, Bull. Am. Phys. Soc. Ser. II, 1, 96 (1956) and 
Commission Report AECD-3729 (unpublished) 
U. S. Department of Commerce, 
1049 


Rev. Sci. Instr. 27, 


Pu?*® FISSION 


10] ELECTRON DETECTOR 
FRAGMENT 
DETECTOR 


a, 


a 


FRAGMENT T DETECTOR FISSILE FOr 


7 gue TRC ON LENS Tate ong sant — 
ff oa Swan 
Le 4% ‘al 
| ~ 
NEUTRON BEAM Porsenna py rvaceane 
] f 
————famp} 


TIME SEQUENCE 
).S3usec TRANSIT TIME 
hy 


2 
O 4peec DELAY 
fe 4% 

? 


Pp 


>.'Sy sec DEL AY 
4,8 fo = oe 





6% sec DEL AY 
Sp sec 4p 


O.65y80c DELAY | ” 


| 
@ HORIZONTAL SWEEP 





Fic. 1, Schematic diagram of the time-of-flight equipment. 
Pulses were amplified by Hewlett-Packard 400A and 460B 
amplifiers and delayed by appropriate lengths of RG 7/U cable 
The fragment time of flight is the time between the occurrence of 
Py and P, and that of the complementary fragment is the time 
between the occurrence of Py and Py, The P; pulses were used to 
initiate the oscilloscope displays of the pulses. Photographs of 
these sweeps were analyzed for the times between pulses, The 
time scale was provided at frequent intervals by photographs of 
a 50-Mc/sec signal from a crystal-controlled oscillator 


in the source. The latter are effects that would cause 
the fragments to be noncollinear. 

The sources were prepared by vacuum evaporation 
of the fissile material onto 0.1-mg/cm? nickel foils. 
The deposits of UO» (enriched in U™*), UF, (enriched 
in U™*), and Pul’y were 38 pe/cm’, 66 pg/cm?, and 
38 ug/cm’, respectively. The average velocity loss of 
the fragments in the fissile material of these sources 
was estimated from previous measurements” to be 
less than 0.5¢ 
fragment velocity loss in the nickel to be less than 19% 
electron 


>. Analysis of the present data showed the 


These sources were mounted in the lens 


with the nickel side facing the electron detector. 


Ill. RESULTS 
The data obtained in this experiment were the 
velocities of 3050, 2070, and 680 fragment pairs from 
the thermal-neutron Us Pu 
respectively. Since the neutron emission time is small 


fission of U%**, and 


compared with the flight time of the fragments,” 
these measured quantities are the velocities of the 
fission fragments after prompt-neutron emission, How 
ever, with the assumption of isotropic emission of 
neutrons from the moving fragments, the most probable 
velocity after neutron emission is essentially equal to 
the fragment velocity before neutron emission. Thus, 
the measured velocities were 
fragment velocities before 
with an increased — dispersion for each prompt 
1 addition to the 
"The masses and energies were then 


considered to be the 
prompt-neutron emission, 
neutron emitted i measured instru- 
mental dispersion. 

J. A. Northrop and J. E 
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Brolley, Phys. Rev. 92, 1091(A 
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Fic, 2. Relative probability of fission modes for U, U™, and 
Pu™*, Contour lines are of relative probability, solid light lines 
dashed lines are of constant 


are of constant mass ratio, and 


kinetic energy in Mev 


computed by using the principles of conservation of 
momentum and number. Table I gives the 
estimated uncertainties of the velocity v, mass M, and 


mass 


Taste Il. Comparison of kinetic energies. Values given for 
references 10 and 11 are most probable energies, whereas those 
listed for the present data are average energies. Probable errors 
assigned to the present data are based on estimates of possible 
systematic errors. The statistical standard deviations are +1 
Mev or less 


Previous data (Me\ Present data (Mev 
U™ Us) = Pu® Reference Um Uma Pu™® 
Light-fragment 

energy 
Hleavy fragment 

energy 
Light-tragment 
ionization 
detect 
Heavy -fragment 
ionization 

defect 7 6.5 64 

Total energy 166.9 171.4 


94.5 94.6 10,11 97 100 


60.2 65.2 10.11 66 72 
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energy E for one and two neutrons emitted from each 
fragment. The subscripts L and H refer to the light 
and heavy fragments. 

The relative probability of the various fission modes 
for the three isotopes investigated is shown in Fig. 2. 
Ionization data obtained by Brunton and Hanna" for 
U™ and U™® and by Brunton and Thompson" for 
Pu™ are compared with the energy data from this 
experiment in Fig. 3. Table II contains a summary of 
the fragment energies obtained by the ionization and 
double-velocity methods. 


NUMBER OF FISSIONS 


@ 70 60 # 
FRAGMENT KINETIC ENERGY (Mev) 


Fic. 3. Energy distributions of single fragments from U*’, 
U*™® and Pu™®*. The solid curves represent the data obtained from 
this experiment and the dashed curves are renormalized data 
from double-ionization-chamber measurements of references 
10 and 11. 


Shown in Fig. 4 are comparisons of the mass yields 
obtained by radiochemical and mass spectrometric 
methods' and the primary mass distributions which 
were obtained from the velocities of this experiment 
and the relation My/M,=v,/0y, with Mi+My 
equaling the mass number of the compound nucleus 
undergoing fission. As expected, the primary mass yield 
curves are displaced toward larger mass numbers by 
an amount consistent with the average number of 
prompt neutrons emitted.” The fine structure in the 


2D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend - 
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U%* radiochemical and mass spectrometric data at ‘ae elie sactane 
mass 134 is not evident in the present data. In Fig. 5 : 
the primary mass distribution in the heavy-fragment 
region is compared with the radiochemical and mass 
spectrometric yields dispersed by a Gaussian function 
with a full width at half-maximum of three mass 
numbers, corresponding to the estimated mass resolu- 
tion of the present measurements. In terms of resolution, 
the distributions of Fig. 5 are then comparable, differing 
only by the effects of neutron emission. Within the 
mass resolution and statistical accuracy, the present 
data are inconsistent with a fine structure in the 
primary mass distribution at mass 134. They are, 


YIELD IN PERCENT 
a 











a0 ‘ i80 
HEAVY FRAGMENT MASS NUMBER 
Fic, 5. U™* heavy-fragment mass distributions, The solid 
curve represents the data from this experiment and the dashed 
curve represents the radiochemical and mass spectrometric data 
dispersed by a Gaussian function with a full width at half 
maximum of three mass numbers 


YIELD IN PERCENT 


U> fragments with mass 97 is given in Fig, 7. ‘This 
velocity distribution has an average of 1.39 10° 
cm/sec and a relative width (full-width at half 
maximum) of 5.4+0.6%. When the estimated velocity 
dispersion is removed, the intrinsic energy spread for 
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180 
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MASS NUMBER 
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Fic. 4. Primary mass yields of fission fragments from U™*, U™®, 
and Pu**, The solid curves represent the data from this experiment 
and the dashed curves represent the radiochemical and mass 
spectrometric data of reference 1. 


however, consistent with a possible fine structure in the 
135 or 136 mass-number region. 

In Fig. 6 the average values of the total kinetic 
energies are plotted against the mass ratio. Since the 
energy distributions for various mass ratios were found 
to be symmetrical, these data can be compared with the 
curves for the most probable total kinetic energy vs 
mass ratio given by the double-ionization-chamber 
measurements.'®"! A decrease in total kinetic energy 
near the symmetric mode is apparent and is in agree- 
ment with range measurements of Katcoff et al.” 

The velocity distributions for all masses were also 
obtained. As an example, the velocity distribution of 


AVERAGE TOTAL KINETIC ENERGY (Mev) 


is ™@ 18 

ent of Documents, U.S. Government Printing Office, Washington, wae ae 

D. C., 1955). ». 6. Variation of the average total kinetic 
* Katcoff, Miskel, and Stanley, Phys. Rev. 74, 631 (1948) energy with mass ratio 
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hic. 7. Velocity distribution of U™* fragments with mass 97. 


mass 97 is found to be 8.14+1.6% with a 95% confidence 
interval. Since the momentum condition imposes a 
correlation of this spread with the energy spread of 
the complementary mass 139, an identical percentage 
energy spread is obtained for the full width at half- 
maximum of the total energy distribution for this 


mass ratio. 
IV. DISCUSSION 


The kinetic energy data from this experiment are in 
agreement with the corrected ionization data and the 


recent calorimetric measurement of the average 
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kinetic energy of U“* fragments. The decrease of the 
average total kinetic energy near the symmetric mode 
has been observed with these improved energy resolu- 
tion measurements. 

The mass yields from this experiment are consistent 
with mass data obtained by other means. They are, 
however, inadequate to test fully the fine structure 
hypotheses mentioned above. These data are incon- 
sistent with a primary fine structure at mass 134, but 
are consistent with a possible fine structure at mass 
135 or 136 in the primary mass distribution. 

The 8.1+1.6% intrinsic energy spread for mass-97 
fragments obtained from these U** data is lower than 
the 11.4+0.8% spread reported by Cohen'® and is 
in better agreement with the 6 to 7% predicted by 
Fong."* The present energy spread is smaller than the 
10.8% which was used by Leachman” in calculations 
of the emission of prompt neutrons from fission. It is, 
however, in better agreement with the minimum value 
of 9.8% which was also used in these calculations. 


V. ACKNOWLEDGMENTS 


The author is indebted to Miss Elsie Pierce for 
reading the velocity data from the film, to Chester 
Kazek, Jr., for processing these data, to J. M. Peterson 
of the University of California Radiation Laboratory, 
Livermore, California, for supplying the thin plastic 
scintillators, and especially to Robert B. Leachman, 


who suggested the experiment, for his continued 
interest and advice. 


* R. B. Leachman, Phys. Rev. 101, 1005 (1956) 





PHYSICAL REVIEW VOLUME 108, NUMBER 1 OCTOBER 1 1957 


Cross Section for the (n,2n) Reaction in Be*t 


GeorcE J. Fiscuer* 
State University of Iowa, Lowa City, lowa 
(Received March 14, 1957) 


The cross section for the (n,2n) reaction in Be® has been measured for neutron energies between 2.6 and 
3.25 Mev. It was found that the reaction sets in sharply at approximately 2.7 Mev, from which energy 
the cross section rises rapidly to 0.70 barn at 3.25 Mev. This experimental result strongly suggests that the 
reaction proceeds primarily by means of an inelastic interaction which leaves the excited Be* nucleus in 
its 2.43-Mev level before emission of the second neutron upon breakup. There is no peak in the (n,2n) 
cross section corresponding to the broad peak at 2.73 Mev in the total neutron cross section 


I, INTRODUCTION the D(d,n)He’ reaction.? Four collimating ports, 2.18 
cm in diameter by 56 cm long, were built into the shield 
at 0°, 54°, 74°, and 88° so that the corresponding 
median neutron energies emerging from these ports 
were, respectively, 3.19, 2.92, 2.96, and 2.57 Mev for 
the stated bombarding energy. The calculated neutron 
energy distributions for these ports is shown in Fig. 3. 
The beam emerging from that port which was in use 
passed through the axis of the beam tube of the activa- 
tion chamber. The activation chamber contained 125 
liters of concentrated potassium permanganate solution 
during each irradiation. The neutron-detection pro- 
cedure was a form of the manganese bath technique for 
counting neutrons.’ Neutrons which emerged from the 


NUMBER of studies of the (1,2) reaction in 

Be’ have been made previously.'! These measure- 
ments, usually made with radioactive neutron sources, 
indicated cross-section values for the wide energy 
distributions of these sources of between one-tenth 
and several barns. Agreement between authors using 
the same source was often unsatisfactory. 

In the present experiment the cross section for this 
reaction was examined with reasonably monoenergetic 
neutrons of energies between 2.6 and 3.25 Mev. The 
choice of this energy region made possible examination 
of the relation between o(n,2n) and the broad peak 
in the total neutron cross section which has its maximum 
at 2.73 Mev. It also made possible an examination of 
the hypothesis of Fowler, Hanna, and Owen! that the 
(n,2n) reaction proceeds by an inelastic interaction 
which leaves the excited Be*® nucleus in the 2.43-Mev 
level before the second neutron is emitted upon breakup 
(Fig. 1). The laboratory-system threshold for this 
mechanism is 2.70 Mev. 


II. APPARATUS AND PROCEDURE 


A diagram of the experimental arrangement is shown 
in Fig. 2. A beam of 350-kev deuterons bombarding a 
“thick” deuterized target at the SUI Cockcroft-Walton 
accelerator provided energetic neutrons by means of 
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Fic. 1, Portion of energy level diagram of Be* 





BEAM TUBE | Be oe } 


———— 











t This work supported in part by the U. S. Atomic Energy eras 
Commission. j — a lie . 
"Piaienk diets. Anpenes: Motions Labuntens, Lanant, Fic. 2. Diagram of apparatus at accelerator. View is from above 
Illinois. * Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 635 

1A report by H. Agnew [Los Alamos Scientific Laboratory (1949), 
Report LA-1317 (unpublished) ] contains many references to * Miscellaneous Physical and Chemical Techniques of the Los 
earlier work. See also Fowler, Hanna, and Owen, Phys Rev. 98, Alamos Project, edited by A. Graves and D. Froman (McGraw 
249(A) (1955), Hill Book Company, Inc,, New York, 1952) 


Q9 





GEORGE 


66° 74° ff 
| PORT PORT 


Oo” PORT 


9 


REGION 


| 
J | 
} 
/ | REGION | 
0 


' 
REGION 
| 


mw | 





| 4 4 J i 
28 29 50 34 52 


NEUTRON ENERGY (MEV) 


hic. 3. Neutron energy distributions from beam ports 
neutron target set in the center of the activation 
chamber would activate manganese atoms and these 
activated atoms were separated and counted in a 
manner to be discussed below. The Mn activation was 
measured in terms of the integrated neutron flux for 
each irradiation, corrected for decay of the Mn activity 
to the end of the irradiation. 

Irradiations of three separate, identical solutions of 
potassium permanganate would be made in the course 
of each determination of o(n,2n). One irradiation was 
performed with no neutron target in the beam tube in 
order to determine the “background” activity produced 
by neutrons leaking in from the room. A_ second 
irradiation was made using a carbon target which was 
essentially opaque to the neutron beam. This target 
served to scatter the entire neutron beam into the 
activation chamber. It gave a measure of the activation 
to be expected if the entire neutron beam underwent 
only pure scattering events. The third activation was 
performed with a beryllium target which also was 
essentially opaque to the incident neutron beam. The 
magnitude of o(n,2n) was determined by comparing 
the net activation produced by these two targets using 
the procedure described in Sec. IV. 

Because the beryllium target was rather large (5 cm 
in diameter and 29 cm long) it was important that the 
significance of possible multiple collisions within this 
target upon the resultant activity be examined. A 
procedure was developed which accounted for these 
events and at the same time for the dispersion in 
energy of the incident beam (Fig. 3). The multiple- 
collision correction amounts to approximately 15%, of 
the single 
interaction, 

Advantages of the form of Mn bath procedure used 
here are the complete insensitivity of the detector to 
y radiation from any inelastic neutron scattering or 
capture, the counting efficiency, and the simplicity of 
the apparatus. 

The reliability of the manganese bath procedure was 
demonstrated by the consistency of results obtained 
using a Ra-Be neutron source in the center of the 


result calculated by assuming only a 
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activation chamber. Irradiations made with this 
source for the same length of time were identical within 
the 1% counting statistics of the measurements. 
The activations were also insensitive to variations in 
amount of MnO, crystals added or degree of stirring. 

The neutron beam was continuously monitored by 
means of a BF; proportional counter set in the collimat- 
ing shield. The efficiency of this counter was checked 
before and after each irradiation by means of a Ra-Be 
source set in fixed geometry near the counter. The 
alignment of the beam spot on the rotating target 
with respect to the axes of the collimator and activation 
chamber was carefully checked before each of the 
three irradiations involved in each determination of 
a(n,2n). 

It is felt that the principal experimental uncertainty 
is a result of instability of the ion source under the 
relatively high beam currents used for these measure- 
ments. This instability made possible changes in the 
room background to which the activation chamber was 
somewhat sensitive. Further, because of an undetected 
error in one of the beam-defining slits, it was possible 
for the beam spot to migrate a distance of about 
2 mm from its desired limits, reducing the effectiveness 
of the design of the neutron collimating optics of the 
system. The consequences of these uncertainties are 
perhaps best estimated by examining the differences 
between the separate measurements made at each 
energy port. To some degree the numbers reported 
here should be taken as an upper limit to the (,2n) 
reaction cross section. 


II]. PROCEDURE FOR DETECTING NEUTRONS 


The procedure for detecting neutrons might be 
described as a form of Szilard-Chalmers reaction. 
Neutrons which enter the potassium permanganate 
solution of the activation chamber are slowed down in 
the aqueous solution. Approximately 14% of the 
neutrons are captured by the Mn atoms of the 0.22 
molar (almost saturated) solution while most of the 
remaining neutrons are captured by hydrogen of the 
water. (Mn has a 13.2-barn thermal-neutron capture 
cross section and a 2.59-hour half-life for decay by 
8 emission.) Upon capturing a neutron, the activated 
Mn atom emits a y ray and recoils with sufficient 
momentum to separate from the permanganate ion. 
This atom, in its strongly oxidizing environment, is 
converted to an insoluble MnO, molecule. Inactive 
MnO, crystals, grown to sufficient size to be easily 
separable from the solutions by relatively coarse 
sintered-glass filter funnels, were added to the potassium 
permanganate solution before each irradiation was 
begun and the solution was stirred vigorously during 


“ach irradiation. The activated molecules became 


*D. J. Hughes and J. A. Harvey, Neutron Cross-Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend 
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adsorbed on the surface of the large, inactive crystals. 
After an irradiation of approximately 2} hours the 
entire solution was removed from the activation 
chamber and run through medium-coarseness sintered- 
glass filter funnels. The carrier crystals with their 
adsorbed activated molecules were carefully transferred 
from the filter disks to a small, flat cup which was 
then set in a fixed geometry between NalI(TI) crystals 
on two photomultiplier tubes. The y activity following 
B decay of the Mn was counted for 4000 seconds to 
give 4% counting statistics. The discriminator cutoff 
was set in the valley below the total absorption peak 
of the prominent 0.845-Mev y ray which occurs in this 
decay.’ Two separate determinations of o(m,2n) were 
made at each neutron beam port. 


IV. ANALYSIS OF DATA 
A. Single-Interaction Case 


The estimation of the cross section for the (n,2n) 
reaction in Be® was performed by comparing the 
activity produced by an essentially opaque carbon 
target to that produced when an equally opaque 
target of beryllium was used in the beam tube of the 
activation chamber. Since neutron reactions with 
carbon in which the neutron disappears are negligible 
for the neutron energies of this experiment,® it was 
assumed that the elastic scattering cross section of 
carbon was equal to its total neutron cross section. 
The total cross section of Be’ was considered to consist 
of elastic scattering, the (n,a) reaction,’ and the 
(n,2n) reaction. Several experiments® indicate that 
o, is negligible for the neutron energies employed 
here. Thus, the total neutron cross section of beryllium 
may be written as 


O1=On0+- 0 (n,a)+a(n,2n). 


The further assumption, that each neutron makes only 
one interaction within the Be target, will be made 
here and removed later in this section. 


TABLE I. Experimental results and @ (n,2n) values 


Multi-coll 
a(n,2n) 
barns 


Single-int 
a(n,2n) 
barns 


0.678 
0.372 
0.030 
0.016 


Neut 

beam , 

oon E. ( Joo 
0° 3.19 1,246, 1.238 
54° 2.93 1.049, 1.092 


74° 2.69 0.9634, 0.9972 
88° 2.57 0.9825, 0.9616 


1( Be) 
Av. Ve 
1.242 
1.070 
0.9803 
0.9726 


1 (Be) 
I(C) 


ae 


0.650 
0.310 
No calc 
No cal 


5F, R. Metzger and W. B. Todd, Phys. Rev. 96, 904 (1953). 

*F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

7 E. C. Campbell and P. H. Stelson, Bull. Am. Phys. Soc. Ser. 
II, 2, 29 (1957); P. H. Stelson and E. C. Campbell, Phys. Rev. 
106, 1252 (1957). The author is grateful to Dr. Campbell and 
Dr. Stelson for a preprint of their work. 

* Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954); 
Grace, Beghian, Preston, and Halban, Phys. Rev. 82, 969 (1951) 
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Fic. 4. Cross section for (n,2n) reaction in Be® vs neutron energy 


If the total neutron cross section of Be’ were entirely 
an elastic scattering cross section, then the ratio 
1(Be)/1(C) of the activity produced when the Be 
target was in the neutron beam to that produced when 
the C 
experimental conditions, would be exactly equal to 
one. If a, of Be® were equal to o(n,a), then, under the 
same conditions, /(Be)/(C) would equal zero, while 
if a, of Be* were equal to o(n,2n), then /(Be)//(C) 
would equal two. For the general case, 


1 (Be)/I(C) 


target was in the neutron beam, for normalized 


Ono/ Ort 20(n,2n)/a,4+-0a (na) /o%, 
from which 


a(n,2n) =[ 1 (Be)/1(C) 


1 jop+-o(n,a). 


For this calculation all neutrons of each beam port 
were assigned a single energy, the median neutron 
energy for that port. The experimental values of 
1(Be)//(C) found for each port and the values of 
a(n,2n) obtained by use of the above equations are 
given in Table I. Figure 4 shows these results in graphi 
cal form, 


B. Treatment of Multiple Collisions 


Because the beryllium target was of considerable 
size, aS mentioned earlier, there was a significant 
probability that a neutron which had been elastically 
scattered on its first interaction in the Be target would 
interact one or more times again before emerging from 
the target, possibly undergoing an (m,2n) reaction, 
which would tend to increase the net activation, or an 
(na) reaction, which would tend to reduce the net 





102 GEORGE 
activation. Thus, it was important that a multiple- 
collision procedure be developed which could account 
for these events. Because it happened, however, that 
the (n,2n) reaction cross section decreased rapidly with 
energy, neutrons which were scattered once, and thereby 
moderated, had considerably reduced probabilities of 
producing (n,2n) reactions on succeeding interactions. 
This fact and the small value of o(n,a) at all energies 
made the total effect of the multiple-collision analysis 
quite small. Since this analysis provides a correction 
of less than 15% on the single interaction result, the 
procedure for treatment of multiple collisions within 
the Be target will only be outlined in this paper. 
Details of the procedure are contained in the thesis 
from which this report is taken.’ 

It should be noted that since carbon is considered 
here to be a pure elastic scatterer and the activation 
chamber is essentially a 49 detector, nothing is gained 
by making a multiple-collision analysis for the carbon 
target. 

From the values for o(n,2n) estimated using the 
single-interaction calculation, an estimate was made 
of the probable values of o(m,2n) which would result 
from taking account of second- and third-order interac- 
tions. It was assumed that the corrected curve would 
deviate from the single-interaction curve by some 
fractional amount, By the procedure to be outlined, 
the value of /(Be)//(C) which would result from the 
use of the estimated o(n,2n) values was calculated 
and compared to the experimental results. This led to 
a revised estimate of o(n,2n) and a new calculation of 
1(Be)/1(C). It was possible to find a set of values of 
a(n,2n) which agreed with the experimental value 
after one or two interations of this procedure. Since 
the single-interaction calculations indicated an es- 
sentially zero (n,2n) cross section for the two lower 
energy ports, this method was not applied to these 
two cases. The effect would have been to raise the 
value of o(n,2n) slightly (by an amount within the 
statistical error) by accounting for the net activation 
loss resulting from later collisions because the (n,qa) 
cross section is larger in these regions than the (,2n) 
cross section. 

The neutron beam incident upon the target was 
divided into energy groups indicated by regions I, 
II, and III in Fig. 3. All neutrons in each of these 
groups were assigned the single median energy of that 
group. The various reaction probabilities upon the 
first interaction were calculated by using cross-section 
values appropriate to each group. Neutrons which 
underwent (n,a) reactions contributed nothing to the 
Mn activation. For each (endothermic) (n,2n) reaction 
two low-energy neutrons were assumed to enter the 
activation chamber, while each scattered neutron 
either entered the activation chamber or became the 

*G. Fischer, Ph.D. Dissertation, State University of Iowa 


(unpublished); available through University Microfilms, Ann 
Arbor, Michigan 
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source of second- or third-order interactions. The 
singly scattered neutrons were assumed to remain in 
their previous energy group or enter lower energy 
groups according to probabilities calculated using the 
differential scattering data of Meier and Ricamo.” 
Each scattered-neutron group was assigned a weighted 
path for emergence from the target. 

The effect of second interactions at the new energies 
was calculated as for the first interaction except that 
simple escape into the activation chamber was now 
another possibility. Since many neutrons have escaped 
from the target after the first and second interaction 
and since the probability of an (m,2n) reaction is 
considerably reduced for the energy-degraded twice- 
scattered neutrons (Fig. 4), the effect of the third inter- 
action is quite small. For this reason the effect of the 
third interaction was calculated as was that for the 
second interaction, but with some simplifying assump- 
tions. No higher order interactions were considered. 

The results of the multiple-collision analyses for 
the two higher energy ports are indicated by triangles 
in Fig. 4. The agreement of the single-interaction and 
multiple-collision results is largely a fortuitous result 
of the choice of the single neutron energy for which 
the single-interaction results at each beam port were 
calculated. Single-interaction calculations for a beam 
divided into the three energy intervals of the multiple- 
collision analysis (Fig. 3) results in an activation ratio 
I(Be)/I(C) which is approximately 12% too low for 
the 0° port and 7% too low for the 54° port. 


V. CONCLUSIONS 


It may be seen from Fig. 4 that there is no peak in 
a(n,2n) of Be® corresponding to the peak in the total 
neutron cross section of this element. Instead, the 
(n,2n) cross-section curve rises rapidly above approxi- 
mately E,=2.7 Mev. The threshold for this reaction is 
2.7 Mev if the reaction proceeds by an inelastic interac- 
tion which leaves the excited Be* nucleus in the prom- 
inent 2.43-Mev level before the breakup which yields 
the second neutron (Fig. 1). Thus, the results of this 
experiment indicate that this mechanism, which was 
first suggested by Fowler, Hanna, and Owen,' provides 
the major contribution to the yield of the (n,2n) 
reaction over the energy region studied. 

The results presented here represent the practical 
limit of the range of neutron energies available from 
the Cockcroft-Walton accelerator which was used. 
An extension of these measurements beyond the present 
range should produce a curve for ¢(n,2n) which does 
not exceed the value of o;, measured at E,=4.0 Mev 
by Beyster et al.,"" This point is shown in Fig. 4 of this 
paper. The straight line through the experimental 
points in Fig. 4 represents merely a smooth fit to these 


 R. Meier and R. Ricamo, Helv. Phys. Acta 26, 430 (1953). 
4 Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955). 
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points. An experimental uncertainty of the magnitude 
of the differences of the separate measurements at 
each energy should be added to the statistical uncertain- 
ties shown in that figure. 
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Nuclear Energy Levels in Mn°°t 


M. Mazari,* A. Sperputo, AND W. W. BuECHNER 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 17, 1957) 


Inelastically scattered protons from manganese targets bombarded with protons from an electrostatic 
accelerator have been studied with the high-resolution magnetic spectrograph. Forty-three excited states 
in Mn® have been established in the region between the ground state and 4.0 Mev. The first five of these 


levels are at 0.127, 0.983, 1.289, 1.527, and 1.884 M 


HIS report describes the results of an investiga- 

tion of the excited states of the nucleus Mn", 
carried out through studies of inelastically scattered 
protons. For this work, thin targets of manganese were 
prepared by evaporation of high-purity metal from a 
tungsten boat onto thin Formvar films. These targets 
were bombarded by the proton beam from the MIT- 
ONR electrostatic accelerator, and the charged-particle 
groups resulting from this bombardment were analyzed 
with the broad-range spectrograph. This equipment and 
details of the experimental procedure have been de- 
scribed in previous publications.’* 

Natural manganese consists entirely of the mass 55 
isotope so that the analysis of the charged-particle 
groups observed was relatively simple. However, the 
proton spectrum was sufficiently complex so that 
measurements at various incident proton energies and 
at various angles were necessary to study various por- 
tions of the spectrum in detail. Observations were made 
with incident proton energies of 6.51, 6.77, 7.03, and 
7.45 Mev and at angles of observation of 50, 90, and 
130 degrees. Figure 1 shows a typical spectrum taken 
at 50 degrees with an incident energy of 7.03 Mev. 
Groups associated with elastic scattering from the 
various nuclei present in the target are identified by 
their chemical symbols. The variation of energy of these 
groups with angle of observation and incident proton 


t This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* On leave from the National University of Mexico. 

1 Buechner, Braams, and Sperduto, Phys. Rev. 100, 1387 (1955) 

2 Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956). 

3C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 


ev 


energy showed that, aside from the protons from elastic 
scattering from the tungsten, chlorine, sulfur, oxygen, 
nitrogen, carbon, and hydrogen impurities in the target, 
all the other peaks in the figure were from manganese. 
A group from the first excited state of S®” is coincident 
with group (9) from manganese at this energy and angle. 
Measurements at other angles and incident energies 
showed that, aside from group (1) in the figure, associ 
ated with an excited state at 0.127 Mev, there were 
none associated with manganese between the elastically 
scattered one and the one labeled (2) in the figure, 
which corresponds to an excited state in Mn®™ at 0.983 


TABLE I. Energy levels of Mn® from the Mn**(p,p’) reaction 


ie ie ee 


Excitation energy 


ev) 


0.127 40,005 
0.983 +-0.005 
1.289+-0.005 
1.5274-0.005 
1.884+4-0.005 
2.197 4-0.005 
2.2524-0.005 
2.2664.0.006 
2.288 +-0.006 
2.3114-0.006 
2.365+0.006 
2.397 +0.006 
2.4264-0.006 
2.5644.0.006 
2.727 4-0.006 
2.751 +0.006 
2.823 40.006 
2.8744-0.006 
2.953 4-0.006 
2.976+0.006 
2.991 40.006 
3.005 +0.006 


Excitation energy 
(Mev) 


3,037 +-0.006 
3.081 40.006 
$.1244-0.006 
3.158+4-0.006 
3.195+4-0.006 
3.263 40.006 
3.3404+-0.010 
3.35140.010 
3.3714-0.010 
$.378+0.010 
3.424+4-0.00% 
3.529+4-0.008 
3.587 4-0.008 
3.607 +-0.008 
$.666+-0.008 
3.706-4-0.008 
3.755+0.010 
3.77640.010 
3.8324-0.010 
$.46240.010 
$.93240.010 
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Mev. In addition to the inelastically scattered protons, 
a number of low-intensity alpha-particle groups were 
observed. These were identified as originating in the 
Mn (pa)Cr® reaction and were investigated in a 
separate study, the results of which have been reported.‘ 

The results of the present investigation are summar- 
ized in Table I. Except for the five highest energy levels, 
for which the results are based on two independent 
observations, all the groups were observed in at least 
three different bombardments, and the results listed 
are the mean values of all the observations. Except for 


bad ef di | 
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* Mazari, Buechner, and Sperduto, Phys. Rev 107, 1383 (1957). 





NUCLEAR 


a few of the weaker groups, the deviations of the in- 
dividual values from the ones listed were less than 5 
kilovolts, although for group (29) there was a deviation 
of 8 kilovolts among the three observations on this 
group. Four of the observed peaks, (23), (28), (34), 
and (36), were wider than their neighbors in the spectra. 
It is probable that these groups consist of unresolved 
components, but no attempt was made in this work to 
use the smaller slit openings and thinner targets that 
would have been required for higher resolution. An 
energy-level diagram for Mn® is shown in Fig. 2. It is 
interesting to note the qualitative similarity of the 
level scheme of Mn®* with those of other nuclei in the 
same mass region.':> In Mn, as well as in V"™ and Co™, 
the other nuclei which have been carefully investigated, 
there are a relatively small number of levels between the 
ground state and approximately 2 Mev, and these are 
strongly excited in inelastic proton scattering, while 
above 2 Mev there is a very large number of levels 
that are only weakly excited. 

Much of the previous work on Mn°*® has been sum- 
marized in the tabulations of Way el al.6 The work 
most directly comparable with the present is that of 
Hausman e/ al.’ who also studied inelastic proton 
scattering from manganese using an 8-Mev proton 
beam, the observations being made at 150 degrees. 
These workers reported levels at 0.13, 1.00, 1.30, 1.56, 
and 1.91 Mev, as well as ten other approximately 


equally spaced levels in the region up to 3.64 Mev. No 
detailed comparison is possible between the results for 
these higher excited states because of the limited 
resolution in the work of Hausman and his collaborators. 
There is good correspondence for the positions of the 
first five excited states, although these earlier results 


5 Mazari, Sperduto, and Buechner, Phys. Rev. 107, 365 (1957). 

® Nuclear Level Schemes, A=40 to A=92, compiled by Way, 
King, McGinnis, and van Lieshout, U. S. Atomic Energy Report 
TID-—5300 (U.S. Government Printing Office, Washington, D. C., 
1955). 

7 Hausman, Allen, Arthur, Bender, and McDole, Phys 
88, 1296 (1952) 
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are consistently higher than those reported here. Similar 
discrepancies have been found between the results of 
Hausman and those from this laboratory in the case 
of vanadium,!' chromium,‘ and aluminum." 

Other results from studies of inelastically scattered 
particles are in good agreement with those presented 
here. Windham ef al.,° from studies of inelastically 
scattered protons, have reported a value of 0,128 
+0.007 Mev for the first excited state. Inelastically 
scattered neutron groups have been reported by Cran 
berg and Levin" to correspond with levels in Mn°®® at 
0.98, 1.29, and 1.53 Mev. 

Other information regarding the excited states of 
manganese has been obtained from studies of the gamma 
radiations emitted under particle bombardment. A 
large number of workers have found a 0.128-Mev 
gamma ray resulting from proton, alpha-particle, and 
neutron bombardment of manganese targets. Higher 
energy gamma rays have also been reported from several 
investigations of inelastic neutron scattering.’ '* These 
gamma rays have energies that correspond to various 
energy differences that can be found among the levels 
measured in the present work, This correspondence is 
not a check on the values, how 
ever, because of the larger errors in 


sensitive present 


the gamma-ray 
measurements. 
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Coulomb Excitation of Krypton 
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Using isotopically enriched samples, we have observed gamma-ray transitions in krypton from Coulomb 
excitation by 6.6- and 6.1-Mev alpha particles. The following energies were obtained for the first excited 
2* states; Kr™*, 450 kev; Kr™, 620 kev; Kr™, 780 kev; and Kr®™, 880 kev. No gamma radiation was observed 


for Kr™ 


INTRODUCTION 


PREVIOUS investigation of Coulomb excitation 

in medium weight nuclei’ included results on 
gamma rays observed in natural krypton. A tentative 
isotopic assignment was given for these gamma rays 
from known energies of first excited states in two of 
the even-even isotopes of krypton and from the sys- 
tematics of first excited states for nuclei in this region. 
With several enriched samples of krypton gas available, 
in particular one sample with a 30-fold enrichment of 
Kr’*, it seemed desirable to make further observations 
to check our earlier assignments and to determine if 
possible the energy of the first 2* level in Kr’*. 


RESULTS 


The gas samples of krypton, enriched in the lighter 
isotopes, were prepared in the Yale thermal diffusion 
apparatus.’ These samples were bombarded by 6.1- and 
6.6-Mev alpha particles using a gas cell separated from 
the main vacuum by a thin nickel foil (~400 kev thick). 
Observations were made at 90° to the alpha particle 
beam direction with a 2 in.X2 in. Nal detector. A 40- 
channel device’ was used for gamma-ray spectrum 
analysis. 

TABLE I. Coulomb excitation results for the even-even isotopes 
of krypton. Listed below are: isotope, transition energy E,* in 
kev, abundance of isotope in percent and relative gamma-ray 
yield (corrected to 100%) — abundance) for samples 1, 2, 


and normal Kr, the reduced £2 transition probability B(22) in 
units 10°“ cm‘e (normalized to 0.15 for Kr™) 


Normal Kr 
Yield 


Sample 2 
Yield % A 


15250 0.35 
5080 = 2.3 
1380 11.5 

11.5 
56.9 710 
17.4 


Ey ‘ Sample 1 
GA Vield YA 


10.7 14700 1.0 
37.9 4940 13.1 
32.6 1290 38.4 
Kr® 8.8 17.3 
Kr® 880 97 29.6 
Kr* 0.2 0.7 


Isotope (kev) 
wKr™ 450 


Kr® 620 
Kr® 780 


4970 
1310 


1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 

* We are grateful to Professor W. W. Watson and the members 
of the thermal diffusion group at Yale University for making these 
samples available to us 

+E. J. Cook and G. F. Pieper, Phys. Rev. 98, 1154 (1955); 
Schultz, Pieper, and Rosler, Rev. Sci. Instr. 27, 437 (1956) 


Two gas samples were available with isotopic com- 
positions as given in Table I. The gamma-ray spectra 
for the two enriched samples and for natural krypton 
are shown in Figs. 1, 2, and 3. These were taken with a 
bombarding energy of 6.6 Mev. The energies and iso- 
topic assignments are given for each of the four ob- 
served peaks. The photopeaks at 450 kev, 620 kev, 
780 kev, and 880 kev are assigned to Kr7*, Kr®, Kr®, 
and Kr™, respectively, on the basis of the variation of 
the relative yields of these peaks for the three gas 
samples. Our gamma-ray yields are only relative be- 
cause of difficulties in measuring the beam current for 
thick gas targets. These relative yields are given in 
Table I. We have also given in the table values for the 
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Fic. 1. Gamma-ray spectrum for krypton sample number 1. 
The abundances of the krypton isotopes are given. The photopeak 
energies and isotopic assignments are specified. 
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Fic. 2, Gamma-ray spectrum for krypton sample number 2 
The abundances of the krypton isotopes are given. The photopeak 
energies and isotopic assignments are specified 


reduced transition probabilities B(/2), these are again 
only relative and were normalized to have about the 
same range of values as observed in neighboring nuclei.' 
The results obtained at a bombarding energy of 6.1 
Mev were consistent with those observed at 6.6 Mev. 

The gamma-ray assignments we had previously given 
for Kr®, Kr®, and Kr®™ have been confirmed in the 
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Fic. 3. Gamma-ray spectrum for natural krypton. The normal 


isotopic abundances are given. The photopeak energies and iso 
topic assignments are specified 


present results. The previous assignment of the 450 
kev gamma ray to Kr™ was incorrect and it is now 
definitely shown to be due to Kr7*. Because of the large 
yield of this gamma ray, it is possible to observe it in 
natural krypton where Kr’* has an abundance of only 
0.35%. We have no evidence for gamma-ray transitions 
from the odd-A isotope Kr™, 
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New 20-Hour Electron-Capturing Rhenium Isotope, Re'*! t 
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A new 2042 hour electron-capturing rhenium isotope has been investigated. A mass assignment to Re!*! 
is made from the energy threshold for its production by alpha-particle bombardment of Ta'* and by the 
chemical separation and identification of its radioactive daughter, W'*'. A very prominent 365.5-kev transi 
tion is observed in the gamma-ray and electron spectra. It is deduced from the 365.5-kev gamma to K x-ray 
intensity ratio that more than 80% of the electron capture populates the level at 365.54+0.2 kev above 


/0 


the ground state, This level apparently decays directly to ground by a delayed M2 transition, and is be 
lieved to be the same 14-microsecond isomer observed by others from a (y,m) reaction on W'®, 
A possible interpretation of the 365.5-kev transition in terms of the odd-neutron states of a spheroidal! well 


is given 


URING an investigation of neutron-deficient 

rhenium isotopes' produced by 48-Mev alpha 
particles on tantalum, a very prominent 365.5+-0.2-kev 
gamma-ray transition was observed which decayed with 
an approximately 20-hour half-life. Since a 17-hour 
activity had been observed when bombarding with 
alpha-particle energies above 40 Mev in a stacked- 
tantalum-foil excitation function,’ and since no isotope 
Re'™ had been previously reported,’ we assigned the 
activity to the electron-capture decay of a new isotope, 
Re'™, The 365.5-kev gamma associated with this decay 
is then a transition in W'", 

To verify this assignment two experiments were done. 
The first consisted of two stacked-foil excitation func- 
tions obtained by bombarding a stack of 0.001-inch 
tantalum (99.98% pure) with a very low-intensity beam 
of alpha particles in the Berkeley 60-inch cyclotron. 

In the first experiment the foils were counted directly 
in a sodium iodide counter with a 50-channel differentia! 
pulse-height analyzer. The intensity of the 365.5-kev 
gamma ray in each foil was then plotted against the 
mean energy of the alpha-particle beam in each foil to 
give a rough excitation function. The threshold energy 
was approximately 33 Mev, and the curve was still 
rising at the full energy of the cyclotron, ~48 Mev. 
This threshold and the shape of the curve clearly must 
correspond to a Ta'*'(a,4n)Re' reaction. The excita 
tion function is illustrated in Fig. 1. 

The second stacked-foil bombardment was used to 
determine the half-life of the isotope. Much greater 
activities were produced, and carrier-free chemical 
separation to obtain pure rhenium was performed* on 
the first foil. ‘ihe decay of the 365.5-kev transition was 
followed in a double-focusing beta-ray spectrometer at 


t This work was done under the auspices of the U. S. Atomi 
Energy Commission. 

! Thulin, Rasmussen, Gallagher, Smith, and Hollander, Phys. 
Rev. 104, 471 (1956). 

*M. Sweeney and J. O. Rasmussen, Chemistry Division Quar- 
terly Report, University of California Radiation Laboratory 
Report UCRL-2932, 1955 (unpublished). 

* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

‘ Giles, Garrison, and Hamilton, J. Chem. Phys. 18, 995 (1950). 


0.3% resolution and on the previously mentioned 50- 
channel gamma analyzer. The results obtained by the 
two methods were in good agreement. The half-life 
determined was 20+2 hours. The Ly and Ly, lines 
were observed in very, very weak intensity. 

The second experiment was conducted several weeks 
after the second bombardment. Tungsten carrier was 
added to the previously separated pure rhenium ac- 
tivity. WO; was precipitated and the precipitate was 
gamma-analyzed. A single peak was observed at the 
energy of tantalum K x-rays. Since W'*', the only radio- 
active tungsten isotope in this region, has been observed 
to decay almost entirely to the ground state of Ta'*!,° 
and since the long-lived rhenium isotopes exhibit com- 
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Fic. 1. Excitation function (in arbitrary units of a) for the 
Ta (a,4n)Re!™ reaction. Emax indicates the maximum alpha 
particle energy produced by the cyclotron. The function was 
determined from the relative intensity of the 365.5-kev gamma ray 
in a series of 0.001-inch foils. 


’ Cork, Nester, LeBlanc, and Brice, Phys. Rev. 92, 119 (1953); 
Bisi, Ferrani, and Zappa, Nuovo cimento 1, 651 (1955), and 3, 
661 (1956); Derbrunner, Heer, Kiindig, and Riietschi, Helv, 
Phys. Acta 29, 235 (1956). 
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plex gamma spectra,' we feel that this experiment fur- 
ther established the activity first observed as Re'*. The 
half-life of the K x-ray peak is in agreement with the 
120-day half-life reported for the W'"', but we have 
not followed it for a long enough period to verify this 
value. 

The Re'* as ordinarily produced is mixed with both 
Re!* isomers and the long-lived Re'™.° By bombarding 
a stack of 0.001-inch tantalum foils we produced iso- 
topes in different abundances in each foil. The different 
ratio of intensities of the various transitions in each 
foil allowed us to set a lower limit on the 365.5-kev to 
total electron-capture decay ratio. If we assume a total 
electron capture decay energy of ~1.0 Mev, which is 
in agreement with Coryell’s beta decay-energy sys- 
tematics,® we calculate an 1;/K capture ratio of ~0.17 
to the 365.5-kev state. Using our K x-ray to 365.5-kev 
gamma ratio of calculate that more than 
80% of the electron capture goes to this state. To 
obtain this limit it was assumed that no decay occurs 
to this state from higher energy states. This limit is 
rendered somewhat uncertain by the presence of other 
weaker gamma transitions in Re'*! decay. We calculate 
from the above intensity limits and decay energy esti- 
mate that the log /t value for decay to the 365.5-kev state 
is of the order of 6. 

Dr. D. Strominger performed coincidence studies on 
the Re'*', using fast-slow coincidence pulse-analysis 
apparatus. He observed no coincidences between the 
365.5-kev gamma and K x-rays, and from this result 
it was concluded that the half-life of the state giving 
rise to this gamma ray is greater than 1077 sec.’ 

Recent studies of short-lived isomers produced by 
betatron excitation of natural tungsten*’ have revealed 
a 366-kev gamma transition with a half-life of 14.4 
10~* sec. The transition was reported’ to have a 
K-conversion coefficient of 0.30+-0.03. These workers 
assigned the transition to W'*!, Our work confirms this 


~1.7, we 


assignment, since the isomer is formed in decay of 
Re'™', Bureau and Hammer’ suggest that the multi 
polarity of the 366-kev transition, as determined by 
their absolute conversion coefficient, agrees with either 
a 28% E1-72% M2 or 65% M2-35% E3 mixture. 
From the very low intensity of the Ly; and Ly con- 
version electrons relative to the 1; we can rule out the 
M2-E3 assignment. Their mixing ratio was calculated 
by using Rose’s theoretical conversion coefficients, 


®*C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 305 

7D. Strominger (unpublished data, 1956) 

*S. H. Vegors, Jr., and P. Axel, Phys. Rev. 101, 1067 (1956) ; 
Stewart, Bureau, and Hammer, Bull. Am. Phys. Soc, Ser. II, 1, 
206 (1956) ; also private communication to I, Perlman by P. Axel, 
S. H. Vegors, Jr., and R. B. Duffield of a list of (y7,m) reactions 
(as of September, 1956) producing metastable states in excited 
nuclei. 

9A. J. Bureau and C. L. Hammer, Phys. Rev, 105, 1006 (1957) 

1M. E. Rose (privately circulated tables). Also (with G. H. 
Goertzel) in Beta- and Gamma-Ray Spectroscopy, edited by 
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which are now generally considered to be too high 
because of the neglect of a correction for finite nuclear 
size. Using Sliv’s!' K-shell internal-conversion coeffi- 
cients and their same conversion coefficient of 0.30, 
we recalculate the mixture to be 149% E1-86% M2. 
Furthermore, the experimental limits of error given by 
Bureau and eliminate a pure M2 
assignment. 

Bureau and Hammer also advance an explanation of 
the isomeric W'*' state in terms of nucleon states in a 
spheroidal well as calculated by Nilsson.” They suggest 
that the transition observed corresponds to a transition 
between two Nilsson odd-neutron states, 7/2 , 
9/2+-, the predominant M2 character resulting from a 
high degree of cancellation of #1 transition matrix 
elements for the Nilsson states in question. Although 
retardation from single-particle formula rates" occurs 
generally for low-energy £1 transitions, the retardation 
(granting Fl admixture of 14% here) of about 10” 
would be exceptionally large for #1 transitions not 
K-forbidden, retardations of 10*-10° being the general 
rule.“ These lifetime considerations strengthen our 


Hammer do not 


alternative assignment of pure M2 character to the 
isomeric transition. The M2 transition is retarded by 
a factor of about 700. 

Consideration of the Nilsson diagram for neutron 
states also shows a nearby 5/2— state which would 
give rise to a pure M2 transition to the 9/2+ ground 
state in W'*!, and we favor this state assignment for 
the isomer, 

Another test of the assignment of the isomeric state 
can perhaps be obtained from the Re! studies by using 
the log/t of ~6 for electron capture to the 365.5-kev 
state. This test is a consequence of the asymptotic 
rules proposed by 


quantum-number  beta-selection 


Alaga.’® If we postulate that the 5/2+ odd-proton 
ground state, proposed for Re'™,' Re!*®,!® and Re!*7,!¢ is 
also the ground state of Re'"', then decay to the 7/2 

state proposed by Bureau and Hammer should theo 
retically exhibit a larger log/t value then decay to the 
5/2— state, since for electron capture to these states 
the 5/2+ — 7/2- 


hindered, while the 5/2+ — 5/2 


beta transition is first-forbidden, 
transition is first 
forbidden, unhindered, The estimated log/t value of 
~6 is in better agreement with the latter 


K. Siegbahn (Interscience Publishers, Inc., New York, 1955) 
Appendix IV, p. 905 

"LA. Sliv (privately circulated tables) 

45S. G. Nilsson, Kgl. Danske Videnskab 
Medd. 29, No. 16 (1955). 

S. A. Moszkowski, in Bela- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. XIII, p. 391 

4 ]), Strominger and J. O. Rasmussen, Nuclear Phys. 3, 197 
(1957) 

© G. Alaga, Phys. Rev. 100, 432 (1955). 

1° B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 

1955) 
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110 GALLAGHER, 

We have observed some additional weaker gamma 
transitions which may be associated with the decay of 
Ke'", but because of the complexity of the gamma spec- 
tra of the Re'* isomers with similar half-lives, the iso- 
tope assignment of the weaker transitions in our 


samples is somewhat uncertain, 
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Energy and Angular Distributions of Neutrons from the Interaction 
of 14.1-Mev Neutrons with Zirconium* 


Se Hee Aunt anv J. H. Roperrts 
Department of Physics, Northwestern University, Evanston, Illinois 
(Received June 24, 1957) 


Ihe distributions in energy and angle of the neutrons emitted from the interaction of 14.1-Mev neutrons 
with zirconium have been obtained by using nuclear emulsion plates as detectors. The energy distribution 
of the low-energy nonelastic neutrons is Maxwellian. The angular distribution of the low-energy nonelastic 


neutrons (0.5-4.0 Mev) 


is found to be isotropic; whereas, that of the high-energy nonelastic neutrons 


4.0 12.0 Mey) is peaked in the forward direction. The significance of these results in terms of the statistical 


model of the nucleus is discussed 


I, INTRODUCTION 


HE main object of this experiment is to test the 
validity of the compound-nucleus concept—and 
particularly the statistical model--by measuring the 
distributions in energy and angle of neutrons emitted 
in the nonelastic interaction of 14.1-Mev neutrons with 
natural zirconium. The differential cross sections at 
several angles for elastic scattering are also obtained 
in this experiment 
None of previous experiments agrees completely 
with any one of the present models of the nucleus. 
The results of this experiment indicate that the 
compound-nucleus model seems to apply to at least 80% 
of the nonelastic interactions. These results are quite 
similar to the results for Ta and Bi obtained by Rosen 


and Stewart! 


Il. EXPERIMENTAL PROCEDURE 


The experiment was performed by measuring the 
recoil proton tracks in nuclear emulsions. The tracks 


were obtained by exposing 200-micron Ilford C-2 
emulsion plates to neutrons emitted from zirconium 
due to its interaction with the 14.1-Mev neutron beam 
obtained from the reaction H®(d,n) Het in the Cockcroft- 
Walton generator at the Los Alamos Scientific Labor 
atory. The zirconium scatterer is of natural isotopic 
abundance and is in the form of a cylinder 1} inches long 
and 1} inches in diameter. The scatterer was oriented so 
that its axis of symmetry coincided with the collimator 

* Work supported by the U. S. Atomic Energy Commission 
through Argonne National Laboratory subcontract 

t On leave from Yonsei University, Seoul, Korea 

'L. Rosen and L. Stewart, Phys. Rev. 107, 824 (1957) 


axis. The background was evaluated by making an 
irradiation with the scatterer removed. The iron 
collimator, which was developed by Rosen! and his 
group, was used. The plates were arranged around the 
periphery of a circle whose center coincided with the 
center of the scatterer. The details of tracks measure- 
ment and analysis are given by Rosen.’ 


Ill. ANALYSIS 


The cross section ¢(£,6) for the emission of neutrons 
between energies E and E+-dE at angle 6 is determined 
from: 

Prnzo(EP)V 2, 
KF (EP)dkE= dk, (1) 


2 
(7 ) iy 


where F(E,6)dE=neutron flux at the scattering angle 
6, PF =average primary neutron flux on the scatterer 
allowing for attenuation, mz,=number of nuclei per 
cm in the zirconium scatterer, Vz,= volume of zircon- 
ium scatterer, and (r’),=average for the square of the 
distance from the center of the scatterer to the center 
of the scanned area. Here, the average primary neutron 
flux on the scatterer with length x is given by 


& Fo z 1 —¢ o'nZrr 
RP Biel nbrtd x . Fo (2) 
x Jy o Nap 


where o’ is equated to the total cross section in evaluat- 


2 L. Rosen, Nucleonics 11, No. 7, 32, and No. 8, 38 (1953) 

* Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintentent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955). 
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ing the elastic scattering and to the transport cross 
section in evaluating the nonelastic scattering, and 
Fo is the neutron flux incident on the front face of the 
scatterer which is determined by counting the alpha 
particles from the H*(d,x)He‘ reaction. 

The neutron flux at the detector is calculated from: 


dy 1 V,(E,) 
F(E)dE= dE, (3) 
Q oy p(E)ny4 (cosy) ay Pil) v. 


where {2=solid angle of acceptance of proton recoils, 
on-p(E)=n-p scattering cross section at energy E, 
ny=number of hydrogen atoms per cm* in emulsion, 
(COSY) = average value of cosine of proton scattering 
angle, P(/)=probability that a track of length / 
will end within the emulsion layer, V,(/,0)=number 
of proton recoils between energies E and E+dE at 
angle 0, and V,=emulsion volume scanned. 

In addition to the calculation of Eq. (3), corrections 
such as attenuation, m-charged particle reactions, and 
multiple scattering were made. These corrections are 
discussed by Rosen and Stewart.' These corrections do 
not affect any qualitative property of neutron emission. 


IV. RESULTS AND DISCUSSION 


According to the statistical model of the nucleus,‘ 
the number of emitted neutrons having energies 
between E and E+dE, N(E), may be represented by 


N(E)dE=const E exp(—E/T)dE, (4) 


where 7 represents a nuclear temperature expressed 
in a unit of energy. This Maxwellian energy distribution 
in the low-energy region for various elements was 
already obtained by several people such as Stelson and 
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*V. Weisskopf, Phys. Rev. 52, 295 (1937). 
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Fic. 2, Relation of Inf N(2)/E) vs E for Zr. A straight line is drawn 
according to a least-squares fit using data from 0.5 to 4.5 Mev 


Goodman,*® Whitmore and Dennis,® Graves and Rosen,’ 
and O’Neill.* Figure 1 is the energy distribution for 
all energies, and Fig. 2 shows that the low-energy 
group from 0.5 to 4.0 Mev of the energy distribution 
satisfies the Maxwellian relation of Eq. (4), in our 
experiment. Here, the apparent nuclear temperature 
can be obtained (Table I). In fact, (n,2n) reactions 
have a marked effect on the apparent nuclear tempera- 
ture deduced from the energy distribution. In order to 
obtain the nuclear temperature for Zr corresponding 
to the evaporation of the first neutron from the com 
pound nucleus, Lang and Le Couteur’s method’ 


was used. If one assumes that two neutrons can be 


emitted in succession while the nuclear temperature 
drops as the square root of excitation energy, the 
resultant energy distribution is 


12 
N(h)dk=constk*" exp( 
Bg 


ABLE 1. Nuclear temperatures in Mey for natural zirconium 


Apparent, 7 Firet neutron, 7; Second neutron, 7s 


0.744-0.09 0.99+0.12 0.57 40.07 
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Cross sections in barns for 14.1-Meyv 
neutrons on zirconium 


Tassie Il 


Onn Gn. Cnr Cur 


0.4140.09 0.61+0.10 1.0+0,2 1.6+0.3 


Here, the value of nuclear temperature 7); corresponding 
to the evaporation of the first neutron can be obtained 
(Table 1). The nuclear temperature 7, corresponding 
to the evaporation of the second neutron can be 
obtained, after the first neutron contribution has been 
subtracted, by assuming the energy distribution is 
represented by Eq. (4) (Table 1). 
Let the nonelastic cross section be defined by 

J non On, n' TOn,2n;5 
then 

Tomi = On, n't 26 n, 2 


will give the cross section for emission of nonelasti« 
neutrons, These cross sections, given in ‘Table II, are 
obtained under the assumptions that the Maxwellian 
energy distribution can be extended to zero energy, 
and that an (n,2n)-reaction is realized only when the 
energy of the first neutron is low enough to make the 
emission of the second neutron possible 
( In comparing our results for Zr with the results for 
Ta and Bi obtained by Rosen and Stewart.’ o(n,n’) 
is relatively large and o(n,2n) is small. These can be 
explained by the fact that Zr includes an isotope Zr” 
which has a neutron number corresponding to a magic 
number and an especially high binding energy. Paul and 
Clarke" obtained o(n,2n)=478 mb for Zr®, which is 
especially smaller than the corresponding cross sections 
for the neighboring elements, by a calculation using the 
formula for o(n,2n) developed by Blatt and Weisskopf." 
Their experimental value was, however, o(n,2n) 279.8 
mb for Zr™. 

Since the energy distribution is Maxwellian up to 
t Mev and attributable to elastic scattering above 
12 Mev, the scattered neutrons have been divided into 
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Fic. 3. Angular distribution of the nonelastic neutrons from 
the interaction of 14.1-Mev neutrons with Zr in the low-energy 
region from 0.5 to 4.0 Mev. 6 is the scattering angle in the center 


ot-mass system 


“ £. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953 
2 J, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. 8, Sec. 6 


J. H. ROBERTS 
three groups in describing the angular distribution of 
scattered neutrons. They are (1) the group from 0.5 
to 4.0 Mev, (2) the group from 4.0 to 12.0 Mev, and 
(3) the group higher than 12.0 Mev. 

The angular distribution of neutrons from 0.5 to 
4.0 Mev is isotropic within the statistical accuracy of 
the experiment (Fig. 3). O’Neill showed that the 
angular distribution of low-energy neutrons emitted 
from the interaction of neutrons as a result of the 
reaction H*(d,n)He* with Pb, by time-of-flight measure- 
ments at two angles, is isotropic. Rosen and Stewart! 
recently obtained an isotropic angular distribution in 
the low-energy region for Ta and Bi by the nuclear 
emulsion method. 

Thomas" pointed out that it is a common misconcep- 
tion that the theory of the compound nucleus alone 
can explain the isotropic angular distribution. Wolfen- 
stein,'* and Hauser and Feshbach'® proved that the 
theory of the compound nucleus leads only to an 
angular distribution symmetric with respect to a 
plane perpendicular to beam direction when averaged 
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Fic. 4. Angular distribution of the nonelastic neutrons from 
the interaction of 1.41-Mev neutrons with Zr in the high-energy 
region from 4.0 to 12.0 Mev. @ is the scattering angle in the 
center-of-mass system 


over a sufficient number of resonance levels. These 
authors also showed that for isotropy it must be 
assumed that the energy levels of the compound nucleus 
and residual nucleus are sufficiently dense and have a 
dependence on their respective spin J which is propor- 
tional to 2/+1 for the range of J values that can 
participate. The fact that the angular distribution from 
0.5 to 4.0 Mev is not only symmetric about 90° but 
also isotropic shows that these theoretical conditions 
for isotropy are justifiable. 

The angular distribution from 0.4 to 12.0 Mev is 
peaked in the forward direction (Fig. 4). Of course, the 
angular distribution of this group which is neither 
isotropic nor symmetric about 90° cannot be attributed 
to compound-nucleus formation, but must instead be 
related to direct or nucleon-nucleon interaction. The 
portion of isotropic distribution in the group from 4.0 
to 12.0 Mev may belong to the tail of the Maxwellian 


3 R. G. Thomas, Phys. Rev. 97, 224 (1955 
“L. Wolfenstein, Phys. Rev. 82, 690 (1951). 
‘SW. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 





ENERGY AND ANGULAR 
energy distribution which describes the low energy. 
The result of this experiment indicates that compound- 
nucleus formation applies to at least 80°, of the 
nonelastic interactions. 

Recently Weisskopf'® proposed a more general 
scheme for the description of nuclear reactions. Instead 
of the two-stage Bohr description, he divided the 
nuclear reaction in three successive stages, the inde- 
pendent stage, the compound-system stage, and the 
final stage. He also pointed out that we face a varied 
range of phenomena in the second stage of his model, 
which can be grouped in the two extremes, direct 
interaction and formation of real compound nucleus. 

‘Table III shows the elastic differential cross sections 
at several angles. The angular resolution for each 
point is +8°, 


16 V. F. Weisskopf, Revs. Modern Phys. 29, 174 (1957) 
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PABLE ITI. Elastic differential cross sections in barns per steradian 


at several angles in the center-of-mass system 


0 50 


1.25 0.354-0.04 0.025+4-0.008 
0 90 120 
0.018-+0,007 


0.014-4+-0.006 0.010-+-0.006 
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Rotational Spectrum of Tm'’'t 


E. N. Hatcu* anp F. Boerum 
California Institute of Technology, Pasadena, California 
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The gamma rays emitted from Tm!” following the Er'” beta decay have been measured with the two 
meter curved-crystal spectrometer and a semicircular beta-ray spectrometer, enabling a comparison of the 
nuclear levels and rotational parameters for the Tm'” ground-state band with the corresponding levels 
and parameters of Tm'®,. The measured gamma rays have the following energies in kev: 5.064-0.05, 12.40 
+0.05, 111.634+0.02, 116.69+-0.03, 124.0340.03, 210.624-0.15, 284.94-0.7, 295.974.0.15, 308.3740.15 
In comparing the rotational parameters, a slight increase in the deformation of Tm'” over that of Tm! 
is noted. The relatively large change in the decoupling parameter (a= —0,8563) for Tm'” compared with 
that of Tm’ cannot be accounted for entirely by the small change in nuclear deformation. 


ECENT experimental studies' of the gamma-ray 
spectrum of Tm!” following the 7.8-hour Er'” 

beta decay have shown that the Tm’ nuclear level 
structure has striking similarity to that of Tm'. From 
the curves of odd-proton orbitals in a deformed nuclear 
potential given by Mottelson and Nilsson,’ both Tm!” 
and Tm!” could be expected to have K=} ground 
states since both of these odd-A nuclei contain 69 
protons. The anomalous rotational spectrum, character- 
istic of a K=4 ground state, has indeed been observed 
in the studies of nuclear levels in both isotopes.'* 

Since a precise determination of the energy levels in 
Tm'” had been carried out with the two-meter curved- 

t Supported by the U. S. Atomic Energy Commission 

* Present address: Brookhaven National Laboratory, Upton, 
New York. 

1S. D. Koitki and A. M. Koitki, Bull. Inst. Nuclear Sci. Boris 
Kidrich 6, 1 (1956); Cranston, Bunker, Mize, and Starner, Bull 
Am. Phys. Soc. Ser. II, 1, 389 (1956); S.A. E. Johansson, Phys 
Rev. 105, 189 (1957). 

2B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955) 

3 Nuclear Data Cards, edited by C. L. McGinnis (National 
Research Council, Washington, D. C.) 


crystal spectrometer at Caltech,‘ it was of interest to 
determine the energies of the corresponding levels in 
Tm! with the 
low-energy transitions of 5 and 12 kev were implied 
from the proposed Tm'” level scheme! but had not been 
observed so that a study of the low-energy internal 
conversion spectrum was also desirable. 

Approximately 10 mg of high-purity Er,O, (supplied 
by Johnson, Matthey and Company, Ltd., London), 
enclosed in a 0.015 in.X1 in. quartz capillary, was 


same instrument. In addition, two 


irradiated for 24 hours in the Materials Testing Reactor 
at Arco, Idaho,® to serve as the gamma-ray source for 
the curved-crystal spectrometer. A thin layer of the 
radioactive Er,O,; was evaporated in vacuum on an 
aluminized mica backing and represented the source for 
the low-energy beta-ray spectrometer, The semicircular 


* Hatch, Boehm, Marmier, and DuMond, Phys. Rev. 104, 745 
(1956) 

‘We are grateful to the staff of the MTR at Arco for their 
efficient cooperation in connection with the irradiation 
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Fic. 1. The upper curve represents the internal conversion spectrum of the erbium source from 2 to 12 kev observed 
with the semicircular spectrometer. The lower curve is obtained with the same source at a time when the 7.8-hr Er!” 
activity was decayed and brings to evidence the M and N conversion lines due to the 8.42-kev transition in Tm, 


beta-ray spectrometer® was operated with 0.8% reso- 
lution and was provided with a Geiger counter with a 
15-ug/cm? Formvar window. 

The internal conversion spectrum from 2 to 12 kev 
observed with the semicircular spectrometer is shown 
in Fig. 1. In this spectrum the M and J lines of the 
5.06- and 12.40-kev transitions are clearly seen. The 
M and N lines of the 8.42-kev transition’ in Tm'® 
following the nine-day beta decay from Er'™ are also 
present. A later run (lower curve) with the same source 
at a time when the 7.8-hour Er'” activity had decayed 
brings these conversion lines into evidence. 
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The energies and relative intensities of the gamma 
rays measured with the curved-crystal spectrometer are 
given in Table I.* The relative intensities of the 111.63-, 
116.69-, and 124.03-kev gamma rays agree within 
experimental errors with those of the corresponding 
transitions in Tm!®.* The energies of the Tm!” levels 
resulting from the present measurements, compared 
with the corresponding levels in Tm'®, are presented 
in Fig. 2. 

According to the collective model of the nucleus, 
the energy spacings of the levels in a K=} rotational 
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Fic, 2. Energy level scheme of Tm'” as compared with the level scheme of Tm'®. Energies are given in kev. 


*H. Henrikson, Special Technical Report No. 24, California Institute of Technology (unpublished) 
7 E. N. Hatch and F. Boehm, Bull. Am. Phys. Soc. Ser. II, 1, 390 (1956). 
* Preliminary results were reported previously by E. N. Hatch and F. Boehm, Bull. Am. Phys. Soc. Ser. IT, 2, 212 (1957). 





ROTATIONAL 


band are given by® 


E(1)= E©+ EX II +1)+a(—1)44+4)) 
+E {1(1+1)+a(—1)'4(7+4)p,  (D) 


where E(J) is the energy above ground state of the 
rotational level with spin J, E is a constant, E“ is 
the rotational splitting term h’/29, a is the decoupling 
parameter, and E® is the coefficient of the second- 
order term. 

When the measured energies for levels A, B, C, and 
D (Fig. 2) are substituted in Eq. (1), the parameters 
a, E™, and E® can be determined for the Tm!” K =} 
band. These parameters are compared with the corre- 
sponding ones obtained‘ for Tm'® in Table II. Level 


TABLE I. Tm!” gamma-ray energies and relative intensities. 


y-ray 
bs | energy relative 
kev) intensity 
5.064-0.05* 
12.40+-0.05* 
111.63+0.02 27 
116.69+0.03 ~S 
124.03 4.0.03 12 
210.6240.15 ~1 
284.9 +0.7 tee 
295.97 +0.15 42 
308.37 40.15 100 
8.42+0.05" 


Internal conversion data 


M,: Mu: Mur: My. y=3:1:1: <0.05 


* These transitions were measured with the semicircular #-ray spec 
trometer only. 
> Line in Tm!®, 


TABLE II. Rotational parameters of the K =4 band in 
Tm'® and Tm", 


Tmt 


11.631 kev 
+-0.02965 kev 
0.8563 


T'm' 


11.969 kev 
+-0.03389 kev 
—(),7680 


E is tentatively assigned spin and parity 9/2+ because 
of the close agreement of its measured energy (339.7 
kev) with the value (343.9 kev) obtained from Eq. (1) 
using the parameters of Table II for the 9/2 rotational 
level in the Tm’ K=4 band. The tentative M1 

%A. Bohr and B. R. Mottelson, in Beta~ and Gamma-Ray 


Spectroscopy, edited by K. Siegbahn (Interscience Publishers, 
Inc., New York, 1955), Chap. 17 


SPECTRUM OF 


Tm!?! 


O3 Deformation & 





Fic. 3. Theoretical and experimental values of the decoupling 
parameter a as a function of deformation for Tm'® and Tm!'?! 
The solid curve represents the theoretical values for a obtained 
by Mottelson and Nilsson.” 


assignment to the 210.62-kev transition is made for the 
same reason. The 5.06- and 12.40-kev transitions were 
identified as M1+ £2 on the basis of their conversion 
subshell ratios. The other multipole assignments indi- 
cated in Fig. 2 are those obtained by Cranston ef al.' 
An 85.35-kev transition P2, which has been reported 
as an 88-kev gamma ray by Johansson' was searched 
for at the outset of the measurements, but was not 
observed. 

As can be noted in Table II, the parameters 2“ 
and /£) for Tm!” show close agreement to those of 
Tm'®. The slightly lower values for Tm'”, which has 
two more neutrons than Tm!®, probably indicate a 
slight increase in the deformation of Tm!” accompanied 
by a slightly increased moment of inertia for the K=4 
band. In Fig. 3 is shown the theoretical values of the 
decoupling parameter a as a function of deformation 
as computed by Mottelson and Nilsson'® and compared 
with the experimental values from Table Ll. The 
decoupling parameter for Tm! is in agreement with 
the calculation, while that for Tm!” appears to be 
more negative than can be accounted for by the 
apparent slight increase in the deformation. 
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Elastic Scattering of 3.1-Mev Polarized Neutrons* 


B. M. McCormac,t M. F. Srever, C. D. Bonp,} anp F. L. Hererorp 
Department of Physics, University of Virginia, Charlottesville, Virginia 
(Received June 20, 1957) 


By using a partially polarized neutron beam from the D(d,n)He* reaction, the elastic scattering polar 
ization of a number of elements has been observed. For Be and C scatterers, the angular dependence of 
the polarization can be correlated with parameters characterizing compound-nucleus levels excited by the 
incident neutrons. For medium and heavy scattering nuclei, the observed polarization is in poor agreement 
with the few existing optical-model calculations for 3.1-Mev neutrons. With the exception of Pb, ail medium 
and heavy elements studied yielded positive polarization in the 30°-60° range of scattering angles, i.e., 
they would produce polarization in the direction k, Xk,’ in single scattering events. 


NUMBER of experiments have been performed 
recently in which polarized nucleons were elasti- 
cally scattered by various nuclei in efforts to obtain 
information about the spin dependence of nuclear 
forces.' Most of the work has been in the energy range 
above 100 Mev; however, several workers have studied 
the scattering of polarized neutrons in the 0.4-3.5 Mev 
range with interesting results. The effects due to polar- 
ization are apparent in a right-left (or azimuthal) 
asymmetry induced in the scattered intensity, which is 
customarily expressed! by the polarization of the scat- 
terer, 1’.(0), which the scatterer would produce upon 
scattering unpolarized neutrons. In the lower energy 
range, this polarization derives from the spin-orbit 
coupling contribution to the nucleon-nucleus interac 
tion, known to exist from the success of the shell model. 
Following the initial work of Meier e/ al. and others,’ 
we recently studied’ the elastic scattering of 3.1-Mev 
polarized neutrons [from D(d,n)He*] in C. The ob- 
served variation of Pc(@) was consistent with the 
phase-shift analysis of C"(n,n) scattering by Meier 
et al? Upon using a value of carbon polarization com- 
puted from the Meier phase shifts, the polarization of 
the neutrons from D(d,n)He’® was found to be —0.106 
+0.01 for neutrons emitted at 53° (c.m.) at 600-kev 
deuteron energy. We consider the direction of positive 
polarization to be that of kgXk,, where ky and k,, are 
the momenta of the incident deuteron and emitted 
neutron, respectively. This value is in good agreement 
with that of Meier ef al.? and with recent results of 
Levintov et al. 
Using this source of partially polarized neutrons, we 
have now studied experimentally the polarizations pro- 
duced by Be, C, Cu, Zr, Sn, and Pb. For each of these 
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scatterers the angular distribution P,,(6) was observed 
in the 30°-135° angular range. In addition, the polariza- 
tions for a number of other elements were observed at 
30°, 45°, and 60°. Some of the preliminary data have 
been reported previously.® 

In the case of the two light elements, we attempt to 
assess the results in the light of the level parameters 
corresponding to resonances covered by the incident 
neutron energy spread. The data for the medium and 
heavy elements are compared with the few available 
calculations based upon “complex plus spin-orbit” 
potentials for the energy region involved. 


EXPERIMENT 

The experimental procedure has been described in 
detail in a previous paper.’ Briefly, D(d,n) He* neutrons 
emitted at 53° (can.) bombarded the scatterer, and the 
intensities of neutrons scattered at various center-of- 
mass angles, 0, to the right and left were measured 
simultaneously with differentially biased Stilbene crys- 
tals. The “scatterer in” minus ‘‘scatterer out” counting 
rate was taken to represent the scattered neutron 
intensity. The deuterium target was thick ; the incident 
neutron energy spectrum extended from about 2.8 Mev 
to 3.3 Mev, the precise range depending upon the 
incident deuteron energy. The mean energy of the 
neutrons contributing to the data was further dependent 
upon the bias on the detectors and was 3.1 Mev for 
600-kev incident deuterons. Some of the data were 
taken with 750-kev deuterons, in which case the mean 
energy was 3.2 Mev. 

The right-left ratio, R, yields the product of incident- 
neutron polarization, P,, with polarization of the 
scatterer, P,.(0), through the relation, 


1—R(@) 
P,P y(0) = (0) , (1) 
1+ R(6) 


where 7(@) is the correction for finite scatterer-detector 
geometry. Positive P,.(@) corresponds to polarization 
in the direction k,Xk,’. The correction, y(@), was 
computed by a previously described method* for both 


® Hereford, McCormac, Steuer, and Bond, Bull. Am. Phys 


Soc. Ser. IT, 1, 339 (1956). 
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SCATTERING OF 3.1 
the azimuth and zenith detector spans for C and Be. 
For the other scatterers, correction was made only for 
the azimuth span, due to lack of sufficient information 
regarding differential cross sections. The scatterer- 
detector geometry introduced a scattering angle spread 
of 22°, which should be borne in mind upon examination 
of the curves presented below. No effort was made 
to correct the data for plural scattering within the 
scatterers, the radii of which were about one-fourth of 
a neutron mean free path. Instrumental asymme- 
tries were eliminated through observation of R(@) for 
neutrons emitted to both the right and left of the 
incident deuteron beam (for which cases the direction 
of P,, is opposite). The possible influence of low-energy 
neutrons and gamma rays from inelastic neutron scat- 
tering also required consideration. From available 
inelastic cross-section data and from examination of 
the “scatterer in” minus “scatterer out” differential 
pulse-height spectra of our detectors, we were able to 
estimate the extent to which inelastic scattering con- 
taminated our data. In the case of Be, previous results® 
indicate no detectable inelastic scattering of 3.2 Mev 
neutrons. For C the scattering was wholly elastic, since 
the first excited state lies at 4.43 Mev. Among Cu, Zr, 
Sn, and Pb the greatest inelastic contribution occurs 
for Pb, for which we estimate the percent contamination 
to vary from 2% at a 30° scattering angle to 20% at 
130°. Presuming this contribution to the counting rates 
to be isotropic, its effect is to lower the observed right- 
left asymmetry. 

In the curves shown, the polarization of each scatterer 
is plotted as a function of the c.m. scattering angle. 
The absolute magnitude of the polarization was ob- 








4 4 4 4 4 4 — J 
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The Be polarization vs center-of-mass scattering angle 
The solid curve is Eq. (3) of the text 


Fic, 1 
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tained through Eq. (1) assuming P,= —0.106. Since 
P,, was fixed throughout all measurements, the angular 
distributions P,.(@) are independent of possible error 


in this value of P,. 
RESULTS 


Beryllium.—The data on Px. (8), shown in Fig. 1, 
show a strong sin2@ component with a maximum degree 
of polarization Pg.=0.6. Previous data’ on Be®(n,n) 
indicate a narrow resonance at 2.73 Mev overlapped 
by a much broader one at 2.85 Mev, which is partially 
covered by our range of incident-neutron energies. 

The results have been fitted by an expression given 
in the Racah formalism by Simon and Welton,* 


{a,(O)}' >: « 


nel 


P,..(0) rl’,'(cos6), (2) 


where (6) is the differential cross section for unpolar- 
ized neutrons. The relations between the coefficients 
C,, and the phase shifts 5,44 are readily obtainable and 
are given by Meier ef al.? By using an extrapolation 
between the differential cross-section data of Meier 
and Ricamo’ (at 2.95 Mev) and Walt and Beyster'® 
(at 4.1 Mev) for unpolarized neutrons, the Be data 
have been fitted by the solid curve in Fig. 1, which is 


Ppe(9) = (0.(0)} '{6P1'— 44P?} 


13P3+5P¢}X10-*, (3) 
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Fic, 2. The C polarization vs c.m. scattering angle. The solid 
curve is the expected polarization computed from the C!(n,n) 
phase shifts of Meier et al. 
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Fic. 3, The Cu polarization vs ¢.m. scattering angle. The solid 
curve is an optical-model calculation of Remund."' 


The dominant term is the second, which is probably 
due to interference between a D, broad resonance at 
2.85 Mev and S, hard-sphere scattering. We assume the 
S, phase shift to be negative, the Dy phase shift to be 
positive. 
Carbon.-The carbon data, given in Fig. 2, also show 
a strong sin26 dependence. The phase-shift analysis of 
Meier et al.’ for C(nn) scattering indicates two D, 
resonances at 2.95 Mev and 3.5 Mev. The polarization 
data can be compared directly with the prediction of this 
analysis. Detailed calculation of the coefficients, C,, 
and of the differential cross section o,,(@) from the Meier 
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Fic. 4. The Zr polarization vs c.m. scattering angle 
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phase shifts yields from Eq. (2). 
Po (6) = (0u(0))-4 21 Py! — 131 Po! — 3 Py — OP 2} X10. 


This expression is plotted in Fig. 2 (solid line); the 
experimental results are in satisfactory agreement with 
the curve. On the other hand, the C!*(m,m) phase shifts 
of Budde and Huber’ predict a much larger P,'(@) 
component than the experimental data indicate. 

Copper.—The observed values of Po,(6) are shown 
in Fig. 3 and are compared with an optical-model 
calculation of Remund." This calculation was based 
upon the following potential : 


V(r) 


—[42+1.2i+L-S] Mev; r<1.45A!X10-" cm. 


0; r>1.45A'X10-" cm. 


Remund has also reported experimental values of the 
polarization of Cu and a few other elements. The 
standard deviations of his measured values are five to 
ten times the magnitude of those reported here; hence, 
comparison with his experimental results is not very 
meaningful, and is not shown in Fig. 3. No agreement 
between theory and experiment is apparent. However, 
one should not expect a square-well potential to prove 
very realistic. 

Zirconium.—F igure 4 shows the data for Zr, which 
apparently has very nearly zero polarization throughout 
the 30°-130° angular range. No computed curves were 
available for comparison in this instance. 

Tin.—The data for Sn appear in Fig. 5 and are 
compared with the results of an optical-model calcu- 
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Fic. 5. The Sn polarization vs c.m. scattering angle. The solid 
curve is an optical-model calculation of Bjorklund.” 
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SCAT ICRING OF 3.1 


ras.e I. Polarization of scatterers at 30°, 45°, 
and 60° scattering angles. 


Polarization (% 
@=45° 6 =60° 
~444+8 
83417 
5548 
52422 


Scatterer 6 =30 


39+6 
8549 
83+6 
37411 
9+11 


Be -1345 
€ 77+18 
O 7849 
Mg 33415 
Mn ~54+17 
Fe 1+11 8+12 
Cu 8+8 17+7 
Zn 22+13 
Zr 2+10 10+8 
Mo 34+13 34+ 16 
Sn 1247 25+12 
Pb 2949 16+8 
Th 34+11 

U 50+ 10 


8§+10 
2348 

6+17 

749 
35417 
37414 
10+10 


lation of Bjorklund.” The potential employed was that 
yielding the best fit of 7- and 14-Mev differential cross- 
section measurements with a spin-orbit term added (of 
magnitude 39.5 times the Thomas term), 


r—T, ' r—T 
V(r)=— vf 7 exp/ )| WVsexp| ( ) 
a b 


9 


| 


Ah? 1dU 
(ys 
tm’? r\ dr 


Vi=44 Mev, V, 


j y=-Fs : 
vi)=v1-exr( )| , 
a 


a=0.65, 6b 


9.5 Mev, 


0.98, 


\=39.5,  ro=1.27A'X10-" cm. 
Again the data are in poor agreement with the theo- 
retical curve. 

Lead.—The results for Pb in Fig. 6 are in equally 
poor agreement with the optical-model calculations of 
both Remund and Bjorklund. We do not feel that this 
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Fic. 6. The Pb polarization vs c.m. scattering angle. The solid 
and dashed curves are, respectively, optical-model calculations of 
Bjorklund” and Remund." 


discrepancy should be viewed seriously. Wide variations 
can be introduced in the polarization computed on the 
optical-model basis without appreciably altering the 
differential cross section for unpolarized neutrons, Also, 
at 3.1 Mev there is likely to be a significant compound 
elastic contribution. 

We have also measured the polarizations of a number 
of other elements at scattering angles 30°, 45°, and 60°. 
The results are presented in Table I. In the case of 
these scatterers, the inelastic scattering contamination 
of the counting rates was estimated to be at the most 
10%. 
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Experimental Limit to the Electric Dipole Moment of the Neutron 
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An experimental measurement of the electric dipole moment of the neutron by a neutron-beam magnetic 
resonance method is described. The result of the experiment is that the electric dipole moment of the neutron 
equals the charge of the electron multiplied by a distance D= (—0.142.4)XK10™ cm. Consequently, if an 
electric dipole moment of the neutron exists and is associated with the spin angular momentum, its magni 
tude almost certainly corresponds to a value of D less than 5X10~™ cm 


1, INTRODUCTION 


EVERAL years ago Purcell and Ramsey' pointed 

out that the usual parity arguments for the non- 
existence of electric dipole moments for nuclei and 
elementary particles, although appealing from the point 
of view of symmetry, were not necessarily valid. In 
particular they pointed out that the validity of the 
parity assumption must rest on experimental evidence 
and that the experimental evidence was not as con- 
clusive as then generally supposed in the case of nuclei 
and elementary particles, even though there was 
abundant evidence for the assumption in the case of 
electromagnetic forces. Analysis of the experimental 
evidence against the existence of electric dipole moments 
of both nuclei and elementary particles showed! that 
most experiments would not have revealed an electric 
dipole moment smaller than 5X10~" esu. Such a 
moment is equal to the charge of the electron multiplied 
by a distance D of 10~" cm. Henceforth we shall ex- 
press the nuclear dipole moment in cm, it being under- 
stood that the “dipole length” D is to be multiplied by e, 
the magnitude of the electron charge. Probably the 
most sensitive experiments at the time were those to 
measure the neutron-electron interaction®*; it was 
found that the observed results of these experiments 
could result from a neutron electric dipole moment with 
a D of 3X10~-'* cm. Purcell and Ramsey' proposed a 
sensitive neutron-beam resonance experiment for the 
detection of an electric dipole moment. 

This experiment was successfully completed several 
years ago. However, the negative results of the experi- 
ment were in accordance with the then widely accepted 
views on parity so the detailed description’ of the 
experiment was not published. The upper limit to the 
electric dipole moment determined in this experiment 
has occasionally been quoted in other publications.** 

Lee and Yang* have analyzed the effects of parity 
nonconservation on the angular distributions of beta 
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decay, the angular distributions of m-u-e decays, and 
existence of electric dipole moments of particles. The 
effects of the first two of these have been observed by 
Wu, Ambler, Hayward, Hoppes, and Hudson,’ and by 
Garwin, Lederman, and Weinrich.® Since electric mo- 
ments are primarily determined by the strong forces, 
Lee and Yang* showed that the effect of mixed parity 
should produce an electric dipole moment even smaller 
than the upper limit set by the experiment described in 
the present paper. In their most recent theories, Lee 
and Yang’ no longer anticipate the existence of an 
electric dipole moment for the neutron, and arguments 
involving time-reversal invariance’'® can be advanced 
against its existence. These arguments, however, like 
the original ones of parity, can be questioned. 

Although the negative results of the experiment de- 
scribed here are fully consistent with the current 
theories, a brief description of the experiment and its 
results seems appropriate at the present time since the 
experiment provides the most sensitive experimental 
upper limit to an electric dipole moment of any ele- 
mentary particle or nucleus and since the original parity 
arguments against the existence of such electric dipole 
moments are now known to be invalid. 


2. METHOD AND APPARATUS 


The method used in this experiment was similar to 
that used to measure the magnetic moment of the 
neutron.''~" We might observe that the neutron is the 
only particle suitable for such an experiment. Any 
charged particle exposed to an electric field which is not 
small in the time average will necessarily suffer a large 
change in momentum. A schematic diagram of the 
apparatus is shown in Fig. 1. A beam of neutrons 1-cm 
high and 0.1-cm wide leaves the pile and is polarized 
by total reflection from a polished, magnetized iron 
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ELECTRIC DIPOLE 
mirror'® at A. The beam then passes into a region of 
homogeneous magnetic field produced by the magnet B. 
The polarization of the beam is analyzed by a magneti- 
cally saturated iron isthmus'® in the magnet at A’. 
The neutrons traversing the apparatus are counted in a 
BF; proportional counter at D. When a radio-frequency 
magnetic field is applied to the neutron beam in two 
separated coils'? C and C’ at the average Larmor 
frequency of the neutrons in the magnetic field between 
these coils, transitions may be induced to the opposite 
spin state. The intensity of the beam passing through 
the analyzer will consequently decrease. If the neutron 
had an electric dipole moment oriented along its spin, 
a steady electric field applied parallel to the homo- 
geneous magnetic field in the region between the coils 
C and C’ would alter the torque on the neutron and 
hence would change its precession frequency. This 
would result in a shift in the frequency at which a 
maximum number of spin transitions were induced. 
Such an electric field was applied between the plates of 
a condenser E, 

The magnetized iron mirror used as the polarizer was 
polished flat on a pitch lap to one or two wavelengths of 
light per inch. The mirror was six inches long and one 
and one-half inches high, though a beam of neutrons 
only one centimeter high was used. The magnetic field 
at the surface of the mirror was nearly 2500 oersteds. 
The intensity of neutrons reflected from this mirror as 
a function of mirror angle was compared to that theo- 
retically expected from a flux of neutrons with a 500°K 
Maxwellian velocity distribution and found to agree 
within experimental error. The polarization theoreti- 
cally expected at the mirror angles used in the experi- 
ment was approximately 85%. The analyzer was a 
magnetically saturated piece of cold-rolled steel such as 
other experimenters have used for both polarizer and 
analyzer.''~* A magnetic field of approximately 10 500 
oersteds was maintained in the analyzer block. A second 
mirror would have been preferable, but limited space 
prevented its use. With the mirror polarizer and steel 
block analyzer changes of 40% in intensity were ob- 
served in varying the frequency through resonance. 

The homogeneous field magnet was constructed by 
clamping two cold-rolled steel pole faces 71-in. long 
by 5-in. high by 1-in. thick 1.75-in. apart. Sixteen small 
Alnico magnets bolted between the pole faces along the 
bottom supplied the magnetomotive force. This con- 
struction provided a convenient trough in which the 
radio-frequency coils and electric-field plates could be 
suspended. The magnet provided a field of about 250 
oersteds which corresponds to a neutron transition 
frequency of 750 kc/sec. The split rf coil technique does 
not require a field of high homogeneity, so the homo- 
genizing was done by rubber-cementing suitably cut 


'*T). J. Hughes and M. Burgy, Phys. Rev. 75, 463 (1949). 

6 Bloch, Hammermesh, Staub, and Condit, Phys. Rev. 64, 47 
(1943); 70, 972 (1945). 

17N. F. Ramsey, Phys. Rev. 75, 996 (1949) 


MOMENI 


OF NEUTRON 


Fic, 1, Schematic diagram of the apparatus. A, the magnetized 
iron mirror polarizer. A’, the magnetized iron transmission 
analyzer. B, the pole faces of the homogeneous field magnet. 
Note the horseshoe-like magnets bolted along the bottom. C, C’, 
the coils for the radio-frequency magnetic field. D, the BF, neutron 
counter. The magnetic elds in the polarizing magnet and the 
homogeneous field magnet are at right angles, and two twisted 
iron strips were used between them to rotate the neutron spins 
adiabatically 


steel shims to the magnet pole faces. The final field was 
uniform to within 4 oersted of its mean value over the 
relevant region traversed by the neutron beam. All 
magnetic-field measurements were made with a proton- 
resonance apparatus. The field was not exceedingly 
stable. It was necessary to enclose the whole apparatus 
in a box whose temperature was regulated to about 
(.2°C. Large steel objects and electromagnets in neigh- 
boring laboratories disturbed the field noticeably. Such 
day to day disturbances are not particularly objection- 
able because the comparisons involved in any one 
measurement extend over a relatively short period. 
Data were discarded, however, when it was discovered 
that the field was drifting excessively. 

The electric field was produced by applying a voltage 
of approximately 25 000 volts between highly polished 
nickel-plated copper plates 0.349-cm apart and 135-cm 
long. This whole structure was enclosed in a vacuum 
chamber for insulation and suspended in the magnetic 
field. The nickel disturbed the magnetic field to some 
extent, but unfortunately the ferromagnetic substances 
seem to have the best vacuum sparking characteristics. 

The radio-frequency magnetic field was produced in 
two helical coils 5-cm long with their axes along the 
neutron beam. The coils were spaced 159 cm apart. 
The radio-frequency current was supplied by a con- 
ventional resistance-stabilized electron-coupled Hartley 
oscillator driving a 1625 beam power tube through two 
amplifier-buffer stages. The master oscillator was of 
very rigid construction and was quite stable. During 
the experimental runs the frequency was monitored on 
a Bendix Radio LM-18 frequency meter. The average 
frequency during a run was known to be better than 
2 cps per Mc/sec. 

All counts were referred to the counts recorded in a 
thin BF; proportional counter used as a monitor, 
through which the beam passed as it left the pile. 

Typical resonance curves are shown in Fig. 2. As the 
radio-frequency magnetic field is changed in frequency 
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hic, 2. Resonance curves of the neutron counting rate versus the 
frequency of the radio-frequency magnetic field. The upper curve 
is - a mirror angle of 3.14*10°* radian, and the lower for 
5.77 X10 radian. A typical root-mean-square counting statistical 
error is shown. The lower curve shows a narrower resonance due to 
the fact that only slower neutrons are reflected at the larger mirror 
angles. It also shows more resonance detail since the polarized 
neutrons are more nearly monochromatic. The central peak is a 
minimum in the upper curve and a maximum in the lower curve 
since the phase of one of the coils was reversed 


the intensity varies as the neutrons have their spins 
flipped by varying amounts. The curves shown are 
theoretical calculations with the resonant frequency 
and main peak-to-valley ratio as adjustable parameters. 
A Maxwellian 500°K spectrum was used for the neu- 
trons. The second curve of Fig. 2 shows the expected 
narrowing of the resonance curve at large mirror angles 
where only the slower neutrons are totally reflected. 
The agreement between theory and experiment is 
excellent, as shown by the experimental points. A sample 
probable error is shown for comparison. The upper 


curve corresponds more closely to the parameters used 


in the experiment. 
3. RESULTS 


To find the effect of the electric field on the resonance 
frequency of the neutrons, the radio-frequency magnetic 
field was set to a frequency corresponding to a point on 
one of the steep sides of the central resonance. Counting 
rates were then recorded as the polarity of the electric 
field was switched back and forth. The results are shown 
in Table I. The first column gives the number of the 


PURCELL, 


AND RAMSEY 
TABLE I. Summary of results 


Differ- 


ence 


Average 
number 
of counts between 
ineach averages 
counting with field 
period + and — 


Total 
difference 

between Slope of 
+ and — resonance 
voltages curve 


Run taken 
above or 
below 
resonance 


Number of 
counting 
Run periods 


47 000 8,28 
46 000 10.58 
51 000 12.11 
51 000 11.86 
51 000 12.11 
54 000 11.86 
56 000 12.90 
56 000 10.35 
56 000 
56 000 
56 000 
53 000 
54 000 
54 000 
54 000 
54 000 


16 17 102.3 
16 16 991.3 
18 217.3 
18 17 920.4 
18 447.6 
18 018.5 
17 350.4 
17 987.0 
17 156.4 
17 310.3 
17 626.8 
16 223.5 
16 613.2 
16 581.6 
16 615.5 
16 596.2 


above 
below 
below 
above 
below 
above 
below 
above 
below 
above 
above 
below 
below 
below 
above 
above 


* Run number 6 was discarded. 


run; the second, the number of readings taken; the 
third, the average number of counts per reading; the 
fourth, the difference in the average of the counting 
rates with the field positive and negative; the fifth, the 
total change in the potential difference between the con- 
denser plates; the sixth, the slope of the resonance 
curve in counts per cycle; the seventh, whether the 
data was taken above or below the resonance frequency. 
In computing the upper limit for the electric dipole 
moment, run number 6 has been discarded. Although 
nothing was found wrong with this particular run, the 
result looks peculiar and indeed the next day the 
counting equipment failed completely. 

From the data of Table I, the value of the neutron 
electric dipole moment is found to be 


D= (—0.142.4) K10~” cm, 


and the indicated error is the root-mean-square devia- 
tion from the mean. From this one can conclude that 
if an electric dipole moment of the neutron exists and 
is associated with the spin angular momentum it is 
probably less than the charge of the electron multiplied 
by 3X10-” cm and it is almost certainly less than 
5 10~-* cm. As discussed in the first section, this result 
is consistent both with the dipole moment being very 
small as would be expected if the only violation of 
parity conservation were in the weak forces, and with 
the dipole moment vanishing as would be expected 
from arguments of time-reversal invariance, 
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Fourth-order meson-nucleon scattering amplitudes show that at least one subtraction is required for 
the no-spin-flip amplitudes and that subtraction is not needed for the spin-flip amplitudes used by 


Goldberger. 


INTRODUCTION 
inane a great deal of effort has been devoted 


to establishing finite momentum-transfer disper- 
sion relations,!~® since these avoid some of the ques- 
tionable aspects of field-theoretical calculations which 
arise from a power series expansion of the S matrix and 
also because they express relations between essentially 
observable quantities. It is well known that dispersion 
relations would be established if it were shown that 
the scattering amplitude could be continued analytically 
into the upper half complex energy plane and to be of 
finite degree at infinity. In distinction to earlier deri- 
vations of dispersion relations, Bogoliubov et al.® 
proceed in the latter way. Nevertheless the behavior of 
the scattering amplitude at infinity and the inhomo 
geneous part of the dispersion relations, the bound state 
contributions, require further investigation.® 

We have calculated the meson-nucleon scattering 
amplitude in fourth order in order to determine the 
answer to some of these questions. As far as the behavior 
of the scattering amplitudes for high energy is con 
cerned, it would be rather surprising if the exact scat- 
tering amplitude were less singular at infinity than any 
order in a perturbation series expansion. We have 
shown that the scattering amplitude can be decomposed 
in terms of four scalars [see Eq. (2) ] and that they 
are not more singular than Inz for large z, thus giving 
dispersion relations requiring some subtractions. Evi- 
dently one cannot conclude how many subtractions 
will be necessary for the exact scattering amplitude 
from a perturbation calculation, but it certainly cannot 
be less than is indicated by such arguments. 

The residue at the bound-state energy turns out to 
be independent of the momentum transfer in both the 
second- and fourth-order calculations. (The fact that 
this residue is generally independent of the momentum 
transfer follows from Lorentz invariance in the standard 
derivation of dispersion relations.) The residue will be 


1M. L. Goldberger, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, Rochester, 1956 (Interscience 
Publishers, Inc., New York, 1956). 

2A. Salam, Nuovo cimento 3, 424 (1956) 

4A. Salam and W. Gilbert, Nuovo cimento 3, 607 (1956) 

4R.-H. Capps and G. Takeda, Phys. Rev. 103, 1877 (1956) 

’ Bogoliubov, Medvedev and Polivanov, lectures on “Problems 
of the Theory of Dispersion Relations,” reproduced by the Insti 
tute of Advanced Study (unpublished). 

®K. Symanzik, Nuovo cimento 5, 659 (1957 


a rather complicated function of the unrenormalized 
constant which appears in the Hamiltonian, 


SCATTERING AMPLITUDE 


We start by writing the scattering amplitude in the 
Born approximation in order to illustrate the origin 
of the bound-state contributions and to show which 
quantities are most suitable for simple dispersion rela- 
tions. The Feynman amplitude (/|.5|i) for scattering 
from an initial state containing a meson and a nucleon 
gi, fi to a final state of a meson gq, and a nucleon py is 
related to the scattering amplitude F by 
(Ep Eq: E poke)! 


({| Ft) (f|S|i), fA. (1) 


21M 
In the Breit coordinate system let 
Pi ! bA, 
qi 


Ep ka2/M. 
The so-called bound-state energy is 
vp= (u?/2M )(1+-A?/2y*) 
In the Born approximation, 


9 
y 


(poq2| F| pig 


x( ) { Ta1,Ta2} 
v+vpatte v+vatte 


x( )}artay yulps). (3) 
v+vptte v+vytie 


The coefficients of W(po)[ rai,7a2 |\(qitq2):yulpi), and 
Wi(p2){ rai,702} (Gitqe)yu(pi) in Eq. (3) are readily 
continued into the complex energy plane by the sub 


a( ps) rare 


2 (4r)5 M 


stitution of z for v and omitting te. Since these quan- 
tities vanish as 1/2 for large z and since they are analytic 
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away from the real axis, they lead to simple dispersion 
relations. In the Born approximation and in fourth 
order at 2= ¥ vy the analytic continuation of the scat- 
tering amplitude have simple poles. 

Since the scattering amplitude is invariant under 
Lorentz transformations and isotopic-spin space rota 
tions, it can be written as ’ 


(f|F\1 ‘y)[ 702,70 | 


2) ‘Y)} Ta1,Ta2} }U( pr). 


gM f' m1 i 1 
f ans f n( + Ja Dy 
(4ar)‘ T 0 0 aly) a( ~v) 
g 1 ' we | 1 p(t 
f dxf dx» 
(4rr)° M vatv+te 
1 


til po) {(iX, T Vs(q + 2) 


+(iX.+4 V2(q; { (4) 


Vi) v) 
2n( 
: | a(v) M?x,?+-y2(1— x1) 


wl 


v+iel a(—v) 


1) + M*x)?+y2(1— a1 — x 


where 
a(y) (4A°+2vM)xo(1 
The self-energy diagrams give 


6g 


] x} 1 
X12 uf dn f Axex\(1 “( - + 
(4ar)° 0 * 0 b(v) 


dx(1 vf 


$y 
- df 
(4qr)° 


2M (v+vp)xe(1 


where 
b(y) 


Finally the only convergent fourth-order diagrams give 


2¢'M c(v)—2d(v) 
f dx iz nf dx, | ( " 
(4ar)® Jy [e(v) P 


6¢'M (v)—2d(v) 
Sf anf sel 
Le(v) ] 
—f inf a 


nf 
of me ~ 2d(v) 


(4a)! 
(4ar)! 


[e(v) 


c(v) |( x2 


3g! ! rT oT) [ 2d( v) 
f ax f asf axs 
(4ar)® 0 0 0 


[e(v) 


In these equations, 
(4A?+-2vM) x1 (x2 
d(v) (4A?+ vM )(x,+X%2 
e(v) }A*[ xy 
’ The relation of the quantities X,, }, 
of Ep vA 
i\= 2i( Xe me) :), B,=2i) 


*N. Kroll and M. Ruderman, Phys. Rev. 93, 233 (1954) 
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As a consequence of the crossing theorem, 
X ,(A?,v) = — X,(A?, 
X2(A?,v) = X2(A’, — 

VY ,(A?,v) = Y,(A?, 
Y,(A?,v)= —Y2(A?, — 


When one uses the renormalization prescription of 
Kroll and Ruderman® the fourth-order vertex diagrams 
give 


(5) 
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B, coetticients of Goldberger’ is as follows: 


A 
* = 2i( SX + 25 “y,), B,=2iY; 





MESON-NUCLEAR 


Since only very general properties of the X’s and 
Y’s are sufficient to establish dispersion relations, we 
introduce a new symbol D/’/(A?,v) for these twelve 
quantities. D,’(A*,v) for j=1, ---, 6 will represent 
quantities odd in v and D,’(A*,v) for the same range of 
j is even in v. The analytic continuation of D/’(A?,v), 
,'(A?,z) will be constructed by replacing v by z in 
D/(4*,v) and omitting ie. D,’(A*,z) has the following 
properties which can be explicitly verified from the 
above expression for D/’. 

1. The amplitudes D,’(A’,z) are analytic functions of 
z in any finite region of the z-plane above the real axis, 
since they are defined by integrals of functions which 
are continuous in the integration variables and analytic 
in z when z is above the real axis.’ All the Y amplitudes 
are less than or proportional to (Inz)?/z and all the Y 
amplitudes are less than or proportional to Inz. 

2. The segments (—*, —yu+A*/4M), (u—A*/4M, 
*) are branch lines. These are the values of »v which 
allow the real part of denominators containing ie to 
vanish. 

3. The amplitudes satisfy the relations 


- D,7(A?, =f), 
D,/(A?, —2z). 


D,? (A*,2 ) 
D1 (A? 2) 


(19) 


4. The contributions from the vertex diagrams have 


a simple pole at z= +vg 


Residue V1,2°) (A? vp) 
+p' 1 1 zi 
Ae ee oh 
(4n))MJy Yu 


wd — %;) 


a(—vp) 


a(—vp) 


w(1— 2x1) 
—2 in — )- 
M?x;?+-p?(1 —%}) M?x?+ (1 — %) 


(20) 
When one substitute for vg in Eq. (20), the residue is 
seen to be independent of A’ and real. 


%E. C. Titchmarsh, Theory of Functions (Oxford University 
Press, New York, 1939), second edition, p. 99 
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Inspection of D//(A?,v) will show that it can be 
expressed as 


D/(A?,v) = By (d*, v+ie) + (—1)'By (A?, —v +16), (21) 


where 6,’ are real functions. This has the following 
consequence, 
5. The real and imaginary parts of D/ satisfy the 
relations”: 
Im D/)(A*, vie) = +1m Dr )'(A3,v), 
Re D,)(A*, vie) = Re D/'(A’,v), 


(22) 


where D/ and Dix,’ have opposite symmetry with 
respect to v. 
When p— A?/4M>0 and v>0, 


Im Dyx (A? ,v) = Im Dy (d?,v), (23) 


and dispersion relations relating the real and imaginary 
part of the same amplitude result. Property 1 shows 
that the amplitudes Y obey simple dispersion relations, 
whereas the amplitudes X satisfy subtracted dispersion 
relations. When one compares with the A, B coefficients 
of Goldberger,’ the B coefficient would require no 
subtraction whereas the A coefficient will require one 
subtraction. 

Properties 3 and 5 are required to convert the inte- 
grations on (~ *, +) into one integration on (0, @ ), 
and when (u—A*/4M)>0 to convert dispersion rela 
tions between the real and imaginary parts of D to 
relations between the corresponding parts of D, that 
is, X and Y. Property 4 will give the so-called bound 
state contribution to the dispersion relations, 

The author would like to thank Professor M. L. 
Goldberger for suggesting this problem and Mr, R. 
Prange for many valuable discussions 


10 Note that 


Dp! (A2,v) = BY (4, vt ie) + (1) BY (At, —v + ie) 


In the fourth order for separate Feynman diagrams the relation 
ship of this quantity to the X,, Y,; is not particularly complicated 
In the sum of all diagrams, there will be no such simple relation 
ship for all A? and v 





PHYSICAL REVIEW VOLUME 


108, Nt 


MBER 1 OCTOBER 1 1957 
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\ formalism for the covariant description of scattering processes involving composite particles is derived 


from first principles. Its basic ingredients are the Green’s functions of quantum field theory combined with 
a physically sound formulation of the adiabatic hypothesis. Explicit expressions are presented for various 
examples of nucleon-nucleus and boson-nucleus collisions. It is shown that the impulse approximation can 
be formulated for such problems. A general method of obtaining electromagnetic moments of nuclei, based 
on the scattering formalism, is also derived. The normalization condition for covariant amplitudes is dis 


cussed and its application to bound-state problems reviewed. In particular, a method of carrying out per 


turbation theory for the discrete spectrum is suggested 


I, INTRODUCTION 


M’ recent studies of local field theories have 
employed the formulation in the Heisenberg 
representation. Almost all aspects of the problem have 
received some attention in the literature. For example, 
the energies of bound states should in principle be 
obtainable from the Bethe-Salpeter equation and suit- 
able generalizations,' and indeed at least one idealized 
case has been worked out in full detail.2 Again, the 
definition of the S-matrix in the Heisenberg representa- 
tion for processes involving only elementary particles 
has been studied extensively.’ Perhaps the least amount 
of attention has been accorded the problems of scatter 
ing involving composite particles, though even here a 
number of aspects have been treated.‘ There remain, 
nevertheless, several issues outstanding in connection 
with the problem of composite particles which require 
clarification, particularly with regard to the formulation 
of the adiabatic hypothesis for scattering problems, the 


orthonormalization properties of bound states and the 


* Supported in part by the U. S. Air Force Research and De 
velopment Command 

' E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951); M 
Gell-Mann and F. E. Low, Phys. Rev. 84, 350 (1951); Y. Nambu, 
Progr. Theoret Phys. (Japan) 5, 614 (1950); J. Schwinger, Proc. 
Natl. Acad. Sci. U. S. 37, 452, 455 (1951) 

2G. C. Wick, Phys. Rev. 96, 1124 (1954); R. E. Cutkosky, 
Phys. Rev. 96, 1135 (1954); F. L. Scarf, Phys. Rev. 100, 912 
(1953); D. A. Geffen and F. L. Scarf, Phys. Rev. 101, 1829 (1956) ; 
Rk. E. Cutkosky and G. C. Wick, Phys. Rev. 101, 1830 (1956); 
see also J. S. Goldstein, Phys. Rev. 91, 1516 (1953); H. S. Green 
Phys. Rev. 97, 540 (1955) 

*C. N. Yank and D. Feldman, Phys. Rev. 79, 972 (1950); 
G. Kallen, Arkiv. Fysik 2, 187 (1951); W. Glaser and W. Zimmer 
mann, Z. Physik 134, 346 (1953); W. Zimmermann, Z. Physik 
135, 473 (1953); E. Freese, Z. Naturforsch. 8a, 776 (1953); 
Lehmann, Symanzik, ard Zimmermann, Nuovo cimento 1, 205 
(1955); R. Haag, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 29, No. 12 (1955); F. E. Low, Phys. Rev. 97, 1392 (1955); 
M. L. Goldberger, Phys. Rev. 97, 508 (1955); Y. Nambu, Phys 
Rev. 98, 803 (1955): S. S. Schweber, Nuovo cimento 2, 397 (1955) ; 
A. Klein, Phys. Rev, 102, 913 (1956); H. Ekstein, Nuovo cimento 
4, 1017 (1956) 

‘K. Nishijima, Progr.‘Theoret. Phys. (Japan) 10, 549 (1953); 
12, 279 (1954); 14, 175 (1955); S. Mandelstam, Proc. Roy. Soc 
(London) 233, 248 (1955); A. Klein, Progr. Theoret. Phys. (Japan) 
14, 580 (1956); see also R. J. Eden, Proc. Roy. Soc. (London) 
219, 109 (1953). Many of the germinal ideas of this paper are 
contained in the papers of Nishijima and Mandelstam 


proper description of charge-current distributions in 
bound states. In addition to a thorough discussion of 
these matters, the account which contains 
several novel elements such as the introduction of the 
impulse approximation® for covariant problems, a 
method for obtaining the electromagnetic moments of 
nuclei, and a suggested form of perturbation theory for 
bound states when the unperturbed interaction is non- 
instantaneous.® The original intention of the authors in 
undertaking the investigation of the many-body prob- 
lem was to achieve a set of starting formulas for certain 
two-nucleon reaction processes (such as pion-deuteron 
scattering and photodisintegration of the deuteron) 
which have hitherto been treated only by noncovariant 
techniques. It is intended to develop these and other 
applications in a subsequent publication. 

For the sake of definiteness we shall consider, unless 
otherwise specified, two interacting renormalized fields’ ; 
the nucleon (fermion) field will be represented by a 


follows 


Heisenberg operator® ¥(x), the meson (boson) field by 
a corresponding operator @(£). We commence our study 
with a survey of the premises underlying the 
development. 

A. The physical significance of the field operators is 
provided by their algebraic properties vis a vis the con- 
stants of the motion, of which there are a full comple- 
ment besides the generators of the space-time trans- 
formations, such as charge and nucleon number. The 
latter, for instance, is defined by the normal product* 


of operators, 


\ fi V(x)y W(x): do,, (1) 


5G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 

* For an instantaneous unperturbed interaction, perturbation 
theory was first formulated by E. E. Salpeter, Phys. Rev. 87, 
328 (1952) 

7 We shall be dealing throughout with closed equations, which 
can presumably be renormalized by a scale transformation. We 
assume that this operation has been carried out on all quantities 
in the theory, i.e., that we are dealing from the start with a finite 
theory. 

* Isotopic and spinor indices as well as charge and spin variables 
will be suppressed throughout, the space-time, or momentum 
label also including these variables 


126 





MANY-BODY PROBLEM IN 


where ¥(x) =Wt(x)yo=W'(x)6, and 
(v(x), V]=v(a), [¥'(x),VJ=—o'(2). (2) 


B. There exist two alternative complete sets of 
states |a‘t)) and |a™) which are eigenstates of total 
energy-momentum and of a complete compatible set of 
constants of the motion. The two sets are differentiated 
in the usual manner—the superscripts distinguishing 
the outgoing-wave boundary condition (+) from the 
incoming one (—). Excepting only the vacuum, the 
states of both categories possess energies, momenta, and 
perhaps other quantum numbers lying in a continuum. 
Wave packets constructed by a superposition of neigh- 
boring outgoing-wave (ingoing-wave) states represent, 
for times in the remote past (remote future) assemblies 
of localized isolated particles and thus correspond to 
experimentally realizable situations. The probability 
amplitude that an assembly a of particles localized in 
the remote past will be observed as a new assembly 6 
in the remote future is then obtained by applying the 
packeting operation to the matrix element Sgq of the 
scattering matrix, 


Spa=(B |a). (3) 


In this description, the notion of “particle” applies 
equally well to single quanta and to stable bound states. 
The observation that in scattering problems of physical 
interest, the interparticle interactions are ineffective 
at remote times motivates the so-called “adiabatic 
hypothesis”; specifically, that no error is introduced 
into the treatment of a physically realizable scattering 
process by a formulation of the theory in which the 
interactions among the particles of interest are “turned 
off” at remote times—provided, of course, that the 
turning-off procedure is sufficiently gradual that it 
does not, of itself, create disturbances. 

The presence of a decay mechanism for excited bound 
states replaces the discrete level structure defined by 
the binding interaction by a continuum and true energy 
eigenstates for such situations include components 
possessing one or more radiation quanta. Here, a dis- 
tinction between outgoing-wave and ingoing-wave states 
is again of importance. A wave packet of outgoing-wave 
states describes the decay, in the course of time, of a 
state which initially consisted of a bound excited nucleus 
only. In contradistinction to the scattering case, where 
the energy widths of the packets may be made arbi- 
trarily small at the expense of localization, the packeted 
bound state has an irreducible width associated with the 
strength of the decay mechanism. If the latter is weak 
compared to the binding, the density of states will be 
appreciable only in the neighborhood of the discrete 
energy levels and only at these levels may narrow 
packets be constructed at all. 

Finally we may note that S is to be so normalized 
as to leave the one-particle states, |a,), (as well as the 
vacuum) invariant, 

(4) 


5 ay ay 
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C. The theory will be developed with the aid of the 


renormalized Green’s functions® 


GU n,v ]=G(a1,- «aaj yy: ns bi, Ee) 
=(1---m|GLn; &1,-+-& ]|1’-- +n’) 


ii! TW (ay) «Wan Wan’) - - -(01’) 
Xo(E1)-» -@(&,))[0), 


where [ 4v] signifies the enclosed integer if v is even, 
the nearest (smaller) integer if v is odd, and T is the 
chronological ordering symbol used by Wick." 

For v=0, we are dealing with the m-nucleon propaga- 
tion function, G[n ], which satisfies a differentio-integral 
equation of the symbolic form" 
{(G[n—1}°'G,'—1[n |/((n—1], n)}Gin] 
Here G,, is the single-nucleon Green’s function for the 
nth particle, /({m—1], m) the interaction between the 
nth particle and the m—1 others, and 1[] the anti- 
symmetric 6 function in m variables, i.e., the deter- 
minantal form 


I[n}= >> €(x0)’-- 
with ¢ the alternating symbol in » variables. The form 
of Eq. (6) is obtained by induction from the two-nucleon 


(S) 


ifn]. (6) 


:Kan)O(x1—X0y') ++ -B(X_p— Xen’), (7) 


case, 


(GG — 12 2)GE2] = 121, (8) 


and 


I({n—1], n) => 


f= 


(Ln jGy)Gy lee eG, y 


1 


(TnjGiGy)Gy leaeG, l 1 ; tT y9+++my (9) 


+ > 


iA j=l 


comprising interactions of at least two particles and 
up to » particles at a time. 

An equivalent relation employing the single-nucleon 
Green’s function is 


{G, Gyr —1fn In }GLn|=1[n], (10) 
where /[{ | is the total interaction among all groups of 
nucleons: 

I[n] => (1,GG)G; 


ix) 


eS UGG G0Gr*:--GoA+: + +0... 


imtjek 


bas Gant 


(11) 


When the interaction of the mth particle with the 


other particles is neglected, the n-nucleon Green’s 

*R. P. Feynman, Phys. Rev. 80, 440 (1950); J. Schwinger, 
reference 1 and unpublished lectures; FE. Freese, Nuovo cimento 
11, 312 (1954); P. T. Matthews and A. Salam, Proc. Roy. So 
(London) 221, 128 (1953); F. Coester, Phys. Rev. 95, 1318 (1954) 
H. Umezawa and A. Visconti, Nuovo cimento 1, 1079 (1955); 
Y. Nambu, Phys. Rev. 100, 294 (1955); 101, 459 (1956); J. M 
Jauch, Helv. Phys. Acta, 29, 287 (1956). 

0G. C. Wick, Phys. Rev. 80, 268 (1950). 

Equation (6) has been derived in unpublished lectures by 
J. Schwinger. See also Schwinger, reference 1 and Umezawa and 
Visconti, reference 9. 
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function assumes the form 


xn) + Gln—1]|G,1[n } 
an’ G(X), ‘'Xn 1X01", ° ** Xan 1’) 
XG (xn, Xen’), 


sd / 
G(%1,°+*Xn5%1,°° 


> €(x0y',-- 


(12) 


whereas, if all internucleon interactions are neglected, 
G{n | reduces to Gin |, 


z €(Xe;', 
Equation (10) may also be written in the integral form 


Gln )©+Gin\l[ n\n}. (14) 


G[n | (13) 


Xen! )\G(x1,%04') oe ‘G(Xn,Xen’). 


G| n 


In the construction (6)-(13), the detailed form of both 
the single-nucleon Green’s functions as well as of the 
various interaction operators is assumed known, but 
need hardly concern us until we confront the problem 
of applications. We merely require the existence of 
equations of the given structure. The generalization to 
include bosons will be made at the apposite juncture. 

To accompany the propagators G{_n |, we require the 
associated amplitudes 


Xa'*[ my,m2 | 
CO} TQ (a1) «+» -W(xns) Py) (yma) la), 
Ka'*)[ my,m2 |} 


(a*) | Tyna)» Wy) h (any) »  -P(a))|0), 


which may be interpreted as probability amplitudes 
for the presence, in |a‘*)), of m, nucleons and mz anti- 
nucleons. For simplicity, we shall confine ourselves to 
the treatment of (positive-energy) nucleon systems. 
With this restriction, we need only consider the nucleon 
amplitudes 


(15) 


Kat (1++ +m) = (0) TW(1) --W(n)) a"), 
Ko* [9 ]= Ka'*)(1- + +m) 


Xan] 


(16) 


(at| T(W(n)- » -(1))|0). 


For xy, ++, %n0>Xw', «++, Xn0, the inequality hold- 
ing for every member of the unprimed set relative to 
the primed set, we can write, after introduction of 
either complete set |a), 


G(1-- m3 1'>--n!)=(t)" SV ava(l---m)Xall’---n’), (17) 
the sum extending only over those states permitted by 
the conservation theorems. By means of the limiting 
procedure of Gell-Mann and Low,' the essential aspects 
of which are reviewed in Sec. Il, one can then demon- 


strate that the xa| | satisfy the homogeneous equations 
(Gin—1}"°G,"—1[n I ((n—1], n)}xaln]=0, 
Kal {Gln—1}"°G,"—I1({n—1], n)1fn}}=0. (18) 


Finally, we shall require a notation for the T symbol 
in the limiting instance when two or more times are 
equated, We shall write 


lim TWW(1)- + -W(n)) =H) ++ -W(n)] (19) 


AND C. 
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to indicate the average over all possible modes of 
approach to equality. 

D. The adiabatic hypothesis is adopted, but only in 
a restricted form which doesn’t gainsay our physical 
experience.” Consider, for example, the matrix element 
Xa (1---m). Let \a‘t’)=|(A,a)) signify a state 
which when properly packeted consists, in the remote 
past, of a localized stable nucleus of atomic number 
n—1, state |A) and a localized single nucleon, state 
|a). Anticipating application to a process in which the 
nucleon-nucleus interaction will be ineffective at very 
early times, we expect that a representation of xq‘? in 
terms of x4 and xq, the corresponding steady-state 
amplitudes for |A) and |a), obtained by disregarding 
the nucleon-nucleus interaction will be adequate for 
such times. In this approximation, by choosing 2,9, «--, 
Xno>X10, °°*Xno0 and rewriting Eq. (12) with the aid 
of Eq. (17), we obtain for the partial sum over states 
of the above-specified character 


Lo xa(1- + +m)Xp(1'> +>’) = D0 €(ae1',- + Xen’) 
6 


KE xa(1- + m—1) Kp (51° * Sn—1)xo(Hn) Ko (Hen) 


Bb 


eS I ye(1---m—1)x0(n)!!!| Re (1---n—1)%(n)!!, 


Bib 


(20) 


where, for example, 

xn(1---n—1)x,(n) 
=n xp(1---n—1)x,(n)—xa(1-- 
4 +++ (—1)™y9(2---m)xo(1) ]. 


Thus, in terms of the operation 
[¥(1)- + -o(m)}™= lim [¥(1)- + -¥(n) 
and the definition 
[xa (1+ + +m) = (O|[Y(1)-- -(n) J" a), 
we infer from (20) 
[xa (1-+n) "=| 


At the other extreme, if |a‘t))= |! (a,---a,)), that 
is, consists asymptotically of m single nucleons, then the 
right-hand side of Eq. (24) would be replaced by the 
usual determinantal form in xa;(j), 


[xa (1 +++) ji" 
=(n!)-9>S e(ji-- 


-‘n—2,n)x,(n—1) 


(21) 


(22) 


(23) 


xa(1+++m—1)xa(m)||). (24) 


*Jn)Xai(Ji): F *Xan(jn) 


= |Ix.01(j1)-+-xen(ja)||. (25) 


Equations (24) and (25) are illustrative of the as- 
sumption that we may effectively turn off the inter- 
action between particles, but not the self-interaction or 
the interactions which produce bound states. In Ap- 
pendix A, it is shown how our adiabatic hypothesis 


and Klein, reference 4, for further discussion of the underlying 
ideas, 
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follows directly from an asymptotic condition on the 
field operators themselves. 

Similarly with respect to the states ja‘), 
define a limiting procedure “out” exemplified by 


[¥(1)- > -W(m) Jut=lim[y (1) -- -¥(m) J, 


we can 


(26) 


with its accompanying form of the adiabatic hypothesis. 

By means of assumptions A-D, we shall proceed in 
the next two sections to the construction of formulas 
for the S-matrix, for most cases of interest. In Sec. I 
we deal with nucleon-nucleus collisions, and in Sec. II 
with boson-nucleus collisions. It is shown in Sec. IV 
that the impulse approximation can be formulated 
simply for the various transition amplitudes under 
discussion. In Sec. V the normalization condition for 
the covariant amplitudes which enter these expressions 
is derived, and the method for obtaining matrix ele- 
ments of an arbitrary observable briefly discussed. 
Section VI takes up the question of finding the bound 
states of the systems considered. Here, the ortho- 
normalization problem, the application of perturbation 
theory, and the relation to the contents of Sec. V are 
given consideration. Finally, Appendix A discusses the 
foundations of the adiabatic hypothesis, Appendix B 
establishes the equivalence of alternative forms for 
certain amplitudes for inelastic processes, and Appendix 
C contains further discussion of orthonormalization 
conditions. 


II. NUCLEON-NUCLEUS COLLISIONS 


We proceed upon the basic observation that the 
known structure of the propagation function G[n,v | 
permits the identification of a certain subset of the 
matrix elements of S. Considering, for instance, the 
Green’s function G{n], we first define the operation 
L(t,t’) as follows: 

L(tt’')GLn = iO! [YW (1)  « (n) on" 
Xo (n')- > (1) J] 0). 
Upon introduction of the complete sets of states 


and (8‘~’| and subsequent utilization of the relation 


(28) 


(27) 


la‘+)) 


we have immediately 


L(t)GLnJ=i" X (O\[Y(1)- (nm) |B) 


B.a 
X Spaia‘t? [y(n’)- , i +) j" 10). 


As will be seen in detail below, Sga is then recognized 
from the form of G{n] when the asymptotic relations 
satisfied by the amplitudes of Eq. (29) are noted. 

In the work to follow, we shall frequently encounter 
equations with the structure 


) 


(29) 


/ 


> xs(1-+-m)ApaXall’,-+ +n 
Ba 


Dd xs(1-- +n) BgaXa(l’-+-n’), 
p.a 
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which hold when the common value ¢ of the time com- 
ponents xo lies in the remote future and the common 
value ¢’ of the components x,’ lies in the remote past. 


From (2.3), we desire to infer that 


A ga Baa, 


for each pair (B,a). 

If the amplitudes are antisymmetrized products of 
one-nucleon amplitudes, one need only apply the 
orthogonality relations 


fox: , ‘dX, Xa(1 se om)B-- ‘Bx gr ( 1---m) 52, 2 . (31) 


When (31) is not applicable, one may nevertheless 
write (30) in the form 


Do eB 6 (X1° + Xn) A paXa(X1* + Ky’ Jeihat’ 


dD ea (Xi + Xn) BgaKa( Ki’ ++ Xn Jee’, (32) 


Exploiting the validity of (32) throughout the intervals 
«©>t>|T! and i we » for sufficiently large 
ra or 

|7'|, | 7’|, we may conclude that 


> xsA fa Xa 


where the restricted summation >°’ extends over ampli- 
tudes of states |@°’) and (a‘*’| with common energies 
Eg and E, respectively. Two states |6,;°~’) and | 6°?) 
with a common energy are now distinguished by dif- 
ferent values of some constant of the motion. A con- 
sideration of the transformation generated by this 
constant of the motion suffices to demonstrate the 
orthogonality of the associated amplitudes in the sense 
of (31). 

As a ready illustration, let us first consider the well 
known case of nucleon-nucleon scattering. Here we 
make use of Eq, (8), or rather of the equivalent integral 
equation 


> xsBpaXa; (33) 


G(1 2; 1’ 2’)=G(1 1.)G(2 2')—G(1 2'/)G(2 1’) 


tf Cau 1)G(2 2")—G(1 2”)G(2 1”) ] 


xIT(1" > ao hal regi" Y Bhar E pe (34) 


According to the definition in Eq. (27) and the adiabatic 
hypothesis, 


Litt’) [G(1 1G(2 2’) 
e> 


pp’ 


Pe » 


G(1 2')G(2 1’) 


Xv (1) xp (2)LX pV) Xp (2’) 


x (1) xp (2) X91) Kp (2’) 


(O| LCD (2) o"*| (p01) )6(p 


pp’ pp 


«4 (p’ os op") ® | 2d) ]'" ()) 
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exhibiting the unit term of the S-matrix. Applying the 
same procedure to the remainder of Eq. (34), we find 


(pp’ S pp”) 


bL4(p— p’’)6(p’— p’”) —6(p— p’”)4(p’—p”) J 


An alternative version of Eq. (36) that will be useful 
for our later considerations can be obtained if we 
replace Eq. (34) by its symbolic algebraic solution 


G| 2 ] [ 1- GiGal i» | 1G Gy 


=G:G62+GiGl if 1—GiGil 2 }'GiG2, (37) 


where the antisymmetrization has been suppressed. 
From Eq. (37) we then conclude that 


(pp'|(S—1) p'py=e f Kp(1)Xp’(2) 


«(1 2) Tol 1—GiGel zt | 1’ 2’) 


XK xp (1) xp (2’)!!. (38) 


As a second example we take up the inelastic scatter- 
ing of a nucleon by a two-nucleon bound state which we 
call the deuteron. We simply record the integral equa- 
tion for G[3 | in the form 


G3] =G:GGs+G,GGsl[3]GT3], (39) 
with 


IL3 = LiGe +TGe'+GuGr' +i. (40) 


The matrix element in question can then be read off 
essentially from Eq. (39), 


(kikoks\ S| kp) mf x (1)K*#(2) X**(3) 


x (1 2 3) 703 ]| 1! 2’ 3’)x*e (1" 2’ 3’), (41) 
where the k; designate the outgoing nucleons and k, p 
the incoming nucleon and deuteron respectively. ‘The 
6-function term is missing, of course, for the inelastic 
process. An alternative version of (41) would result 
from inserting for xx»‘*)(1 2 3) the symbolic solution 
of the inhomogeneous integral equation which it satis- 
fies [see Eq. (47) below }. 

The reader should be cautioned against concluding, 
from an examination of Eqs. (40) and (41), that the 
latter is patent nonsense, One is tempted to this con- 
clusion by the observation that the G;~' acting on the 
free-particle wave functions on the left apparently 
annihilate them and thus the contribution to the ampli- 
tude of two-body interactions is missing. In truth, 
however, the differentio-integral operators G;~' act to 
the right in (41), and since we are dealing with scatter- 
ing states, an integration by parts is hardly justified. 
Alternative versions of the scattering matrix elements 
are available which eschew this pitfall. These have not 


Lao <. 
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been preferred for the purely formal study of this paper 
on the grounds that they do not lend themselves as 
readily to such conciseness and uniformity of expression 
as found in (41) and corresponding equations to follow. 

For the elastic scattering we require a different 


version of (39). Noting, for example, that 
Gy Ge 1— 119] 2=G[ 2 | - (42) 


or indeed starting most simply from the differential 
equation (6), specialized to n= 3, we have 

G3 ]=GL2\Gs+G[2 JG@q1 ((2],3)G(3]. 
From Eq. (43), we may first of all obtain a different 
version of Eq. (41): 


(43) 


(Rikoks S| kp) =e if xen (4 2) xks(3) | 


(123) 1([2),3)| 1’ 2’ 3’)xnp(1" 2’ 3"), (44) 


whose equivalence to the former is established in 
Appendix B. For the elastic scattering, on the other 
hand, we find 


(kp|S—1|k'p’) = #* fiz 2)x.(3)| 


x (123) 1([2],3)| 1’ 2’ 3’)xept(1’ 2’ 3’) 


- vf Xp(1 2)xX.(3)| 


x (12 3/7([21,3)01—G[2}Gs1 ((2,3) | 1’ 2’ 3’) 


X |Ix»-(1" 2’)xx-(3’)|!, (45) 


the second form following from the utilization of the 
symbolic solution of (43) [compare Eq. (37) ], 


G[3]=G[216;+G[21G; 
X {1—G[2)G3/ ((2],3)) "GL2 Gs, 


or by inserting directly into the first form of (45) the 
corresponding solution for xx»‘*’ (1.23) 


Xkp'? = {1—G[2)G31 ((2],3)}> 


The procedures that we have exposed for the simplest 
cases can be generalized in a straightforward manner 
to the situation involving an arbitrary number of 
nucleons. The elastic scattering of a nucleon by a 
nucleus of m—1 nucleons is described, for example, by 
the formulas 


(kp|S—1\k'p’)= mf Kp(1---nm—1)xe(n) 


(46) 


XpXkl|. (47) 


K(1-+-alT({[n—1], m)\ 1+’ )yep OP (1+ + +n’) 
inf Xp(1---m—1)X(n) (l---n I({n —] |, nt) 


<(1—GLn—1]G,1((n—1], n) }'\1'---n’) 


XK Ixy (1's + -m—1)xee(n’)|!. (48) 
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On the other hand if we were interested in a reaction 
in which the final state consisted of three fragments, a 
nucleon (k) and two nuclear fragments (in their ground 
states) of atomic weight p and n—1—p (p and q), then 
in Eq. (48) we would merely make the replacement 


|Xp(1- + -m—1)Xe(n)|| 


| Xpqo (1+ -m—1)Xa(m)||. (49) 


The forms (48) and (49) follow directly if one invokes 
Eq. (6) for the propagator G[m]. As in the the three- 
body case, different versions can be obtained for in- 
elastic processes. 

At least a word is in order about the possible utiliza- 
tion of these results. What is required is some knowledge 
of the covariant amplitudes of many-particle systems 
for scattering states, a subject on which the literature 
has been notoriously silent.'* A possible approach 
which has proved useful in the nonrelativistic limit is 
the impulse approximation, the application of which 
necessitates knowledge of two-particle scattering ma- 
trices and amplitudes for bound states, requirements 
which one should be able to meet at least in approxi- 
mate terms. The formulation is given in Sec. IV. 


III, BOSON-NUCLEUS COLLISIONS 


The treatment of such problems requires nothing 
novel in principle if we postulate suitable forms for 
the relevant propagators. Let us study the case of 
single-meson production in nucleon-nucleon collisions. 
By analogy with Eq. (29), we recognize the appropriate 
matrix element from the form 


DLE 2.02 +) 
<P OL LWA) (2) (E) Jo™*| (0,0) ) 


kep.p' p'’ p"’ 
x (kpp’ Ss pp” 


«KC pp!) ; CY(2W1’) Jin (0). 


with 


(Ol [WLW (2)p(E) }e""| (hp, p’) 
(Ol L(y (2) Je"! (p,p)) (0 o(E) | RD, 
and 


(O\ (E) | k)=xe(€). 


For the application of (50)-(52), we that 


G(1 2; 1’ 2’; —) can be reordered in the form 


Suppose 
G(1 2; 1’ 2’; &) 


” feGaceerr [2 ),£GiGo, 


where 
A(E,E) = 1(0| T(E) (€') |0). 
44 See however, N. Kemmer and A. Salam, Proc. Roy. Soc 


(London) 230, 266 (1955); S. Mandelstam, Proc. Roy. Soc. 
(London) 237, 496 (1956 
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It then follows from (50)—(52) that 


(pp'k| S| pp) =08 FX, Xp (2) Ke(S)| 
' j 


« (1.2) R((2),€)| 1! 2’) xp (Lx pe (2’)|]. (55) 

The method of obtaining R({.2 |,é) will be given below 
subsequent to our treatment of one additional example, 
that of boson-deuteron scattering. We take the Green’s 
function in question to have the form 


G[2; £,¢’J=GL2]A(é,e’) 


{ fate JA(E,E”)R(L2]; 7 ACE ENGL2], (56) 


which readily yields the formula (elastic scattering) 


(kp| (S—1)|k'p’) 


i f x(t 2)Xx (ECL 2| R(L2 J; EE’) | 1" 2’) 
Kx pr (1! 2’)xe(t), (57) 
with a corresponding expression for the inelastic 
situation. 
The R matrix in Eq. (56), for instance, may be con 
sidered achieved by the solution of the equation 


G2; &&’ ]=GL2JA(Ee’) 


tf ctatacee yr C2} e"e" Da 2,¢'"8"], (58) 


where 


T(E) + 1a( Eb) + Lia (E’) (59) 


I((2); &€’) 


is a sum of terms in which the meson interacts with 
one nucleon at a time (and is thus characteristic of 
scattering by a single nucleon) or with both in a non- 
decomposable manner.’* Comparison of (56) and (58) 
demonstrates that 


R=I1{1—G{2 jal) (60) 
in analogy with the nucleon case. 

A more general approach to the R functions is con 
tained in the idea that the Green’s functions G[.n,v | 
are all determined for a closed physical system once 
the Gln | are given in the presence of an arbitrary ex 
ternal source.’® The following formulas provide all the 
requisite tools. We suppose the external field to be 
characterized by a source function J(£) coupled linearly 
to the boson field, described by an addition to the 


Lagrange density’ of the form 


L! (x)= J (x)p(x). (61) 


9), 1075 (1953) have 


system 


“S. Deser and P. C. Martin, Phys. Rev 

studied the Green’s function for the single nucleon-meson 
'* Compare the work of the authors mentioned in reference 11 
16 Introduced into the work for the first time 
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In the presence of J(x) (assumed to vanish in the re- 
mote past and future, at which times one can define 
vacuum states), the vacuum matrix element of any 
operator ( is defined by the expression 


' (0(+)|Q|0(— «)) 
(OLJ]) 


(0(+ @)|0(—#)) 


which — (0'Q)|0) 


as J —» 0. We have the basic formula!® 


(O\ T(QOp( Ei): « -(£,)) | 0) 


IT (ol és) — 18/8) () KOT) | s0. 


vl 
As a special case we recall that 
A(é,t’) = 5((£)), 6] (£’) | yuo. 


Applied to the propagators, Eq. (63) yields 


G{n,v }=i8) T] [(6(é,)) — 18/6) (E,) JGn; J ]\ s20, (65) 
vl 


and thereupon, we have for our first special case (with 
(O|()|0) s20= 0) 
G2; €] 

i(6/6J (€))GL.2 | 

iA(£E,E)GiGs 


x[G, Gy 1(6G[.2 1/6(o(£.)))Gi Gy 1'1G:G2, (66) 


the limit J =0 being henceforth understood. Upon com- 
parison with Eq. (53), we can thus write 

R({ 2 is £)= > iG ‘Ge (6G 2 |/5(p(E)))Gi Gy - (67) 
whereas a corresponding procedure yields for the case 
of boson-deuteron scattering, 


R((2]; €€’) 
G2} 8G[2 1/5(o(E) 6 (E')) G2}. 


Of course, we could have based the entire discussion 
of this section on Eq. (65). 


(68) 


IV. IMPULSE APPROXIMATION 


The general formulation of this approximation for 
the noncovariant treatment of scattering is well 
known.* In this section we show that the same type of 
treatment is applicable to the relativistic case, a single 
instance, such as Eq. (36) for elastic nucleon-nucleus 
scattering, sufficing to demonstrate the generality of 
the procedure. 

Let us define 
Rin | 


I({n—1], n) 


xX {1—GLn—1]G,/([n—1], )}"', (69) 
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and 


(70) 


the corresponding matrix for two nucleon scattering. 
Assuming that it is permissible to neglect many-body 
interactions, we may write 


Ru=lfl-GiGd wt", 


I({n—1], n)= Gr) 'GGal in 


ni 
= (G,°- 
Ta | 


-56 Fn} IGG, ine (71) 


We also recall that Glm—1] satisfies the integral 


equation 


G[n—1]—G[n—1] 
=GCn—1]I[n—1]G[n—1] 
=G[ln—1\I[n—1]G[n—1]. (72) 

If the algebraic identity 

D> = Dy'+De"'(Do— D)D™ 
is applied with the choices 
D=1—G[n—1]G,1({n—1], n), ‘ 
Do=1-G[n JI ([n—1], n), (74) 
we ascertain by means of (72) that 

[1—G[n—1]G,1([n—1], n) | 

=(1—G[n]I([n—1], ) J" 
+(1-G[n J (Cn—1], ») 
x (Gln—1 I] [n—1]G[n—1 “ - 


«[1—G[n—1]G,1 ({[n—1], n) + 


1 |, ) | 


=(1-¥ Gul ol" +(1 EG G,l oy 


«[Gin—1 J [n—1]G(n—1]/({[n—1], n) ] 
«[1—G[n—1]G,] ({n—1],n)}", (75) 


the second form resulting from the application of Eq. 
(71). By ignoring temporarily the second term of (75), 
which represents the correction for nuclear binding, we 
have approximately 


n—1 


R{_n |= FMC] IG Gal ink. 1—S GGal jn}. (76) 
yl 


Equation (76) thus represents the solution of the prob- 
lem of the scattering of a nucleon by »—1 others in 
which the interaction among the latter is neglected. 
By repeated application of the identity (73) Eq. (76) 
can be exhibited as a multiple scattering series. For 
this purpose we fix the index i and select for D the 
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reciprocal operator in (76), whereas for Do we choose 


Do=1-—GGyl in. (77) 


We then find, remembering Eq. (70), that 


n—l 
Gn Ron] = ¥ GayG,Rayn 


ay~l 


+ z. Ga1G,RanGaXG,Ragn 


aiyxaa 


+ i Ga;GnRaynGaGn RagnGagGnRagn +. std (78) 


a\*arrXag 


the sum of single, double: - «scattering terms. 

We may now return to Eq. (63) to see that the previ- 
ously neglected second term is subject to a similar 
analysis. If we denote the right-hand side of Eq. (78) 
by M and the factor in (75), G[n—1]/[n—1], by B, 
inspection shows that G‘[ |R[_n] can be represented 
by the symbolic double series 


G[n]R[n]=M+MBM+MBMBM+--- 


=M > (BM)’=M[1—BM}".. (79) 


ve=() 


The conventional impulse approximation consists in 
retaining only the first term of M, Eq. (78). This yields 
for Eq. (48) 


(kp|S—1\k'p’ =in f Xp(1-+-m—1)xe(m) 


n—1 


K(1s-on Gn] >» | 1’: --n’) 


a=! 


K xp (1's +-n— 1x (n’)|!. (80) 


It need hardly be added that in view of Eq. (60), similar 
considerations may be applied to the case of boson- 
nucleus scattering. 


V. NORMALIZATION OF AMPLITUDES AND 
OTHER OBSERVABLES 


An essential requirement for the utilization of the 
results of the previous sections is a knowledge of the 
normalization of the covariant amplitudes. A conveni- 
ent method uses either the conservation of charge or of 
nucleon number. To see how to employ the latter, we 
introduce into the Lagrange density the term 


W(x)y v(x) :V,(x), 


which describes the coupling of an external vector field 
V,(x) to the nucleon “particle current.” If we consider 
the equation for Gi], in the version 


£’ (x) (81) 


{Gy'---G,—1[n\J[n}}G[n]=1[n], (82) 


its general form will be unaffected by the introduction 
of (81), except that the terms are now all functionals 
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of V,(x). In the formula 


5G[n |/5V .(é) = —GLn {6G n F/6V,(E) Gin], (83) 


we may then utilize the bracket in (82) for Gln}. 
With the definition 


Py“ (€)= —8G5"/6V,,(€), (84) 


we thus obtain 


bG[n /oV,(E) =G(n (EP, ()GG(n}? 


+ 1m oJ |/5V.(E)}GLn]. (85) 


On the other hand it follows from (81)" that 


5G n }/5V ,.(E) = i"*(0| T(W(1) + Wn) (Ey (E) : 


xP(n')---P(1)|0). (86) 


Applying the same limiting procedure to (84) and (85), 
Litt’), as in the case of scattering (keeping & in the 
finite domain), we thus deduce the formula 


i(B | wW(é)y w(t) s}a) in fx! (J++ +m) 


Kd wl CS POG Gn} 


+51 [ m |/6V(E) || 1+ +m’ )yat (1's n’), (87) 
As the only trivial instance available, let us apply 
Eq. (87) to a one-particle state of momentum p. We 

have 
(p|N\ p)=lim(p— p’)6(p—p’)=V(2r)*, (88) 
where V is the volume of the system. On the other 
hand for a renormalized theory (see Appendix A) 
X p(x) == (27) lu (p)e'”*, (89) 

where 

(90) 


(yptm)pu(p)=0, fA(p)ym(p)=1. 


Taking cognizance of (88) and (89) and (87), the latter 
reduces to the condition 


ve P'up) 


1=V tf dxde’day()a()e ey a—&, & 
B(p)Volp,p)ulp) 


(91) 


Comparison of (90) and (91) informs us that I'(p,p) 

Yo, 48 we require for a renormalized theory. 

It is characteristic of the covariant theory that ex 
pectation values and matrix elements involve integra 
tions over both space and time; when the causal nature 
of the interactions is not disregarded, a knowledge of 
the amplitudes for all (relative) times is required 

As a further illustrative example, let us apply Eq 
(87) to the normalization of the deuteron covariant 
amplitude 


(O) TQ (aio (x2)) | D). 


X D(X 1,X2) 
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By (1), the normalization condition may be written 
(D|N|D)=2, (92) 


where, in view of (87), 


(D|N\D) if xo(asee)(to! (x4,01'E)G2" (9,29) 


+19 (29,000, £)G1™ (x1,071') 
+ 61 (x 1,2; 41X20") /6Vo(€)} 


xp x1" ,x2")dxy- + dxe'dé. (93) 
In order to exhibit the relationship between (93) and 
the conventional quantum-mechanical normalization 
conditions, we consider the former in lowest order. 
Then 6//6V is disregarded and 


9 | 


(yptm)) 2, Pol) @ av, (94) 


Gy Phe 1 
Then in momentum space, (93) is the sum of two terms 


(D|N|D)=Nit+N2, 


where 


Ny if dpsdp sky Ps.payre® (yp+m)®xp(pi,p2), (95) 


and a similar expression obtains for N». For a deuteron 
at rest of total energy /, Eq. (95) expressed in terms of 
the relative momentum p reads 


Vi if aper(p)Cat E+ po \h(p), (96) 


where ©*(p) = @(p)yo"'yo is the relative momentum- 
energy wave function. As Salpeter’ has shown, the 
amplitude @(p) may be related to the “equal times” 
wave function ¢(p), 


o(p) fear, 


when the interaction J is instantaneous, by the equation 


(p) 


(97) 


(H—}E— pol "[H2—bE+ poy" 


x [1 p.ao(adg 
and #(p) satisfies 


o(p) = (2ri)(H,4+-H,— FE)" (P*—P-) 


x [ 1(o,aoada, (99) 


where P* is a projection operator to the positive-energy 
components of both nucleons, whereas ?~ is a projection 
operator to their negative components. But if (98), and 
its adjoint, are inserted into (96) and the fo integration 
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carried out, we find 


N; (2ni)*f dpdqudaes*(qi)1 (a0) 
x (H,+H»— E)(P+— P-)I(p,qs)(qz) 


= { dpor(p)(P—P )o(p). (100) 


The result for N» is identical. Thus, in the limit con- 
sidered, the covariant normalization condition differs 
from the more familiar expression in terms of equal- 
times wave functions only in that negative-energy 
components contribute negatively to the normalization.® 
Delaying further study of Eq. (87) until Sec. VI, 
we turn briefly to the consideration of observables 
other than the S-matrix. The general problem may be 
viewed as that of obtaining matrix elements of various 
T products (or normal products) between states other 
than the vacuum. In all cases these may be handled by 
a suitable generalization of the methods described for 
the S-matrix and for the normalization integral. We 
shall not consider any hypothetical cases, since in 
practice the most important quantity is the energy of a 
bound state, to be studied in detail in the ensuing 
section. We merely complete the considerations of this 
section by a special technique available for the compu- 
tation of the electromagnetic moments of a nucleus. 
Toward this end, it is convenient to study the 
scattering of the nucleus by a weak external electro- 
magnetic field A,(£), which vanishes in the remote past 
and future. The Green’s function G[_” | will now also be 
a functional of A,. To first order in the latter we have 


G{n,A } 


J 


G[n|4 factoctn \/6A y(E)} AmwoA y(E). (101) 


It is clear that the operator L(/,t’) can be applied to 
the right-hand side of (101), thus yielding for the 
scattering of the nucleus (in its ground state) from 
total momentum p’ to total momentum 4, the result 


(p|(S—1)| p’)=- inf dexp(1-+-m) 


/ 


« (1-+-n|6GEn]}-1/5A,(£)|1'> + +n’) 


Xxp (1's > -n’)A,(é). (102) 


The various moments can be extracted from (102) by 
special choice of A,(&). 


* VI. BOND-STATE PROBLEMS 


oe 
We turn to the bound-state solutions of the equation 


(G[n} "—1[nU[n])x(1---m)=0. — (103) 
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Now the workers who have grappled with actual cases? 
all overlooked Eq. (87), as the proper normalization 
condition to be imposed on permissible solutions.'” At 
ihe same time, one must remember that the same equa- 
tion does not provide a useful orthogonality theorem. 
4 see this, let us apply the condition to the “ladder 
approximation,” i.e., to an equation of the form 


(yp+m) (yp+m) x (x1,%2) 


fastan'r 11,%9; Xy’ Xe’) (H4',x0"), (104) 


with J specialized to 


I (x 1,%25 1’ ,X2") = 9 (x,x')6(X,X’), (105) 
and X,x total and relative coordinates, respectively. 
Under these circumstances, we may consider 9(x,x’) to 
be independent of V,(£) when that external field is 
turned on. Applied to states of total momentum zero 
and energies /, b’, the integrated form of Eq. (87) 
becomes 


2(2r) *Vb(E— KE’) fa dxs'day(E)X 2 (X1,X2) 


K(1 2) fy, + (ypt+m) yy, (E)} | 17 2° 


Y(E)(yp+m)” 


xu (ay',2"). (106) 
Recalling that 


(1) y4(&) 2)6(1—&), (107) 


choosing a surface £)= constant, inserting 


xe (x12) =e The (x), Xe(xr,%2)=e!*T u(x), (108) 


and performing the integration with respect to the total 
coordinates, the right-hand side of (106) reduces to 


2nVi(k Bf axée(2) 


XK [vo (ypt+m)® + (yp+m) yo be (x). (109) 


In the limit as H — ££’, we can infer that 


b(2n)'f dade 


X [vo" (110) 


(yp+m)?)+(yp+m)" yo?) lpu(x) 
On the other hand, for /# £’, it is inviting to conclude 
the the corresponding integral is at least finite. Under 
that supposition, it is then amusing to remark that 
one can prove directly from (104) that it vanishes, 


in fact. 


17 The relevance of this condition was noted afterwards by 


Nishijima and Mandelstam (reference 4 and see below 


ptyo'm— po— 5k | 
yo LH, 
m+ po—tE | 
vo [He— FE |. 


bE |, 


a’: p+¥o 
(111) 


In relative coordinates we then contemplate the two 


equations 


Yo . [HK l LE We lb w(x) 


J saxo, (x)=0, (112) 


bE") 


Lx: 


he \X)YVo V0 2) Hy bf’ | Hoe 


J de-(x) s(x’ a) 0, (113) 


where as usual $p pd. Following a standard pro 


cedure, together they imply that 
L( i’ P) | oe '(x)[ (30, — EE) + (H2— FE) 


+ (450, — 4’) + (He— FE’) le (x) =0, (114) 
and if #K’, we may conclude the vanishing of the 
integral. In deriving (114), we have presupposed the 
validity of various integrations by parts, Le., the 
Hermiticity of the operators involved. The integrals in 
(114) and (109) are the same. 

The appearance of the last result suggests a matrix 


form of writing. Indeed, if we introduce the vector 


pe(x) 
Eby (x) I, 
AE )be(x) 


(Hy (115) 


(He 


Py (a ) 


and select a suitable normalization, we may write 


J eeetGajom et v1) =bxnn, 


where Ji is the Hermitian matrix'® 
(117) 


In Appendix C, the generalization to an arbitrary 
number of particles is considered. The establishment of 
(116), together with the plausible assumption of an 
expansion theorem, will permit us to develop below a 
perturbation theory for the many-particle system 


1m i a singular matrix and for this case we could 


pace with 


in fact 
equally well have introduced a two-dimensional vector 
a nonsingular metric. This will affect none of the 


however 
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Prior to that, however, let us review briefly the bearing 
of (116) on previous work. 

Mandelstam* has argued that the imposition of 
(116) or its equivalent together with its associated 
Hermiticity requirements rule out the existence of a 
discrete spectrum for the parameters considered by 
Goldstein,’ in striking analogy with the situation occur- 
ring for the one-particle Dirac equation in a Coulomb 
field for Z> 137."* On the other hand, the same equation 
could well yield a discrete spectrum for sufficiently 
weak coupling 

For the other example in the literature, Nishijima‘ 
has applied a corresponding normalization condition to 
the solutions of Wick and Cutkosky’ and found them 
perfectly satisfactory except in the extreme situations 
of zero total energy and zero binding energy.”’ It is our 
opinion that the work of the latter authors represents 
an example with no remaining ambiguities. 

We turn then to the formulation of perturbation 
theory, restricting ourselves to the two-body problem. 
In the perturbed equation, we admit an energy 
dependent interaction 9 w(x,«’). Let £; be the energies 
of the unperturbed system. From the equations 
(HC, 


IW) (Hy su Ww (x) 


[su loann le) (), 


bij) (He hie ;) 


[eer 0, 


following the same standard procedure as for Eqs. (112) 
and (113), we derive the result 


(W E) farm for ww, 


where Ww represents a vector constructed as in Eq. 
(115) and 


The Th 
(118) 


d(x) yo" Vo? (Hy 


(119) 


(120) 


Uw =o v0 [Iw—F |. (121) 
Equation (120) is reminiscent of the fundamental 
formula of Brillouin-Wigner perturbation theory. 

To carry the treatment forward, however, we must 
assume an expansion theorem. With an appropriate 
choice of normalization of @g we suppose the validity 
of the representation 


Yw=oet > ay). (122) 


j*E 


“KM. Case, Phys. Rev. 80, 797 (1950) 

” Though we are in agreement with Nishijima’s conclusions, we 
do not confirm the precise form of the normalization condition 
that he imposes 
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To determine the a,;, we construct from pw the vector 
Ww, that operation defining simultaneously the right- 
hand side of the equation 


Vw=Ow, e+>d aw, ; 


=@e+(W—E)X pt+¥ af )+(W—E,)Xj], (123) 


where 
0 
X;=| —}¢; 
mad bd; 


(124) 


From Eq. (123) there follows, by means of Eqs. (116) 
and (120) the equations 


(W—E) ae 


(W—E,;) fos" 0Wdw 


+ a; +- 5° ( W- ky ) fosrmx, 9 


fu IW w= 1+(W p) | eum, 


} > a,(W - Fs) f etmX, 
k 


(125) 


the first of which serves for the determination of the a;, 
the second defining the normalization integral on the 
left-hand side. Toegther with Eq. (122), they determine 
the energy, represented according to Eq. (120) by the 
expression 


W =E+ | foere ww / {vim | (126) 


APPENDIX A 


The treatment of the S-matrix in the Heisenberg 
representation in the absence of bound states is usually 
based on the in and oul operators,’ defined loosely by 
the equations (we consider for example the nucleon 
operators) 


lim [W (1,0) —Yin(r,t) |] =0, (A.1) 


lim [W(1,0) —Your(r,t) | =9. (A.2) 


Win and Your then satisfy free-field equations, and the 
total Hamiltonian when expressed in terms of either 
set of operators has the aspect of the Hamiltonian for 
uncoupled fields. The associated creation and annihila- 
tion operators in conjunction with the physical vacuum 
state are then used to construct the complete sets of 
states |a‘*)) (constructed by means of the yji,) and 
a™)) (obtained by means of the Your). The physical 

significance of these operators (i.e., of the states erected 
by their use) is that they describe isolated real particles. 
In the event that bound states occur, we extend Eqs. 
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(A.1) and (A.2) to the statements 


lim [¥(9,t)—YPin(r,) —Wa(r,t) | =0, (A.3) 
t+-@ 


lim [¥(9,t) —Your(r,d) —Wa(r,t) ]=0, (A.4) 
t-++a 


where of the gz (the bound state operators) it is only 
assumed that they are dynamically independent of the 
in and out operators. Thus they commute (anticom- 
mute) with the latter, which form a reducible repre- 
sentation of the commutation (anticommutation) 
relations of block form with respect to the subspaces of 
given bound state character. 

To explain what is meant by the last statement, we 
construct the states |a‘t’). We cannot give an explicit 
construction for those states which in the remote past 
contain only composite particles but we merely assume 
that there exist an appropriate set | B‘*), including the 
vacuum state. Let Oj,,4' be the complex of “in” 
operators which defines the state |a‘t)) with incoming 
free particles only. Then the complete Hilbert space is 
spanned by the vectors 
Oin, a! |B), 


| (a,B)) he a (A.5) 


’ 


and, if Qj, is any “in” operator 


((a’, BY | Oin| (a, B® )) = (a |Oin|a )dpp, (A.6) 
i.e., between states of given bound state character, it 
has the same matrix elements as if the bound state 
character were ignored and replaced by the vacuum, 
whereas between states of different bound state char- 
acter, the matrix element vanishes. Of course, there is 
a corresponding set of states |@~) constructed from 
the “out” operators. 

We turn to the study of the consequences of Eqs. 
(A.3) and (A.4) and subsequent statements in regard 
to covariant amplitudes. For a one-particle state | p) 
we consider the amplitude 


Xp(x)= (Op (x) | p). (A.7) 


Since we suppose ourselves to be dealing with a pre- 
renormalized theory, ¥(p) satisfies 


(yp+m)x p(x) =9, (A.8) 


and indeed, since we are dealing with a single elementary 
particle 


(Ol W(x) | p)= (Ol Pin(x) | p)= (Ol Pour(x) | p) 


(2m) yu (pye'”?, (A.9) 


where yu(p) is a free-particle spinor normalized to 
= 
w'y=1. 

For states of nucleon number two we study the 
amplitude 


Kat? (24,22) = (O| T (W(ar)(%e)) la), (A.10) 
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to which we apply the operation { }|'", as defined in 
Sec. I, Eq. (23), 


(Ol [W(arW (x2) Jia). (A.11) 


| p(2)), we have 


Xa’ ’ (1,22) - = 


If now |a‘*?) is a bound state 


(O| LW (ai) (x2) ]'™| p(2)) 
(O| [Wa(xiWn(x2) || p(2)), 


whereas if |a@‘+) is a continuum state | (p1,p2)"*), 


[xp(1,22) ]'” 
(A.12) 


[ Xpip2'*? (4X2) = 

(O| [Ly (ar)W (x2) }""| (prypa) ) 

(O| [Win (1 )Pin (%2) J'"| (Pryp2)) 

(2!)~§[ xpi (41) x v2 (42) — xvi (X2)X 2 (41) fr. (A.13) 
as follows directly from the representations available 
both for the in operators and for the corresponding 
States. 

As a final example we study the asymptotic form of 
a mixed three-particle state | (k,p(2))), with 


[xx pt? (axratens) |= (O| (ard (are) (ara) ]!™| (Rk, p(2)) ) 
(O| [Wa (arWa(x2)Win (xs) t Wa (x1)Win(te)Wr (ag) 
tWin (%1)Wa (x2) (xs) |'"| (k,p(2))) 
3A yp (are) xu (3) — x p(X14s) Xe (2) 
+X p(%2%3) Xe (41) Pa, (A.14) 
The normalization factor has been explained in the 
introduction. 
It is clear that by continuing this procedure we can 
obtain the general formulation of the asymptotic con 
dition described in the introductory section. 


APPENDIX B 


We seek to establish the equivalence of Eqs. (41) 
and (44) of the text. We limit ourselves to the case 
that particle 3 is considered distinct from particles 1 
and 2. We must then establish the equality 


f ses) x02) Xes(3)(123| 13 }] 12/3’ )xuy (12/3) 


fim (12) %e,(3)(123| 1((-2'],3) | 12/3’ 


X xu pt) (1'2/3") 


(B.1) 
We recall that 


I{3| 1({.2 },3) L143 - (B.2) 


( 


Now X12‘ satisfies the equation 


( 


Ke? = | Ki Ka) + Ke OMidG, 
Kae) (1 —1G1G, |! 
XiX2) 4+ X1X2 1 GG 1 
Kiel] +1) LiKe! Lire. 


I XG,Go}! 
(B.3) 
Inserting the last form of (B.3) into the right-hand side 


of (B.1) and comparing the result with the left-hand 
side, we are left to prove that 


Ge xia"? Gyal ((.2 |,3) x28 ' (B.4) 
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But the latter equation follows immediately from one 
form of the defining equation for x23’, 
x12? = X12 xg +-GidGal (2 J,3)x108 (B.5) 
since Gg 'y4=0 
APPENDIX C 


We demonstrate that the orthogonality theorem, 
Eq. (95), can be extended to the case of any number n 
of particles. If @x[n] is the relative-coordinate ampli- 
tude, we study the integral (e= //n) 


J oe*Co ILL -)—T1(,—e’) elm] 


tf onrtn 4 e[n] 


which vanishes in virtue of the fundamental equation 


Su[n|\pe[n]|, (C1) 


LIT vo‘ (3¢,— FE) — den} Joe[n]=0, 
rel 
and its adjoint. 
Ignoring for the moment the energy dependence of 
the interaction, we transform the first term by means 
of the identity (verification left to the reader) 


[[(9c,—0—) —]](%,— &) 
wl iI 


n?*(h’- EY [][,— 0) (X,— 0)! 


jul i=l 


1 Y T(x, 


11” )2 6 


+ (n €)(Hy— €) "(Rje 


X(Riy—e)+2!(n—1)(n—2)° SY > 
sim yew se ' 

jis je 

€) '(3Cjg—€)! 


1 Yo []0e-e) 


11” 32 «+ 


K (Hy — EMR — OY 'U(BRyg 


€') (Kjg— )4 + (n 


mK (IC, 


€) (Kig— €) (Hj — ©) 


(Ij, 


tS [](30;—e')(Mj—e) "J, (C.3) 
ii 
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the curly bracket being symmetric in £ and £’. By 
means of (C.3) the first term of (C.1) can be written as 


(C.4) 


(E’—E) [v in jon Pel n |, 


if we define the quantities involved as follows: &g[n ] 
is a column vector of 2"—1 components comprising the 
sequence pz n |, (Hi—e\deln |, +++, (Hr— ede, (Hi—) 
XK (Ko— elon, --*, (Ke—€)+*:(Ka—elhe; Pez", is the 
adjoint vector; IN[_ | is a square matrix with rows and 
columns labeled by the indices 0,1, ---m, 12, 13,--- 
23---n, whose nonvanishing matrix elements 91a, can 
be read off from (C.3): Let p(a) be the number of 
integers (1 tom—1) other than zero specifying the row a, 
p(B) the corresponding number for the column @. Then 
Weg vanishes unless p(a)+p(8)=n—1. If the latter 
condition is satisfied and p(a)=s, p(8)=n—1—s, then 

Mas(s,n—1—s)=[n?(n—1)! ]s!(n—1—s)!. (C5) 
For an energy-independent interaction and a suitable 
normalization, we would then have the orthogonality 


fre Cn pun Woe(n])=5 ern 


However, in the general case, even under the simplest 
assumptions, there is an unavoidable energy dependence 
of the interaction. Thus if we assume only two-particle 


theorem 


(C6) 


forces, we have 


I xe{n =D yovo TT] vo’ (Hi — ©) 
ix) kewl 

x (H;—e) rls, (C7) 
where we suppose /;; itself to be independent of energy. 
It is clear, though, that the integral containing the 
difference (9 — 4) can then be written in a form pro- 
portional to (£’—£) times a suitably defined matrix 
product in a space of 2"”*— 1 dimensions. Corresponding 
remarks will obtain if three and more-body interactions 
are involved. In general then the orthogonality theorem 
will be more complex than (C.6). Further details will 


be left to the reader. 
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The well-known approximate Coulomb wave function, which is essentially the asymptotic form of the 
exact wave function, is shown to be valid in the computation of certain high-energy, small-angle processes 
In an explicit calculation of the atomic photoelectric effect, the result of Hall is obtained in a somewhat 


more convenient form 


\pproximations to this result are discussed and the limiting case Ze/he=1 is 


evaluated. For bremsstrahlung and pair production, it is found that the wave function is not completely 


adequate, although still useful. The Coulomb scatte 


care is exercised 


I. INTRODUCTION 


ECENTLY there has been interest in an approxi- 

mate continuum wave function for potential 
scattering in the extreme relativistic limit. This function, 
which was considered by Moliére,! Parzen,’ and others, 
has usually been obtained from WKB-type approxi- 
mations; for the Coulomb field (but not for short-range 
potentials) it is essentially the leading term in the 
asymptotic expansion of the true wave function. Schiff* 
has employed different arguments to the same result, 
while Olsen, Maximon, and Wergeland‘ have used the 
function in the calculation of bremsstrahlung and pair 
production. In the present paper we discuss the validity 
and usefulness of this approximate function when 
applied to Coulomb problems. 

In Sec. II, after describing the usual derivation of 
the wave function, somewhat modified for the Dirac 
equation by a method of Bethe and Maximon,® we 
discuss its expected range of validity. It is indicated 
why, as discussed by Olsen et al., the function does not 
suffice for a complete calculation of the bremsstrahlung 
and pair production cross sections. Coulomb scattering, 
which has been a source of some confusion, is also 
discussed; it is found that the wave function is suf 
ficiently accurate if used with care. In Sec. II], we 
apply the wave function to a direct calculation of the 
total cross section for the atomic photoelectric effect 
and obtain exactly Hall’s® result. We discuss the 
approximations to his formula, evaluating explicitly 
the limiting case Ze?/hce=1. 


Il. WAVE FUNCTION 


We assume a wave function of the form y= u(k)e'* "+4 
where u(k) is the Dirac spinor for a free electron and ¢ 

* This work was supported in part by a grant from the U.S 
Atomic Energy Commission 

t National Science Foundation Predoctoral Fellow; 
University of Pennsylvania, Philadelphia, Pennsylvania 

1G. Moliére, Z. Naturforsch, 2, 133 (1947 

2G. Parzen, Phys. Rev. 81, 808 (1951) 

+L. I. Schiff, Phys. Rev. 103, 443 (1956). This paper gives 
references to earlier work. H. Hall and J. Oppenheimer, Phys. Rev 
38, 71 (1931) considered a similar wave function in the calculation 
of the photoelee tric effect 

‘Olsen, Maximon, and Wergeland, Phys. Rev. 106, 27 (19 

°H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (19 

®*H. Hall, Revs. Modern Phys. 8, 358 (1936 


now at the 
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‘ring cross section may also be computed if sufficient 


is a yet undetermined function of position, Substitution 
of this into the iterated Dirac equation’ 


2EV+V?)y 


(V?+ k? iia VV )y, (1) 


and expansion of ¢ into a power series in 1/k yields the 
equation k-Y¥fo+ LV =0 for the first term fo of ¢. For 
electrons in a Coulomb field of positive charge Ze, this 


{ V (p,z)dz 


x 


yields 


aln(kr—k-r), (2) 


where a=Ze*>O. The elimination of the large inte 
gration constant is not altogether trivial. In most cases, 
we can find the correct result by requiring ¥*(x)p(2’) 
to be independent of this constant; more consistently, 
we can consider the Coulomb field as the limiting case 
of a screened field. We shall return to this point later, 
The & is inserted for dimensional reasons; cross sections 
are of course independent of this inserted phase factor 
A more complete notation for this function would be 
¢), the “plus” referring to outgoing scattered waves 
The “minus” function integrates the potential along 
the final trajectory from z to + 4 

In analogy to the Sommerfeld-Maue (SM) wave 
function, we may consider a modification of the form 


Y=e'*'"(1-4 Q)eou(k), (3) 
where {2 is some operator of order 1/2. The operator @ 
is also required to depend on the Dirac matrices since 
it is only in this way that the correction term can con 
tribute to the cross section in the same order. Substi 
tuting (3) into (1) yields 
EV)Qu(k)e'*e 

(a: VV —-V?— I 


2(ik-¥ 
Y(14+Q)ul(kjet (4) 


If we now assume that 2 commutes with k-¥, we find 
that 


[Q,2EV ju(kje““=i(a- VI V*)u(kje" 


when we dominant terms. Since we also 


keep the 


‘Units with h=c=m=1 are used throughout this paper 
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require that & depend on the Dirac matrices, we must 
choose Q=(—i/2E)a-¥. Bethe’ emphasizes that the 
correction term may in some cases give contributions 
of the same order of magnitude as the first term. 

Let us compare our wave function with the SM 
function 


Yum Nel + @) \F (ia; i: i(kr 


where N=I'(1—ia)e'** and F is the confluent hyper- 
geometric function. It may be seen from the relation 


k-r))u(k), (6) 


_ 


for za, (7) 


ialne 


NF (ia;1;12) ~e 


that (3) is the asymptotic form of (6). (The next term 
in the asymptotic expansion would contain the spherical 
scattered wave.) This leads at once to an integral 
representation of (3), Consider 


1 


F (ia; 1; iz) dxx®'(x—1)~“e**. (8) 


lor large , the main contribution to the integral 


comes from small values of x; hence® 


A -— f 
dri 


(0*,@* 


dxe**x*—"', (9) 


In practice, whenever Eq. (9) is used to evaluate an 
integral, one may as well have used Eq. (8). The wave 
function y is particularly useful when (9) is not needed. 

Since Wam gives exact results in the limits of high 
energy, this comparison permits us to discuss directly 
the validity of the wave function y.2* Indeed, for suf- 
ficiently high energies, the asymptotic expansion is 
valid except for small regions near the origin and in the 
forward direction. In general, one may expect that 
these regions give negligible contributions in the com- 
putation of matrix elements. On the other hand, for 
large-angle processes we must include the spherical 
scattered wave term of the asymptotic expansion, 
since the rapidly oscillating exponentials in the leading 
term reduce the value of the matrix element. In par- 
ticular, for bremsstrahlung and the photoelectric effect 
small-angle scattering will be dominant, and we may 
expect y to give correctly the total cross section, 

In the case of bremsstrahlung, however, a careful 
examination of the integrals shows that there are two 
important regions of the scattering angle. These two 
regions correspond to momentum transfers g~1 and 
g™~1/E. This point is discussed in detail by Olsen ef al.‘ 
It may easily be seen by looking at the basic integral, 


Tou N fon lexp[iq-r+ito — ito —Ar |, 


* Equation (9) may be proved directly from the formulas found 
in E. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, New York, 1952), fourth 
edition, p. 260 
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which exactly corresponds to the /) of Bethe.® For q1 
the dominant contribution to the integrand comes 
from the forward direction, where we do not expect 
to be accurate. On the other hand, for g~1/E a much 
larger region of the integration is important and in that 
case we may expect to obtain correct results with Jo. 
Actually, Jo may be completely evaluated’ by means 
of (9) and it is found JJ». However, subsequent 
derivatives introduce changes unless g~1/E. 

The wave function may also be applied to small-angle 
Coulomb scattering by using the S-matrix formula, 
S=(¥~ |W), which is closely related to the brems- 
strahlung integral Jo. Following Olsen ef al., one obtains 
the 7-matrix integral 


1 af Ju(qn)xds exp(2i f V(x3)ds)—1 . (10) 


This may be evaluated in the limit of no screening to 
give exactly the Rutherford cross section 


on= (a/2kv)? csc*($9). 


If, on the other hand, one wishes to calculate the 
scattering amplitude from the well-known formula 


br [(0,¢) =(E+a-k4 am) f re HrV(r)Wo(r), (11) 


using for ¥ our approximate wave function, cifficulties 
quickly arise. This is related to the fact that (11) is 
strictly valid only for a short-range potential, where 
the wave function has the asymptotic form e**? 
+r-'e*r (0). It is conventional to apply the formula 
for a screened field and then take the limit of no 
screening.” If for small screening, {)=—a In(kr—k-r) 
+constant, as we have assumed earlier, we may evalu- 
ate the integral [by using Eq. (9)] with the result 
o=onmae ** cschra."' To understand this, we rewrite 
Eq. (10) by noting that (0/2) exp f'*V = V(z) expf?V. 


T « fer exp(iq. Vir) expi f Vdz', (12) 


oo 


where q, is the component of the momentum transfer 
perpendicular to the incident direction. The sole dif- 
ference between (11) and (12) is the omission of the 
longitudinal component of q. One does not expect this 
to make much difference, since in general g >q., but 
evaluating this integral in the same manner as (11) 
was evaluated, one obtains still another result. The 
reason for this is that there is no oscillatory cutoff 
for z, and thus values of z of the order of the screening 
radius are important. In this case, the formula (2) is 


* Methods similar to those of A. Nordsieck, Phys. Rev. 93, 785 
(1954) are used 

” R. H, Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951) 

One may also carry out the integral using the SM function, 
obtaining ogm =oR7a cschra 
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not the correct limit of a screened-field wave function. 
In (10), however, the z 
before any limiting procedures are carried out, and 
thus we get the expected result. This shows that a 
certain amount of care is necessary in using the wave 
function, since the order of the limiting procedures 
4) is important. 


integration is done exactly, 


energy —>* and screening 
Ill. PHOTOELECTRIC EFFECT 


When y is applied to a calculation of the photoelectric 
effect (the correction term {2 does not contribute), one 
obtains for the total cross section in the high-energy 
limit precisely Hall’s result.® This total-cross-section 
calculation, performed directly (by using small-angle 
arguments and the 6 function of energy conservation to 
reduce the integrals'), is simpler than the exact calcu- 
lation and hence advantageous; further, since the 
integral representation of y is not needed, the use of 
Wsm would be more difficult. The result contains a 
double integral which cannot be evaluated; we discuss 
Hall’s approximations and explicitly compute the 
limiting case Ze?=1. Finally, we discuss the nature of 
the errors which arise if the Born approximation is 
made. 

The cross section will be determined from the matrix 
element!* 


M e(2mr)*q Hf @owre ec (A ™W,, (13) 


where Vy is the continuum wave function and Wp is 
the wave function for the bound state: 

Wo= AL f(r)—ir-ag(r) jo’, 
(1—a?)'—1, 
Ze’. 


I(r) =e wal g(r) (¥ a) f(r) ’, Y 


A = —(2a)*7+4(a?/y) [8a (2y+3)}, a (14) 


If | M |? is averaged over initial states and summed over 
final states, we obtain 


(| M |*) y= (29 A*e?/g)[ | 1, |?-EOk-q/q 
X (1,D* -q/q4+1,*D-q/q)+|D)\?), (15) 


where 


= f fers, I; | ae D=V_hs, p=k~q. 


The total cross section, in the high-energy limit, is 
given by 


o= (2m) +f enim w0((k?+-1)'—q—(1—a’*)*). (16) 


4” This procedure was suggested by M. Gell-Mann and M. L 
Goldberger 

8 Tn a calculation of the differential cross section, y is no more 
convenient than Wem. It may also be noted that this technique 
cannot be used to determine the bremsstrahlung total cross 
section. 

“ We treat the inverse photoeffect, but for high energies the 
cross sections are equivalent 
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Setting ¢=0 in /, and J, gives the Born approximation, 
The evaluation to lowest order in a is then quite simple, 
yielding 


Can fhrre?a® k, (1 7) 


in agreement with the lowest order expressions of 
Sauter!® and Hall!® obtained in quite a different manner, 

We now set {=f in (13) and proceed by changing to 
cylindrical coordinates with axis in the direction k; 


gd’ p.dq);. We observe that 


fe pada 6(#) d*p, Ok og ! [ ep.ae p*) } 


at energy conservation, where /d’p,= Jo'pdp Jide 
Consider the matrix element M. If & is very large, then 
q is large and the only important values of p= k—q 
are small (p~1, p» Lk). We may make the approxi 
Se, q(q° p’) '<1, and obtain 


a = (2) [ep M |*),, 


If we choose an axis along the direction k, the matrix 


mations / 


(18) 


element is of the form 


M~ [epic i(k—q) + 


. f apd exp| ipo +-i2(1—a*)? 


When this is squared and integrated over d*p, the 
resulting factor exp| —ip-(9— 9’) | gives (21)*6"(e— 9’). 
Thus, using Eq. (15) for (|M\*), and performing the 
fp integration, we obtain 


2re*A* +r 
fod dz’ exp id in ) 
k 2+’ 


+i(z—2’)(1—a?)} alee) lity 


 [ rr’ +- (y/a)*(p?+-22')+-i(y/a)(2’r—a2r’) |. (19) 
After further manipulations (see Appendix), we finally 
obtain 


(2meA)'T(2y+4) : 
fa [are 
h2ert4 rar 


cosh2a+cosh2r)7 
x [ cosh2e tcosh27 
{ coshr cosh(a+ie) |**?7 


+ (2iy/a) sinh2o+ (y/a)*(2+cosh2r—cosh2a) |, (20) 


‘6. Sauter, Ann. Physik 11, 454 (1931 
‘6H. Hall, Phys. Rev. $4, 167 (1951 
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where cose=a. The Born approximation is obtained 
from (20) by the replacement in the integrand e~?*«" = 1. 
Equation (20), which can be shown to reduce to a» 
[ Eq. (17) | for small a, has been the basis for our com 
putations. 

Making suitable substitutions (see Appendix), it can 
be seen that this is precisely Hall’s result, which may 


Oe gall [ 16(u-+-cos?(48))( 
I (a) f f dudt 
BY, Jy [ “(1+ 


where 


{} 


cosy(u) cose(v)+[ (1+ 2u) cosy(u) 


(1+-“)'+u! 
alin 
(1+)! 


2(1—a’)'ut(1+u)! 
y(t) +y tan”! a 


u' a(1+2a) 
This result, containing integrals for which a complete 
evaluation has not been possible, is exact in the limit 
of high energy.*'® 

Hall approximates H(a) by exp| 
and (a) by exp( 


a(m—2a) 


a’ |Ina), thus obtaining 


a’ Ina | 


a =a exp —a(m— 2a) — 2a’ Ina |, (24) 


the expression which is generally quoted and used. The 
approximation of //(a) is valid for y small, and even 
for a=0.6 (lead) it underestimates H(a) by only 3%. 
In the limiting case a 
of two. The discussion of /(a) is of course more difficult. 
Hall’s approximation is based on the dominant nature 
of the 44-2y power factor in the denominator of the 
integrand, from which it may be expected that the 
a-dependence of the integral will be slight. On refining 
this analysis Hall concludes that for a=0.6 the approxi 
mation will overestimate the integral by about 7%. 
The details of this have been questioned by Nagasaka" ; 
however, it is probably true that the error in the esti- 
mate of (a) tends to compensate for the error in the 
estimate of J (a). 

Some additional insight may be obtained from the 
1, for which (a) may be evaluated exactly.'* 
In this region, the 44 2y factor is not so important, and 


1 the underestimate is a factor 


case d 


we expect that the oscillating factor e~***’ in the inte- 
grand of Eq. (20) can then appreciably reduce the 
value of the integral. We obtain (see Appendix) 


(1) = 42? csch*a[ sinh? (4a) — 1 ]=0.24, (25) 
whereas Hall’s approximation yields 1. Thus, in this 


extreme case the approximations underestimate H (a) 


17 F, G, Nagasaka, Ph.D. thesis, Department of Physics, Uni 
versity of Notre Dame, 1955 (unpublished) 

4 Although the point a=1 may have an unusual character, it 
appears that /(a) is continuous there and thus the calculation is 
meaningful 

Dr. C. J. Mullin has informed us that he has been able to 
obtain the differential cross section in this case by using the SM 
function. 


AND 


BY Bw.’ Faas 


be written® 


o =o ,f1(a)I (a), (21) 
where the factor (a) is in our notation given by 
H(a) = (14-47) (14+ 4y)"'a?7 exp(—2acos'a), (22) 


and /(a) is the integral 


u+-sin®(43))(v+cos?(48))(v+sin?(48)) | 
u)vo(1+v) }'(14+u+v)*?7{ J 


2(u(1+-))! cot$e sing(x) | 


«(1+ 22) cosy(v)— 2(v(1+12))! cot38 sing(») ], 


sinB =a. 


by a factor of two and overestimate /(a) by a factor 
of four. Since we expect that most of the error arises 
for a 20.7, we see that in the region of physical interest 
(24) is probably a fair approximation. 

The relation of these results to the Born approxi- 
mation is easily established. Referring to the Appendix, 
we see that 
oo B(a)J (a), (26) 


0 Born 


where B(a) omits the factor exp(—2acos“'a) of H(a) 
and the integral J(a) essentially omits the oscillating 
factor e*'**, In the region of physical interest, J(a) 
I (a) and the important error is the omission of the 
factor in B(a). This completely changes the character 
of the expression. However B(1)=H(1) and in the 
region near a=1 the main error will be in the omission 
of the oscillating factor in the integral. Indeed, we find 


(see Appendix) that J(1) = 4(49’—1) =1.10. 
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APPENDIX 


We give here the details of the photoelectric-effect 
calculations. In the original cross-section integral (19), 
introduce new variables z=p sinhé, 2’ =p sinhé’; then 


x * 
a=C f do J dé’ 


C J 


e@ cosh*é cosh’6’ EL ] 


[cosh (6’+-ie)+cosh (6—ie) }* Hey’ 
(27) 


cosh coshd’ + (y/a)?(1+sinhé sinhé’) 
+i(y/a)(coshé sinhé’ — sinhé coshd’), 


cose = d. 


C=(2reA yr (2y +4)k™, 
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| Equation (20) is obtained by making the further sub- 
stitutions r=4(6+-0’), c=4(0—0’).| To see that (27) 
and the Hall integral (23) are equivalent, in the latter 
make the substitutions sinh*(4y). 
Noting that g(x)=ax-+y tan“'(tane tanhx) is odd, we 
obtain, extending the limits to +, 


[ (cosh?x — sin*e) (cosh*y— sin*e) }! 
[= rtf fdvay ; 
[4 (coshx+coshy) }*?7{ }~ 
(28) 


sinh?($x), 1 


where, since ¢(x) is odd, we may write 
{ }=e'r)-‘#W[1+ (cosha 
X (coshy+i(a/y) sirhy) }. 


i(a/y) sinhx) 
(29) 


Now in (27) make the substitutions 0=«+-ie, 6’ = y—te 
and, since there are no poles, return the contours to the 
real axis. Apart from numerical factors the denomi- 
nators are now the same. We also find, from (27), that 


[ J 


(y/a)*[ 1+ (cosha— (ia/y) sinhx) 


X (coshy+ (1a/y) sinhy}. (30) 
We have thus finally to compare cosh@ with 
(cosh*x—sin*e)! exp| 7 tan~!(tane tanhz) |, 


and similarly for 6’ and y, with i->—1. 
Si In{ (1+i2)/(1 
ie) cosh(z+1€), we see 


Using the 

iz) | and 
cosh’z+ sinh*ie that 
these are the same. Hence the integrals are equivalent 
and, collecting numerical factors, we obtain 


general formulas tan~!z 


cosh(z 


0 ool 4 (24 +3)ya" exp 2a cos'a) \I(a). (31) 


One easily sees that the coefficient is precisely H(a). 
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Thus we have shown that our wave function gives 
exactly Hall’s result. 

For a=1, Eq. (20) becomes 


go 


e ‘ ‘ ri 
a ar f da 
2°Tts J. »  cosh’e cosh?1 


2 cosh*r —i sinh2e 
x » (ee 
cosh*a+sinh?r 
We perform the o integration by using a box contour 
and evaluating the residues at o=4mi, o=-+r+-4mi 


(Note that 6=1 for our wave function, and 6=0 for the 
Born approximation.) We obtain 


4ar2-47 C eschas fdr’ es h®r’[ (1+-coshr’) 


< (sinBr’—8 sinhr’)+sinhr’(1—cos8r’) |, (33) 


where r’=2r and the singularity at the origin is re 
/ id 


movable. Now let r’=7’’+ 471, and since there are no 


poles, return the contour to the real axis. The resulting 
integrals are simple, and one finally obtains 


a =4n2-*14C cschafl 4x(6?+-1) tanhdrB 


+-2(1—8)—7B(1 48) coth4rp (34) 


For a=1, C= 4a. Hence we obtain, for B=0, 


a =hoy(4r’—1) =0.7300; 


for B=1, 


a = hoon csch*a[ sinh?(4r) —1 ]=0.160¢ 


Since o(1)=o0H (1)7(1) and H(1) =%, 7(1) =0.24. 
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It is shown that within the context of a local causal field theory the total w-nucleon cross section a(w) 


has the following behavior at high energies: lim,.,.wa(w) >0 


I, INTRODUCTION 


N the past few years, various derivations have been 

given for the dispersion relations for m-nucleon scat 
tering.' These relations follow as a consequence of 
several general requirements invoked on the scattering 
amplitude such as “microscopic causality” (i.e., the 
condition that the commutator of two current operators 
taken at space-like points vanish), Lorentz covariance, 
etc. Also several detailed assumptions concerning the 
interaction such as conservation of isotopic spin and 
the pseudoscalar nature of the m-meson field are made. 
Aside from assumptions of the type listed above (which 
one would in general invoke on any local field theory 
that is to describe meson-nucleon interactions), one 
must also make a postulate concerning the behavior of 
the w-nucleon cross sections at high energies in order to 
obtain a unique set of dispersion relations. It is usually 
assumed that the cross sections approach a constant 
at high energies. This condition seems reasonable in 
view of the direct experimental measurements of the 
high-energy cross section.? One may also take the 
experimental verification of the m-nucleon dispersion 
relations in the low-energy region® as indirect verifica 
tion of this behavior for the total cross section. 

At present, then, the assumption that the total cross 
sections approach a constant value in the high-energy 
region may be viewed as a reasonable phenomenological 
condition on the scattering amplitude. On the other 
hand, it is obvious that a solution of the field equations 
of motion would uniquely determine the high-energy 
behavior of the cross section. In this note we shall show 
that by making greater use of the nature of the 
Lagrangian governing m-nucleon scattering it is possible 
to make a partial statement about the high-energy 
behavior. The theorem that we shall prove in the next 
section is that 
lim wa(w) >0O, 


s 


(where o(w) is the total m-nucleon cross section and w 


* Supported in part by the U. S$. Atomic Energy Commission 
and the National Science Foundation 

1M. L. Goldberger, Phys. Rev. 99, 979 (1955); K. Symanzik, 
Phys. Rev. 105, 743 (1957); Goldberger, Miyazawa, and Oehme, 
Phys. Rev. 99, 986 (1955) 

Cool, Piccioni, and Clark, Phys. Rev 

* Anderson, Davidon, and Kruse, Phys. Rev 
Uri Haber-Schaim, Phys. Rev. 104, 1113 (1956 


103, 1081 (1956). 
100, 339 (1955): 


is the pion energy in the laboratory system) provided 
that the constant A in the A‘ direct meson-meson inter- 
action is not zero. 


II. HIGH-ENERGY THEOREM 


In order to prove the theorem mentioned at the end 
of the previous section, we shall make use of two dif- 
ferent representations of the scattering amplitude. For 
definiteness let us consider the scattering of a+ mesons 
and protons. If g/ and p’ are the initial meson and 
proton momenta and gq and p the final momenta, the 
S-matrix can be written as the sum of a noninteracting 
contribution plus a part which gives rise to the scat- 
tering: 
(pq S p’g’)=(p) p')(q\ q') + (29) 164( p+ q— p’—q’) 

X[m?/(4ew’ EE’) }'T,. (1) 
In the usual representation,‘ the 7, matrix is expressed 


as one-nucleon matrix elements of the current operators 


5 


which generate the meson field; i.e., 


m* 
( | ) T,(pqp'q’) 
EE’ 
| fe 474 vo)(p [ j(x),j'(O) | p’ dy 


iftc 9 Ao p| p(x), 7'(O) }| p’)}b(ao)d*x 


i(p p’) fe 470 (x9)(O|[ 7 (x), 77(0) | 0)d*x 


foc 9A (O| L(x), 7'(O) || O)}b(x9)d4x ]. (2) 


In Eq. (2), j(%) is defined by 


C)*+p? \p'(x), (3) 


mean the one used by 


j(x)=([—-O? +n? W(x), (x) =[ 
‘By the “usual representation,” we 
Goldberger in reference 1 
’We use italic letters p, q to represent four-vectors, while 
bold-face letters p, q denote three-vectors. The metric used is 
such that pq¢= p-q- pogo. For a meson go'2w? = ¢*+y? (u= meson 
mass) while for a nucleon po? ?= p?+ m* (m=nucleon mass). 


We take h=c=1 


144 





MESON-NUCLEON 


where (x) is the meson field operator. 6(x9) is the step 
function, zero for x9<0, unity for a»>0 and |0) is the 
vacuum state. The symbol «+ above 0 means 

O f(x) 


~ Og | rv) 
f(x) Aog(x) = f(x) g(x) (4) 
OX» OX% 
matrix in an 
elements of 


One can, however, express the 7, 
alternate fashion as matrix 
operators J(x) and J(x) which may be viewed as 
generating the nucleon field.* In this representation, one 


one-meson 


easily obtains 


1 4 
( ) T.(pyp'd’) 
Jars’ 
| f 79 (x0) p(q {J( r),J (O)} q' Up dy 


ife Prag vol (W(x) J (O)} |g! uty (x0)d4*x 


ug | f P26) (30) (0! {I (x) J (O)} | Ou, da 
J 


ife Py O\ (W(x) J (O)} | O)tty 5 (x9)d*x}, (5) 


where 


J (x)=J*(x)yo, (6) 


JI (x)= (—1y0/dx+m)p(x), 


and w(x) is the nucleon field operator. Also 


yO /Ox=7;0/ OX +700/ 0X0, {A,B} AB+BA. (7) 


The yy= (Vi, Ys=?7¥o) are anti-Hermitian matrices and 
vo=B6 is Hermitian. The uw, is a positive-energy nucleon 
spinor of a given spin (the spin label has been sup 
pressed) and is normalized according to 


i pp =U! polyp =1. 


The terms in Eq. (2) proportional to (p) p’) and in 
Eq. (5) proportional to (g\q’) have been inserted for 
completeness. They affect only forward scattering in 
cancelling out vacuum fluctuations.” We shall call the 
representation given in Eq. (2) the “N representation”’ 
and that of Eq. (5) the ““M representation.” 

We shall go immediately to forward scattering in 
both representations. In the V representation we choose 
the Lorentz frame which is at rest with respect to the 
nucleon while in the M representation we consider the 
frame at rest with respect to the meson. Accordingly, 
Eqs. (2) and (5) define two functions T,(w) and 7, (£), 
respectively, where 7,(w) is the 7, obtained from Eq. 
(2) by putting p and p’ to zero and 7,(E) is the 7, 

6 This representation has also been used by Symanzik (reference 


1) but with scalar nucleons 
? See footnote 4 of Goldberger’s paper in reference 1 
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obtained from Eq. (5) when q and q’ are set to zero. 
These two functions are related to each other by a simple 
Lorentz transformation. Since pg is an invariant one 
has E/m=w/u where E is the nucleon energy in the 
meson rest frame and w is the meson energy in the 
nucleon rest frame. Thus 7, (2) = 7), (@). 

We shall first prove the theorem by making use of a 
specific interaction Lagrangian involving only nucleon 
and m-meson interactions. Later we will discuss the 
generalizations necessary to include hyperon and heavy 
meson interactions. According to pseudoscalar meson 
theory, the interaction Lagrangian density is given by 


L(x) = ghysr voit (6m) Wt 4 (6u)"b.0,— }A(b.h,)?, (8) 


where 7; are the usual isotopic spin matrices and 6m 
and 6u are the nucleon and meson mass renormalizations 
respectively. This leads to the current operators 

Vl eWys7_W+ (bu)"b—Ad(h.d,), (9) 


L¥5sT Whit (dm)y, 


}\%) 


I(x) (10) 


where 


(7) —179) (11) 


(pi 12), 
v2 


Proceeding in the manner of Goldberger,' we break 
7’, into its dispersive and absorptive parts by writing 
4( x9) 
(xo) equals plus or minus one according as x» is greater 
Thus in the A 


4[ 1+-€(%0) | where e(xo) is the step function, i.e 


or less than zero representation one 


defines 


D,(w)=4i fe 4% ¢(xo)(m\[ j(x),7"(O) || m)d*x 


fe ‘v(m |\[ d(x), 7'(O) || m)b(ao)d*x], (12) 


1, (w) i fe ‘(mm | [ (x), 7'(0) || m)d*x, (13) 


where |m) is a state of one nucleon at rest and 7',(w) 
D,(w)+1A,(w). Similarly, in the M representation 


one has 


D,(k) 
| fe 'P¥e( xo) ty! {J (x),/ (O)} | u)atpd x 


Qu 
vi fe PPA SY of {y(x),J(0)} U(x) d*x 


A,(f) 7 
fe PPG ys {J (x),J/(0)} im U,fl'x (15) 
Lu 
Here MM) 1S a State of one meson at rest and again 
T(E) = D,(E)+iA,(E). In Eqs. (12)-(15) it is under 
stood that the required terms proportional to (p p’) or 
(q\q’) are to be subtracted from the structures explicitly 


written down. 
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Owing to the presence of the factor 6(x9), the second 
integral in Eqs. (12) and (14) may be explicitly evalu 
ated since only equal-time commutators (and anticom 
mutators) appear. From Eq. (10), sees that 
(v(r,0),J (0)} is the sum of a c-number and a term 
linear in @;. The c-number cancels out when one does 
the appropriate subtraction of the (g|q’) term, while 
(u!p(O0)\) is zero by Furry’s theorem. Thus one has 


one 


Dh) . 

bi fc P® (x9) Cu {J (x),/(0)} pu Al'x (16) 

) 

Lu 
On the other hand, the term proportional to \ in 
j(x) as defined in Eq. (9) gives a contribution to 
[ d(r,0),7'(0) | which is not a c-number, and leads to a 
term of the form 


M (m | b2(0) + 26(0)b'(0) | m 
(0) p2(0) + 2(0)'(0) |0) |6*(r). (17) 


Thus the second integral in Eq. (12) contributes a 


constant to D,(w) proportional to \; 


D,(w) bi fe 4 (xo)(m|[ 7(x),7'(0) || m)d4x4-AC. (18) 


The theorem that we wish to prove is that 


lim Ay (w)>0O, (19) 


se 


lim A,(2)>0, (20) 


Kove 


[ Eqs. (19) and (20) being equivalent statements |. In 
order to establish the validity of Eqs. (19) and (20), 
we first assume the contrary, i.e., that 


lim A,(w)=0 (21) 


” 


Under the assumption of Eq. (21), the principal-value 


integral 
A,(w’) 
dus’, 
, 

pn WwW WwW 
exists. Using now Goldberger’s approach! to the deri 
vation of the more conventional dispersion relations 
and noting from the definition of A, (w) that 


(w), (23) 


A,(—w) -A 


where A_(w) refers to w~ scattering, one easily obtains 


the relation 
1 “1 A, (w’) A_(w’) 
dD, (w) pf | { 
, U 
T 0 Ww WwW WwW +w 


On the other hand, from the assumption 


dw'+rC. (24) 


lim A,(/)=0, 


K+ 


AND G. 


FELDMAN 


Pp f dE! 
F'-E 


x 


the integral 


(26) 


exists and by a similar analysis leads to the dispersion 


relation 
1 “CA, (E’) A 
p f 
wm E'-E 


) 


(h’) 
Dk) 


In Eq. (27), A_(E’) is the absorptive part of the r*-anti- 
proton scattering amplitude. From charge conjugation 
invariance, this is equal to the m~-proton amplitude.* 

We are here considering forward scattering, and D(w) 
and A(w) are the real and imaginary parts of T(w). 
Similarly, D(E£) and A(E) are the real and imaginary 
parts of 7(£). Further, since the Lorentz transforma- 
tion relating the frames used in the NV and M repre- 
sentation show that T(E) and T(w) are equal, we see 
that Eqs. (27) and (24) are inconsistent if \ #0. Under 
this condition then, Eqs. (21) and (25) are impossible 
and thus Eqs. (19) and (20) must hold.* 

From the “optical theorem” one may relate the 
absorptive part of the forward scattering amplitude to 
the cross section according to 


o4(w)=A,(w)/|q! (28) 
Here a, (w) is the total (elastic plus inelastic) rt-proton 
cross section. Hence Eq. (19) may be restated to read 

lim wa (w) > 0. (29) 


wD 


In deriving Eq. (24), use was made of the causality 
condition 


[ j(x),j1(0) ]=0 for >0, (30) 


while to obtain Eq. (27) one must assume 


{J (x),J(0)}=0 for x2>0. (31) 


Equation (31) is an extended causality condition and 
is certainly a reasonable one for fermion fields J(x) in 
a local theory. 


Ill. M REPRESENTATION 


In this section we briefly discuss some other results 
that may be obtained by making use of the M repre- 
sentation of the scattering amplitude. First, it is of 


* To establish Eq. (27) one must of course show that A,(—£) 
= —A_(E). In evaluating A,(—£), E is replaced by —£ in Eq 
(15) both in the exponential and in the spinor u,. It should be 
noted that up(—E) is a negative-energy spinor but normalized 
in the “wrong way,” ie., i,p(—#)u,(—£)=-+1, while the nega 
tive-energy spinors v, are normalized such that 0,0,=—1. The 
contribution to the integral in Eq. (24) from the region 0 <w’ <y 
and in Eq. (27) in the region 0 < E’ <m can be evaluated by the 
methods of Goldberger, Miyazawa, and Oehme.' Both contribu 
tions lead to the same result. 

*It is interesting to note that neither Eq. (24) nor Eq. (27) 
reproduces perturbation theory. It is necessary to write down the 
relation which contains a second denominator under the integral 
in order to reproduce perturbation theory. 
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course possible to derive all the conventional dispersion 
relations in this representation. Thus, if one makes the 
usual assumption that the cross sections approach a 
constant limit in the high-energy region, one can form 
the integral 


(32) 


the extra denominator being required to insure con- 
vergence. In this way one obtains the same results as 
Goldberger ef al.! The results are now consistent with 
that obtained in the N representation since the extra 
denominator produces the structure D(w)—D(wo) and 
the AC term cancels out in the usual representation, 

It is possible, however, in the M representation to 
obtain other dispersion-type relations, not between the 
real and the imaginary parts of the scattering ampli- 
tude, but between other quantities which are closely 
related. Thus, let us define a quantity, 7, which is the 
same as 7, defined by Eq. (5) but with negative- 
energy spinors v substituted for u: 


(dew) !'T ife v2 (x4) Dy(q\ {J (x) J (O)} | q’)vpd*x. 
(33) 


T, is not a scattering amplitude,” but may be obtained 
from the meson-nucleon propagator. However, one can 
still break 7, into its “dispersive” and “absorptive” 
part D, and @, by writing 6(%)=4[1+ (xo) ] and 
derive ‘dispersion’ relations based on causal restric- 
tions. These relations are very similar to the usual ones 
between D, and A,. Similarly, one can obtain relations 
for quantities where one of the spinors in Eq. (5) is a 
positive-energy spinor and one a negative-energy spinor. 
Thus it is possible to obtain other restrictions on quan- 


tities such as propagators which one would calculate in 


a Lagrangian approach. 
IV. DISCUSSION AND CONCLUSIONS 


Although the proof of the theorem on the high-energy 
behavior of a(w) was given for a specific Lagrangian, 
one can see that a much more general Lagrangian could 
have been assumed. The main point in the proof was 
that D(w) as defined in Eq. (12) contained an extra 
term proportional to the direct meson-meson_ inter- 
action constant, 4, whereas D(£) as defined in Eq. (14) 
did not contain such a term. One could add to the 
Lagrangian terms containing the hyperon and heavy 
meson fields without affecting the result. Thus terms 
such as PyWadxt and PzT Wxd; could be included where 


© At first sight it might appear that 7, is the amplitude for 
wt-antiproton scattering, but that quantity is proportional to 
iS €-*?*0 (2x9) 0y(q\ {J (0) oJ (x)} | q/)vpd*x 
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N, A, 2, and K refer to the nucleon, A particle, 2 
particle and AK meson respectively and 7; are the 
isotopic spin-one matrices. On the other hand, a 
nonlinear interaction such as (Wysr.W)*@; would lead to 
an extra term in Eq. (16), and thus certain nonlinear 
interactions would make the proof less clear-cut. An 
interaction structure of the form \’dx«'d«d@; would 
lead to an additional term in Eq. (24) of the form \’C", 
where C’ is a constant. The theorem would still be 
valid, provided \C+A‘C’ 0. For the usual pseudo- 
scalar Lagrangian it is perhaps possible that \=0. ‘This 
does not seem likely, however, if we think of our theory 
as being simply the limit of a theory with a cutoff. In 
the above derivation we have made more specific use 
of the Lagrangian than is usually done, in that we have 
assumed the condition of Eq. (31) in addition to the 
usual causality condition (30). 

Symanzik,'' using the so-called tangent approxima- 
tion, has shown that 


a\w) 
lim (0. 
“J se WwW 


Thus this result and the one derived above, taken 


(34) 


together, say that the total cross section must increase 
less rapidly than w but more rapidly than w™! at high 
energies. A cross section which approaches a constant 
is of course consistent with both results. 

As a corollary to our theorem it follows, of course, 
that in one of the dispersion relations | say, the one for 
D,(w)+ D_(w) |, at least one extra denominator must 
occur. This introduces the scattering amplitudes at the 
reference energy wo. That is, D, (wo) + D_(wo) becomes 
an extra parameter in the dispersion relations. Upon 
choosing wo=y, the dispersion relations will involve the 
following parameters: the coupling constant g’, and 
the sum a;+ 2ay of the zero-energy s-wave phase shifts 

In conclusion, it should be mentioned that the deri 
vation of the cross-section theorem given here follows 
the methods of Goldberger,' and hence is subject to the 
same objections as to rigorous justification as Gold 
berger’s original derivation of the more conventional 
dispersion relations. A rigorous derivation of the 
theorem using the procedures of Bogoliubov'’ seems 
difficult because of the fact that Bogoliubov’s approach 
T(w), while the 


theorem as derived here seems to depend upon breaking 


utilizes the total scattering amplitude, 


T(w) into its dispersive and absorptive parts." 
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hospitality shown us at the Institute for Advanced 
Study where part of this work was done. 


1K, Symanzik, Nuovo cimento 5, 659 (1957) 

” Bogoliubov, Medvedev, and Polivanov, “Problems of the 
Theory of Dispersion Relations,” lecture notes (unpublished 

4 We should like to thank R. Karplus for pointing out this 
difficulty to us 
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A significant latitude effect of approximately 45% for the total vertical cosmic-ray flux has been found 


over the region 51°N to 65°N at 10 g/cm? atmosphere depth in 1955. No evidence for a primary “knee 


” 


can be found separated from the air-path saturation effect with latitude. Since there is evidence that the 
a spectrum is flat north of 55°, one concludes that the rigidity spectra of primary protons and a’s differ 
over the corresponding rigidity region. Comparison of these data with telescope measurements of Pomerantz 
and McClure in 1950 does not show the anticorrelation with sunspot numbers found by Neher for ion 
chamber measurements. The data are not in disagreement with latitude coordinates 4° higher suggested 
by studies of a particles, and, in fact, the observed latitude “saturation” effects are in better agreement 
with these new coordinates. A greatly increased counting rate was observed both at Minneapolis and 
Flin Flon, Manitoba, on August 26, 1955 at high altitude. 


I. INTRODUCTION 


HIS paper will describe an experiment to measure 

the latitude effect for the vertical total cosmic-ray 
flux at high altitude in central North America. It was 
considered that a systematic series of such measure- 
ments was warranted, as the vertical total-flux data 
heretofore available consist of the scattered results of 
various observers’ ~* made over a period of years, The 
latitude effect has been measured with omnidirectional 
devices in rockets‘ and in the atmosphere® at high 
altitudes. However, the rocket measurements made 
with thin-walled Geiger counters havea different 
significarice than vertical measurements, as the contri- 
bution of above-the-atmosphere albedo is large. All 
omnidirectional devices, particularly at high latitudes, 
may show a latitude effect due to changes in the earth 
shadow cone. This effect is uncertain to the extent that 
the earth shadow effects involve complicated cosmic-ray 
orbits, and there is both experimental and theoretical 
evidence that the older computations® may not be 
adequate.” Furthermore, an omnidirectional device, 
particularly when flown by balloons near the top of 
the atmosphere, obtains most of its response from 
particles arriving at large zenith angles and long air 
paths. At high latitude, where the ionization range of 
primaries is small, an omnidirectional detector may 
conceivably reach a latitude “saturation” or “knee” 


* This work is supported by the joint program of the Office of 
Naval Research and the U.S. Atomic Energy Commission 
t Now at the State University of Iowa, Iowa City, lowa 
'H. V. Neher, Progress in Cosmic-Ray Physics (Interscience 
Publishers, Inc., New York, 1952), Chap. 5 (see Fig. 32, e.g.). 
* Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950) 
*M. A. Pomerantz and G. W. McClure, Phys. Rev. 86, 536 
1952). 
4 Meredith, Van Allen, and Gottlieb, Phys. Rev. 99, 199 (1955 
*H. V. Neher, Phys. Rev. 103, 228 (1950). 
*E. J. Schremp, Phys. Rev. 54, 153, 158 (1938). 
7 J. R. Winckler and K, Anderson, Phys. Rev. 93, 596 (1954) 
* J. R. Winckler and L. Peterson, Phys. Rev. 99, 608 (A) (1955). 
®R. Danielson, University of Minnesota (unpublished); his 
conclusions for heavy nuclei are in agreement with references 7 
and 8 for —— 


 M. Schwartz, Bull. Am. Phys. Soc. Ser. II, 1, 319 (1956) 


which is not characteristic of the primaries. It has, in 
fact, been shown by direct experiments at high altitudes* 
that there is no increase of the horizontal component 
from 52° to 69°, whereas the vertical component in the 
same experiments was observed to increase approxi- 
mately 45%. The omnidirectional detectors have the 
advantage of gathering data quickly and with con- 
siderable accuracy, and in many types of cosmic-ray 
measurements, this is an overwhelming consideration. 

The latitude “saturation” effect of omnidirectional 
detectors should also occur with vertical flux detectors, 
but at a higher latitude. The vertical detector in bal- 
loons is also affected by albedo and atmospheric 
secondary effects. A particular difficulty is that the 
vertical flux is determined near the beginning of an 
atmospheric transition process. These transition curves, 
“Pfotzer-maxima,” very strongly with energy. The 
relative atmospheric flux builds up most rapidly with 
increasing depth for high-energy primaries at low 
latitudes, and the transition effect is much less at high 
latitudes. This complicates greatly the determination 
of even the relative true primary proton flux from high- 
altitude balloon measurements. To investigate this 
effect, it. becomes necessary to examine the latitude 
effect at a series of atmospheric depths. The usual result 
is that the latitude effect increases as depth decreases 
at balloon altitudes. Even considering these severe 
limitations, however, the high-latitude vertical-flux 
survey can yield useful information, e.g. : 


(1) It reveals whether the proton spectrum is in- 
creasing with lower rigidity. 

(2) It can reveal a true primary “knee,” provided 
this occurs at rigidities lower than the latitude ‘“satu- 
ration”’ rigidity. 

(3) By comparison with primary a or heavy-nuclei 
data made over the same latitude interval, it can 
establish whether the primary-proton and heavy-nuclei 
rigidity spectra differ or not at low rigidities. 

(4) Time variations may be studied. 


148 





HIGH-ALTITUDE COSMIC 


II, APPARATUS 


In principle, one would like to carry the same vertical 
detector quickly over a range of latitudes at very high 
altitude. Time is important because of temporal changes 
in cosmic-ray intensity, which are known to occur, 
particularly at high latitudes.‘ Consideration was given 
to a high-altitude constant-level plastic balloon for this 
purpose, but the practical difficulties in predicting when 
a north-south trajectory could be expected on the 
basis of present meteorological knowledge, combined 
with the difficulties of long-range telemetering or 
recovery, made this approach seem unfeasible. Accord- 
ingly, it was decided to make soundings from the ground 
at a number of points distributed over the desired range 
of latitudes and at the same time to make reference 
soundings from a fixed station. Since very high altitude 
was a necessary factor in the experiment, and because 
of the difficulty of carrying large supplies of helium on 
a portable operation, it was decided to use an extensible 
neoprene balloon, Dewey and Almy type JP7000. 
Considerable success was reported with these balloons 
at altitudes greater than 100 000 ft. The detector unit 
was designed so that the load weight would be a 
minimum and consisted of a vertical telescope contain- 
ing three trays of thin-walled counters, each tray con- 
taining two counters. The geometry is shown in Fig. 1. 
These counters have a wall thickness of 30 mg/cm’, 
and the total stopping power of the telescope with the 
aluminum box is about 0.2 g/cm?. The extreme angle 
of acceptance is 41°, but the half-angle from the vertical 
is about 20°, although undoubtedly, in terms of primary 
particles, the effective extreme angle is larger, due to 
scattering and secondary production above the tele- 
scope. The low stopping power makes the telescope 
sensitive to evaporation star fragments, for example, 
which are isotropically produced in the atmosphere. 
But because of the short range of these particles in the 
atmosphere, their effectiveness is greatly reduced. 
Because of the low stopping power of the counters, the 
telescope will give coincidences from a y-ray source. 
A Ce source is routinely used for circuit checks, and 
it has proved very useful to be able to produce a high 
coincidence rate at will in the laboratory. The Compton 
recoils in the forward direction from Co have energies 
of about 1 Mev, which is sufficient for them to traverse 
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Fic. 1, Counter geometry. Each tray contains two thin-wall 
Victoreen Type 1B85 counter of 30-mg/cm? wall thickness. The 
total stopping power including the aluminum box is 0.2 g/cm* 
Solid angle = 9.38 sterad-cm? for isotropic radiation 
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the telescope. No coincidences are observed from Co® 
with a 3.4-g/cm’ aluminum filter placed in the telescope 
between the counter trays. The efficiency of the tele- 
scope for vertically incident Co® y rays (1.32 and 
1.16 Mev) which intersected the top counter tray was 
determined to be 0.05%. The telescope is equipped 
with conventional electronics built around subminia- 
ture-type tubes, and the signals were transmitted on a 
subcarrier FM _ telemetering system. Pressure 
telemetered by means of a baroswitch unit equipped 
with a large Kolsman bellows to extend the sensitivity 
at very high altitudes. With this arrangement, accurate 
pressures could be measured down to one millibar. 
The unit, complete with transmitter and_ batteries, 
weighed 54 lb. The balloon weight was normally about 
20 lb and comprised the major part of the flight weight. 
The radio tracking and tape recording of data were 
accomplished by a receiving station in a truck, which 
also contained 45 standard cylinders of helium and 
electronic analyzing and test equipment. This station 
was driven by a 2-kilowatt, 60-cycle, 110-volt Onan 
Soundings were made between 


was 


gasoline generator. 
August 16 and September 30, 1955, over a range of 
latitudes from 55° north geomagnetic (Minneapolis) 
to 64.5° north (Flin Flon, Manitoba). (Geomagnetic 
coordinates according to eccentric dipole approximation 
to surface measurements.) Another point was taken at 
Ottumwa, Iowa, latitude 51.2°, after the major series 
was completed, During the main sequence in the series, 
simultaneous launchings were made at Minneapolis 
with identical equipment. A number of the telescopes 
were flown with 3.4 g/cm? of aluminum placed between 
the middle and bottom trays of counters, so that the 
total stopping power was about 3.6 g/cm? in this case. 
In the case of the field operation, the majority of the 
flights gave successful records to a pressure altitude of 
10 millibars. In several instances, pressures less than 
this were achieved. The Minneapolis flights were 
hampered by not having satisfactory balloons, and the 
majority of these flights reached altitudes of only 
between 30 and 20 millibars. The telescope has a 
geometry factor of 9.38 steradian-cm’ for radiation 
isotropic over the angular limits of the telescope, and, 
over the latitude studies, gave counting rates up to 
350 counts per minute at the Pfotzer maximum. At 
the top of the atmosphere, the counting rate in genera! 
was about 200 counts per minute. All flights were 
preceded immediately before launching by a bell-jar 
pumpdown for barograph calibration and electronic 
check. Particular attention was given to corona from 
the 900-volt counter supply at low pressure, as the 
unit was not pressurized, 


III, NORMALIZATION 
A. Ground Level Experiment 


Many of the counter telescopes were normalized by 
the standard method of comparing their counting rates 
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at ground level to better than 1% statistical accuracy. 
Two of the telescopes were kept as reference units and 
were not flown. The factors given in Table I compare 
individual units with one of these standards (No. IV). 

The spread in values of column 2 of Table I is 
scarcely more than the expected statistical variations. 
Furthermore, if two telescopes are compared in various 
locations in the laboratory and at various times, the 
counting-rate ratio fluctuates almost as much as the 
values for different units shown in Table I. 

In a number of cases it is not possible to obtain a 
counting-rate normalization factor, and in these cases 
the geometry factor compared to Unit IV was assumed 
to be unity. 


B. Aircraft Experiment 


When the flight data were plotted, it became obvious 
that differences existed from flight to flight, particularly 
at high latitudes, which could not be normalized away 
by correcting according to the geometry factor of 
Table I. It was concluded that either (a) the ground 
level comparison was not a good basis for predicting 
the relative response of different telescopes at high 
altitude or (b) the observed differences were real 
fluctuations in the primary beam at high altitudes and 
latitudes. An aircraft flight was undertaken for the 
purpose of relating ground-level and _aircraft-level 
telescope normalizations, and for establishing the lati- 
tude effect at aircraft level for comparison with balloon 
flight data. Through the cooperation of the Strategic 
Air Command Headquarters, Omaha, Nebraska," three 
telescopes, two without and one with filter, were flown 
in the bomb bay of a B-47 aircraft from Ottumwa, 
Iowa, to Flin Flon, Manitoba, at 34 000 ft (250 g/cm?) 
and from Flin Flon to Ottumwa at 37 000 ft (217 g/cm’), 
on March 22, 1956. The aircraft covered the same route 
taken by truck for the balloon soundings. The results 
are given in Fig. 2. The two units without filter (0.2 
g/cm? stopping power) have closely the same counting 
rate (180 counts/min) and show a very small increase 
in rate between 50° and 64° of latitude. The counting 


TABLE I, ‘Telescope normalization factors 


sed on 


I 
Rate/rate I\ flight No Date 


1,043 1 August 21 
1.050 18 August 26 
0.998 1 August 24 
1.020 15 August 23 
1.006 19 August 26 
0.968 10 August 19 
0.972 16 August 23 
1.000 14 August 21 
1.000 9 August 17 


'! We are indebted to Colonel Martin C. McWilliams, Colonel 
Francis W. Nye and Dr. W. A. Dwyer of Headquarters Strategic 
Air Command, Omaha, Nebraska for assistance in arranging 
the flights 
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Fic. 3, The balloon soundings without filter showing the latitude effect from 51.2 


rate at this altitude (250 g/cm’) of 180 counts/min is 
less than that observed in the balloon soundings, which 
gave about 200 counts/min. This difference is probably 
due to the location of the apparatus in the aircraft. 
The 3.6-g/cm’ stopping-power aircraft telescope also 
counts at a slightly lower rate than the balloon units 
with 3.6 g/cm*. At the higher aircraft altitude the 
aircraft and balloon rates are nearly the same, but the 
latitude effect from 64° to 51° is also very small. Below 
51° the aircraft locations were approximate, and there 
is evidence from the dip in counting rates that the 
trajectory went slightly below the latitude ‘“‘knee’’ at 
this altitude and then returned north before the plane 
began its descent to the ground. The aircraft experiment 
establishes, (a) that the latitude effect from 51° to 64 
at 250-217 g/cm’ is small (less than 5%), and (b) an 
opportunity for comparing the ground-level and high- 
altitude counting rates of two similar telescopes shown 
in Table II. One notes that the units that differed by 
4% on the ground gave nearly identical rates at high 
altitude, the effect in this case being quite significant 
statistically. 

Normalization of balloon flight data at aircraft 
altitude (250-200 g/cm’) has the difficulty that the 
balloon soundings change rate very rapidly with relative 
pressure in this region. Small errors in pressure may be 
very important, whereas at high altitude the counting 
rate varies slowly with relative pressure and is insensi- 
tive to pressure errors. If all balloon flight data were 
normalized in counting rate to the aircraft curve at 
250 g/cm* or at 217 g/cm’, balloon-pressure errors at 
that depth would be converted into serious counting 


rate errors at high altitude. 


TABLE IT. Comparison of two telescopes on ground 
and at high altitude. 


Unit Ground counts 250-g/cm* counts 


XX 25 958 
XXII 24 901 
XX/XXII 1.042 + 0.006 


39 050 
39 250 


0.995 +0.005 


to 64.2° geomagnetic 


C. Simultaneous Flights 


The flights made at Minneapolis simultaneous with 
the expedition will be discussed under experimental 
results. If the fluctuations in the primary beam are not 
spatially dependent, then in principle one can remove 
the effect of such fluctuations by comparing always 
with a fixed station. We have not found evidence for 
this situation in the present series, although the sample 


of cases is small. 


D. Conclusions Concerning Normalization 


In reviewing the entire procedure of ground-level 
comparison runs, at least with the telescope described 
here, one is tempted to conclude that these runs lead 
to rather erratic results, and that probably one does as 
well by constructing the telescopes closely the same, 
using Geiger counters from the same batch and then 
assuming all units to have equal geometry factors. 
Ground-level counting runs with these units may be 
complicated by their sensitivity to y rays, which may 
vary with position in the laboratory while counting 
the presence of radioactive sources, accelerating ma- 
chines, atmospheric precipitation, or other effects known 
to vary y-ray backgrounds. 


IV. RESULTS AND DISCUSSION 


The series of soundings are collected in Fig. 3, and 
soundings are arranged in order of increasing latitude 
Atmospheric depth from 10 to 1000 g/cm? is plotted on 
a logarithmic scale. The original curves are formed by 
the plotted points. The original curves corrected by the 
normalization factors when available are dashed. A less 
complete set of soundings with a 3.5 g/cm? aluminum 
filter in the telescopes was obtained and is shown in 
Fig. 4. 

The general effect is of a continually increasing 
intensity superposed on fluctuations from sounding to 
sounding not removable by the normalization factors. 

In Fig. 5 the results are summarized at 10 g/cm’, 
100 g/cm? (Pfotzer maximum regions), and 217 g/cm? 
(aircraft altitude). The latitude effect at 10 g/cm? from 
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Fic. 4. Soundings with aluminum filter 


51° to 65° amounts to about 45%. There is no evidence 
for a true primary knee in this curve, but rather it 
flattens off between 60° and 65°, which may be ac- 
counted for on the basis of the latitude saturation 
effect. The magnetic coordinates of Fig. 5 are derived 
from surface measurements,’ and there is evidence that 
the cosmic-ray cutoff rigidities agree better with coordi- 
nates giving latitudes 4° higher, at least at the geo- 
graphical region of central North America.” On this 
basis, the atmospheric cutoff at 10 g/cm? would appear 
at 61”, instead of 65° on the scale of Fig. 5. The present 
data are just compatible with this effect, in view of the 
scatter of the points in Fig. 5 at high latitude. 

At the Pfotzer maximum (100 g/cm*) the latitude 
effect is greatly reduced and little or no change appears 
above 55° in Fig. 5. At aircraft altitudes there is no 
significant change north of 51° in Fig. 5. It is perhaps 
significant that the latitude saturation effect at 100 
g/cm?’ range for protons should occur at 59.5°, and the 
data of Fig. 5 would be in agreement with this if plotted 
against the new coordinates, rather than those shown. 
Likewise, at 217 g/cm’ range for protons, saturation 
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Fic. 5. Latitude effect for vertical flux at various depths 


“E. H. Vestine e al., Carnegie Institute Publication 578, 
Washington D.C., 1948; J. Bartels, Terrestrial Magnetism and 
Atmos. Elec. (1936) 

4 Freier, Fowler, and Ney, Bull. Am. Phys. Soc. Ser 
(1957). 

“F, MacDonald, State University of lowa (unpublished). 
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should occur at 56.2°, which is also in better agreement 
with the new coordinates. However, ionization-range 
type considerations may have little significance at this 
latter depth, which is three nuclear collision mean-free- 
paths for protons in air below the top of the atmosphere. 
Furthermore, the propagation of the primary effects 
into the atmosphere in nonionizing steps, e.g., neutrons 
or y rays, probably greatly reduces the validity of 
range-type considerations at these energies. 

Recent emulsion comparisons of primary a’s at 
Saskatoon (61°) by the Minnesota group (Freier, 
Naugle, and Ney) and at Minneapolis (55°) by the 
Bristol group'® (Fowler and Waddington) show that 
both the spectra and the intensities were the same at 
these two locations in 1954. These authors conclude 
that any rise in the total cosmic-ray intensity greater 
than a few percent north of the cosmic-ray latitude of 
Minnesota would imply that the cosmic-ray protons 
have a different rigidity spectrum than the a particles. 
MacDonald," from a spectrum obtained at Minneapolis 
with combined scintillation and Cerenkov counters, 
infers that the same situation exists from counter 
measurements in 1955. Since the present results show 
an approximate 25% increase over this same region, 
one concludes that the proton spectrum differs from 
the a spectrum over this region of rigidities. The proton 
latitude increase may continue beyond the range 
saturation effect of the present experiment. 

Rocket measurements with single counters by Van 
Allen‘ show a latitude knee at approximately 55°, but 
cannot be readily compared in detail with the present 
measurements. 

Pomerantz and McClure’ in 1949 and in 1950 meas- 
ured the vertical flux in a series of flights at 51° and at 
69° and their curves near the top of the atmosphere 
show an increase of about 45%, excellent agreement 
with the present values. The present results indicate 
that their high-latitude vertical measurements were 
made well above the latitude saturation point, which 
evidently sets in at about 60°. 


‘6 P. H. Fowler and C. J. Waddington, Phil. Mag. (to be pub 
lished); Freier, Naugle, and Ney, Phil. Mag. (to be published). 
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Although the absolute values may not readily be 
compared between Pomerantz and McClure’s measure- 
ments and the present series (Pomerantz and McClure’s 
vertical telescopes contained 4.0 cm Pb minimum as 
compared with 0.2 g/cm? in present experiments), it is 
clear that the relative latitude effect for the vertical 
telescopes at 10 g/cm? depth from 52° to 65° in 1949 
or 1950 is closely the same as that in 1955. There 
appears to be a real difference between this result and 
ionization-chamber measurements made by Neher® in 
the years 1937, 1951, and 1954. For example, in Fig. 4 
of reference 5, at 15 g/cm? depth, we find an increase of 
ionization with latitude from 52° to 65° of about 10% 
in 1951, which in 1954 has increased to about 25%. 
Since 1937, 1951, and 1954 represent years of succes- 
sively lower sunspot numbers, this means an anti- 
correlation with solar activity. However, Pomerantz 
and McClure’s telescope measurements in 1949 and 
1950, made about 4 the way down from the peak of the 
last solar cycle, and the present measurements in 1955, 
at the beginning of the climb in the present cycle, do 
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Fic. 6. Simultaneous flights at Minneapolis (55.3°) and two 
other latitudes (57.3° and 64.2°). At 64.2° a variation is observed 
not seen at 55.3°. 
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Fic. 7. Time-counting rate plot showing increases observed at 
Flin Flon (64.5°) and Minneapolis (55°) on the same day, but 
differing one hour in time. Note that the Flin Flon flight retraced 
its profile over the Pfotzer maximum while descending on the 
parachute. A flight later in the day showed no increase 


not show a similar anticorrelation with the sunspot 
number indices. These conclusions are firm enough to 
be outside statistical, instrumental, or other similar 
experimental factors, and may be attributable to one of 
the following reasons: (a) There existed a temporal 
short-period variation in primaries at the time of 
measurement; this was not observed by Pomerantz 
and McClure over a period of one month. Present 
results did detect variations. The latitude effect is an 
average. (b) There exists a radiation having an inverse 
correlation with sunspot numbers and a very high 
ionization per particle which would give a much larger 
relative effect in ion chambers than counters. 

The absolute flux values computed from Fig. 5 at 
10 g/cm’ range from 0.36 particles/cm* sec sterad at 
51° to 0.52 particles/cm’® sec sterad at 64.5°. These flux 
values are considerably higher than those reported 
elsewhere.’ Such high flux values seem characteristic 
of low-stopping-power telescopes with small physical 
dimensions. Experiments to study this point are under 
way, but the situation has not been resolved as yet.'* 

The telescopes flown with 3.5-g/cm? aluminum filters 
show a lower counting rate, especially at the Pfotzer 
maximum (see Fig. 4). The most significant result is 
that flights with filtered units were flown on the same 
days as flights 2, 9, 12, 15, and 18 and vary from day 
to day in the same direction (see Fig. 5). This indicates 
that the fluctuations observed were due to real changes 
in primary intensity and not instrumental effects which 
escaped detection. 

Some of the flights at high latitude were accompanied 
by simultaneous flights at Minneapolis, and the higher 
portions of these are plotted in Fig. 6. Evidently the 
high-latitude fluctuations were not accompanied by 
corresponding changes at Minneapolis in these few 
cases. Neher has reported this result in some cases, but 
in others the fluctuations occur at both high and 
medium latitude stations.® 

On one day, August 26, 1955, large increases were 


K. A. Anderson, University of Iowa and J. RK. Winckler, 


University of Minnesota (unpublished results), 
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observed near the highest altitude reached on a flight 
at Flin Flon (64.5°) and also at Minneapolis (55.4°) 
but one hour later (see Fig. 7). The Flin Flon increase 
occurred at 1557 GMT and began when the balloon 
was at 8.7 g/cm’. The increase at Minneapolis began 
at 1656 when the balloon had reached 21 g/cm?. The 
Flin Flon flight was recorded as the balloon burst and 
until the telescope had descended to the ground on the 
parachute, The Pfotzer maximum is evident both on 
ascent and descent and other indications are that the 
unit was functioning properly. This flight profile 
resembles those obtained by Van Allen and co-workers 
with rockets.” It may be significant that a considerable 
auroral display was seen the previous night, although 
no significant solar flares or cosmic-ray neutron in 
creases were noted,'* 

The spatial and temporal differences for this increase 


7 Meredith, Gottlieb, and Van Allen, Phys. Rev. 97, 201 (1955) 

* Climax neutron data was furnished through the kindness of 
J. A. Simpson, University of Chicago. Solar reports from the 
High Altitude Observatory, University of Colorado 


AND K 


ANDERSON 


between Flin Flon and Minneapolis are difficult to 
explain on a simple model. In approximately 30 sound- 
ings with this equipment through 1955-56, including 
those reported here, no other such increases have been 
found except the great increase on February 23, 1956, 
which has been reported elsewhere.” In this latter 
case, the effect extended down to 300 g/cm? late in the 
flare when the sounding was taken, and did not resemble 
the behavior on August 26, 1955. A sounding later in 
the day on August 26 showed no effect. (See also 
Fig. 7.) 
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Atmospheric Signals Caused by Cosmic-Ray Showers 
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It is suggested that large cosmic-ray showers can be detected by the electrical signal produced when the 
ionization of the shower nullifies the electric field of the earth. The signal should have two components, a 
very short but small signal due to the motion of free electrons, and a slow but possibly large component due 
to the motion of the ions. The energy of the signal is stored in the earth’s electrical field until it is released 
by the ionization. An estimate is made of the size and duration of the signals which indicates that they may 
be detectable, especially in the case of the slow signal which may have a time of rise of the order of a fraction 


of a second. 


N electric field of from 1 to 3 volts/cm exists at 
the surface of the earth and extends upwards in 
diminishing intensity to a height of about 10 km where 
it has a value of roughly 5 volts/meter. A very large 
cosmic-ray shower can ionize the air and hence cause 
this field to be nullified. A detectable electric signal 
should then accompany this disturbance. From another 
point of view we can think of the lower atmosphere as 
being a gigantic ionization chamber. The ionization pro- 
duced by a large shower will move in the electric field 
of the earth and produce induction signals that may be 
detectable at a distance. In any case the energy of the 
signals comes from the electrical energy stored in the 
earth’s field and not from the cosmic-ray shower itself. 
Just as in the ionization chamber analog, there will 
be two distinctive signals, a very short signal char 
acterized by the motion of the electrons before they 
attach, and a rather slow signal due to the ponderous 
movement of the positive and negative ions. 

Let us consider the fast signal. Because the electric 
field is so very small, the mean distance of travel of an 
electron, Z, before it attaches to form an ion will also be 
very small. Measurements do not exist down to such 
small fields, but a simple calculation (see the Appendix) 
gives 


=2X10"E, (1) 


where E£ is the electric field strength in volts/cm. The 
velocity of the electrons for such low electric field 
strengths will be given roughly by 


v=10*E. (2) 


Thus for a field strength of one volt/cm the duration 
of the signal due to the motion of one electron will be a 
fraction of a microsecond. Since the electric field extends 
over a distance of the order of kilometers, the duration 
and shape of the pulse will depend on the propagation 
of the shower across the region of the electric field and 
this will depend on the angle with respect to the zenith 
and on the position, i.e., on whether the shower is 
approaching or receding from the observer. In most 
cases the approximate duration of the fast pulse should 
be of the order of ten microseconds, although for a 
shower directly approaching the observer the duration 
can be as short as a few tenths of a microsecond. 


1! 


- 


5 


The magnitude of the fast component of the signal 
can also be estimated. The layer of air at the surface 
of the earth which contains the electric field is roughly 
one km thick which is nearly three radiation lengths. A 
fraction, /, about one-tenth, of the total energy, W, of 
a large shower will be lost in this distance. The energy 
appears as ionization, hence the number of ion pairs 
produced in the layer is 


N=(W/w)f, (3) 


where w is the energy per ion pair which is about 30 ev. 
For a very large shower of 10” ev, about 3X10"? ion 
pairs might be produced. If the electrons move a dis 
tance of 2X10°* cm, the work done on them by the 
electric field is 3X10*""K2XK10-°X1.6X10~-"=10~4 
joules. The source of the energy which produces this 
work is the energy stored in the earth’s electric field. 
If one assumes the shower to be spread over a square 
area, 100 meters on a side, the stored energy for this 
area in a height of one km for a field of one volt/cm 
is about 4 joule. Thus the average field in this area can 
be expected to change by 4(10~*/0.3) = 10 in a period 
of about ten ysec. If an antenna sticks up 30 m and 
probes the potential there, which should be of the 
order of several kv, then the voltage might change by 
about 1 volt because of a nearby very large shower, i.e., 
one within about 100 m. At greater distances from the 
shower, a smaller signal would appear. ‘Thus we can 
expect it to be quite difficult to measure the fast 
component of ordinary showers. 

The slow pulse due to the motion of the positive ions 
can be expected to be much larger—but perhaps more 
difficult to recognize because of its slowness. Let us 
compute how long the ions last before being lost due to 
recombination. ‘The loss is given by dn an,n_dl, 
where the constant a@ is the coefficient of recombination. 
If a is constant with time (which it isn’t) and ifm, =n, 
we are led to the expression 


n=no/ (1+ neal). (4) 


Now a for air is roughly 2K10~°. If we assume, as 
before, that 310!" ion pairs are formed because of a 
shower of 10” ev and in an average area 100 m on a 


side and in a height of 1 km, the average density is 


5 
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3% 10'7/10°K 10° 


be reduced by a factor of three, i.e 


3 10* ions/cm*. For this density to 
, No/n=3, requires 
a time of some minutes. 

The mobility of an ion in air is of the order of 2 
cm/sec per volt/cm. Hence the ions will travel about a 
meter before recombining. The work done on these ions 
will be much greater than on the electrons, i.e., in the 
ratio 10°/2K10*=5X10', and taking again a very 
large shower of 10” ev, we get 5 joules for the work done 
on the ions were the electric field to remain constant. 
But we saw that only about 0.3 joule was stored in the 
earth’s field, consequently we conclude that the ionic 
motion will completely discharge the field of the earth 
in the vicinity of a large shower. 

A shower of 10'* ev, will produce roughly 3X 10'* ion 
pairs in the last kilometer of the atmosphere. The work 
done on these ions by a field of roughly 1 volt/cm as 


they travel one meter will be 


2% 3 10"K100K1K1.6K10-"%=0.1 joule, 


which is still comparable to the energy stored in the 
field. Thus it seems possible that showers of much 
lower energy would be quite detectable. 

Now actually the shower is not uniformly spread 
over the 100-meter distance but is sharply peaked about 
the core of the shower. The distribution is given by 
Moliére,' and an approximation to his result similar 
to that given by Euler and Wergeland! is 


Nir) =(const/r)e"/”. (5) 


According to Cocconi,’? half the particles fall within a 
radius of 80 meters, which allows us to evaluate rp to 
be 115 meters. The ionization density is then given by 
(5) if we make the constant = [W /2mrgw. 

With such a peaked distribution, what will happen is 
that the earth’s field will be nullified in the core of the 
shower in u very short time because the density of 
ionization is so great there. At greater distances, the 
nullification will take longer because the fewer ions 
produced there must move a greater distance in order 
to dissipate the energy of the field. Eventually a. dis- 
tance will be reached where the ions will recombine 
before appreciably altering the field. Thus the character 
of the electrical signal received at a given point will 

1 (4. Moliére, Cosmic Radiation, edited by W. Heisenberg (Dover 
Publications, New York, 1946 


*G (private communication), See also 
longiorgi, and Greisen, Phys. Rev. 76, 1020 (1949) 


Cocconi Cocconi, 


Ke 
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depend both in time and magnitude on the position of 
the observer relative to the core of the shower. 

We could describe the signal in detail by computing 
an equivalent distribution of dipoles to describe the 
earth’s field and then by computing the rate that these 
dipoles are dissipated by the ion distribution given by 
(9). 

Without going through such a complex calculation, 
we can see that even the “slow” signal will be char- 
acterized by a rather sharp front due to the neutraliza- 
tion of the field near the core and that then the signal 
will become slower and slower as the ionization in the 
outer edges of the shower moves. In a large shower, the 
front of the signal will be relatively faster than for a 
smaller shower. The rise time of the first part of the 
signal due to the positive-ion motion can be of the order 
of seconds or less depending on the size of the shower, 
but then it can continue to rise for as much as a minute. 

By the use of multiple antennas, and especially if the 
fast signals are detectable, it should be quite possible 
to locate the position and intensity of large showers in 
fair weather. 

APPENDIX 


The mean free drift distance, Z, of an electron before 
attaching will be given, following Loeb,* by 


\/1 
( jae, 
c\h 


where A/c is the mean time per collision, i.e., mean free 
path divided by average speed, 1/h is the number of 
collisions before attaching, and & is the electron mobility 
in the electric field £. Now k is roughly given by 


k 


(6) 


3 (e/m)(X/c), (7) 


hence 


E= (m/e) (Rk? /h)E. (8) 


At very low values of E we can expect the electronic 
velocities to be constant and hence that A and k be 
constant. Bradbury’s values of k and A as given by 
Loeb*® tend toward constant values at very low E/p. 
Extrapolation to zero E/p, gives, very roughly k=10*E 
6X10~°. Substituting in Eq. (8), we get 


and h 
£=2X10°E. (9) 


‘LL. B. Loeb, Fundamental Processes of Electrical Discharge in 
Gases (John Wiley and Sons, Inc., New York, 1939) 
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Suspension of Particles in Liquid Helium 


BK. L. BROWN 
Department of Physics, University of British Columbia, 
, Canada 
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Vancouver, B.C 
(Received July 17, 1957 


T would clearly be very useful in many studies of the 

properties of liquid helium to be able to suspend, in 
the liquid, fine particles which would render visible the 
detailed motion of the fluid. Studies of the onset of 
turbulence similar to the classical ones of Reynolds 
should be interesting in the case of liquid He II, where 
on the one hand the viscosity becomes vanishingly small 
with correspondingly high Reynolds numbers, while on 
the other hand Landau’s theory that the 
superfluid component should be capable only of irrota 


suggests 


tional motion. It would be interesting also to examine a 
rotating vessel of the liquid for the vortex structure 
suggested by Onsager! and Feynman,’ or the laminar 
structure considered by London, and by Landau and 
Lifshitz. Further, it might prove possible with such 
suspensions to make visible the Brownian movement in 
a Bose-Einstein fluid. 

Of course the extremely small viscosity (~10~° poise) 
of liquid helium renders difficult the suspension of even 
very small particles for any length of time unless their 
density is as near as possible that of the liquid (0.146 
g/cc). Solid hydrogen is lighter than liquid helium, 
however, and it was therefore decided to attempt to 
condense fine particles from a mixture of hydrogen and 
some heavier gas. 

The use of deuterium with hydrogen to make such 
particles has been found to be practicable. It is also 
economical as compared with using neon, for example. 
Essentially the apparatus consists simply of flasks and 
taps to release a burst of about 100 cc of a mixture of 
5.55 cm Hg partial pressure of deuterium, plus 5.0 cm 
Hg pressure of hydrogen, measured at room tempera- 
ture, into the liquid helium in a cryostat at a tempera 
ture of about 1.4°K and a pressure of 2 mm Hg. 
However, to obtain fine particles the 8-mm diameter 
german silver tube conducting the condensable gas 
mixture down into the cryostat has been lined with a 
spiral constantan heater about 40 cm long, and while 
the burst of gas is being admitted heat is supplied 
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electrically at several watts for a few seconds. Without 
this heating, the cloud emerges in a gelatinous form, 
while particles as small as 1000 microns or less are 
obtainable when the heat is supplied. 

The particles have a tendency to stick to glass sur 
faces, as well as to aggregate in clusters. Silvering the 
Dewar wall and grounding it, as well as irradiating the 
liquid with a 4-curie Co™ source have not been effective 
in preventing the sticking. It is observed that while the 
particles tend to stick in He II, in Hel they appear 
to be quite free, possibly because of stirring of the liquid 
by small bubbles. 

Using the suspension of particles to indicate the 
motion of the fluid, we have observed and measured 
acoustic streaming’ in liquid He II, To the eye, the 
particle motion appears turbulent in He I, but along 
stream lines in Hell. The velocity is surprisingly 
independent of temperature and is proportional to the 
square root of the driving pressure (sound intensity) to 
the lowest values measurable. Thusa tentative conclusion 
is that the flow in He II is probably turbulent. The 
details of these experiments will be published shortly. 

The support of this project by the National Research 
Council of Canada is gratefully acknowledged 
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Magnetization of Ilmenite-Hematite 
System at Low Temperatures 


Rk. M. Bozortu, Dororuy E. Wausu, anp A. J. WiLtiam 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received August 12, 1957) 


AGATA, Akimoto,’ and Ishikawa’ have shown 

that some of the compositions in the series 
reTiO;— Fe,O, have strong ferromagnetism, although 
the end Akimoto’s 


measurements were made on natural specimens at room 


members are both paramagnetic 
temperature, and for one composition were extended to 
helium Our 
materials prepared from FeoQ,, TiO., and metallic Fe, 
and 1.3°K in 
fields to 11 000 oersteds. The data permit evaluation of 
the Bohr magneton numbers per mole of Fe,,,Ti,,O 


temperatures, present report refers to 


measured from room temperature to 


as a function of composition; these are shown in Fig. 1 

FeTiO; is known‘ to have alternate layers of Fe and 
Ti ions perpendicular to the rhombohedral axis, with 
plane layers of O ions between adjacent metal ion 
layers, each of which is not truly planar but somewhat 
puckered. We assume with Li® that the Fe ion layers 
are composed of Fe** ions which are antiferromagneti 
cally coupled within each layer and have the magnetic 
structure known to exist in CroOx,.° 


157 





LTTERS TO 





(Fe) ,~ (Fe +Tl). 








© SLOW COOL 
*¥ QUENCH 





BOHR MAGNETON NUMBER 


les 











? 
“ 100 


Fe2% 


0 40 60 
Fe TLOy PER CENT Fe,0O, 


hic. 1 


of series (points) as compared with model given in text 


Bohr magneton numbers per molecule of Fe,,,Ti;,O3 
(straight 
line 


In aFe,Qs, which has the same kind of crystal struc 
ture, the orientation of magnetic dipoles is known’ to 
be different; each layer of Fe** is ferromagnetic in 
itself, alternate Fe** layers being antiferromagnetic to 
each other. 

When Fe.O; goes into solid solution in FeTiOs, 
Nagata® and Néel*® have proposed that the magnetic 
structure is similar to that in Fe,Qs, alternate layers 
being antiferromagnetic to each other. Nagata has 
suggested specifically that, in the solid solution con 
taining 4FeTiOg+4Fe.O;, the alternate layers are 
he, o?* Fess? Tig and Fe, .?*Ti,2, with some Ti** in 
each layer. Li predicts that the layers will contain 
alternately Fe Ke+Ti (alternate ion 
layers containing only Fe ions). ‘The predicted moment 
If the same substitution 


ions and ions 
is then 8/3 Bohr magnetons 
of Fe for ‘Ti ions in the FeTiO, structure should occur 
throughout the whole range from Fe'TiO,g to FesO,, the 
moments would correspond to the straight line of 
Fig. 1, although some departure from this line could 
occur, depending on the distribution of Fe?* and 
l’e** ions 

The observed moments of Fig 
expect, that a threshold amount of FeO; must be 
added to FeTiO; before the weak antiferromagneti« 
coupling in the Fe layers of FeTiOs (Néel point’® 60°K) 
is broken down by the stronger antiferromagnetic 
coupling between layers as it exists in FeoO; (Néel 
point!! 950°K). When the Fe,O, arrangement becomes 


1 show, as one would 


stable, at about 15 molecular percent Fe.O,, ferrimag 
netism occurs and the observed net magnetic moment 
comes close to the theoretical value. 

On the Fe,Os-rich side, one would expect that the 
addition of rather large amounts of FeTiO; would be 
necessary to produce ferrimagnetism, because the first 
Ti ions could go equally well into Fe layers with 
moments oriented in either direction and would there- 


fore contribute a net moment of zero. 
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When the molecular ratio FeTiO;/FeO, is near one, 
specimens quenched from 1200°C show a much lower 
moment than those slowly cooled. Careful examination 
of the 42 molecular percent material by x rays shows a 
homogeneous solid solution in each case. It is supposed 
that at high temperatures the arrangement of the 
different metal ions is more nearly random, and that 
this arrangement is partially preserved on quenching, 
so that the net moment is lower. 


''T. Nagata, Nature 172, 850 (1953). 

2S. Akimoto, J. Geomag. Geoelect. 6, 1 (1954) 

*Y. Ishikawa and §S. Akimoto, J. Phys. Soc. Japan 12, 834 
(1957). 

F. W. Barth and E. Posnjak, Z. Kryst. 88, 265 (1934), 
’. Li, Phys. Rev. 102, 1015 (1956). 
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Optical Absorption in p-Type 
Indium Arsenide 


FRANK STERN AND Ropert M. TALLEY 


United States Naval Ordnance Laboratory, White Oak, Maryland 


Received July 24, 1957) 


W *« have observed a distinct absorption peak in 
p-type indium arsenide on the long-wavelength 
side of the intrinsic optical absorption edge, and at- 
tribute this peak to transitions between the light- and 
heavy-hole bands. We also observe a small absorption 
peak at 0,055 ev with an absorption constant of 40 cm~! 
above the free carrier absorption. This peak is found in 
several samples of InAs, both n type and p type, and 
we attribute it to lattice absorption. 

The absorption constant curve shown in Fig. 1 was 
obtained at room temperature on a sample 38 microns 
thick. Material taken from the same portion of the 
melt as the optical sample had a Hall constant of 
70 cm*/coulomb at 78°K,? indicating a hole concentra- 
tion of 10'7/cm*. The absorption peak at 0.18 ev in 
Fig. 1 is thought to arise from transitions between the 
valence bands generally labeled 1 and 2 in the case of 
germanium’; the rise in absorption at 0.085 ev is 
attributed to free-carrier absorption. Transitions from 
the split-off valence band (band 3) to the light-hole and 
heavy-hole bands give absorption at energies above the 
intrinsic edge at room temperature, which was not 
resolved. 
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An analysis of the absorption shown in Fig. 1 has 
been carried out using methods developed by Kane for 
studying the intrinsic optical absorption of InSb.? We 
obtain reasonable agreement with the shape of the 
observed absorption using a mean heavy-hole mass of 
().4 of the free-electron mass, and a spin-orbit splitting 
of 0.46 ev.* These parameters do not appear to be 
available from other work on InAs. The magnitude of 
the calculated absorption is only about 40% of the 
observed value; this discrepancy can perhaps be re- 
moved by a more accurate treatment of the matrix 
element for this transition, which we took to be dy2?, in 
Kane’s notation.’ 

The absorption found on the long-wavelength side of 
the optical edge in InSb® and GaSb® appears to have 
the same origin as the absorption in InAs, although 
free carrier absorption appears to broaden the peak in 
these materials at some temperatures. The peak is also 
simpler to resolve in InAs because the ratio of the 
intrinsic gap to the spin-orbit splitting is about two 
thirds at room temperature, which accounts for the 
small value of the absorption constant just beyond the 
intrinsic edge. 
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Fic. 1. Room temperature optical absorption constant of a sample 
of indium arsenide with 10'7 holes/cm* 


The effect of the linear energy term* on the absorption 
in InAs is probably small at room temperature; at 
lower temperatures it will markedly affect the shape of 
the absorption. Quantitative study of this shape at low 
temperatures can determine the magnitude of the linear 
term, if free-carrier absorption does not obscure the 
absorption due to transitions between the light- and 
heavy-hole bands. 

We are indebted to Dorothy P. Enright for making 
the material used in our work, and to Jack R. Dixon for 
suggestions regarding the preparation of the 38-micron 
thick transmission sample. 

1 We are indebted to R. F. Bis for this measurement 

2 A. H. Kahn, Phys. Rev. 97, 1647 (1955); E. O. Kane, J. Phys 
Chem. Solids 1, 83 (1956) 

+E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 

‘The parameters we used are, in Kane’s notation’: Kg=0.34 
ev, 4=0.46 ev, B= —2h*/2m, C= —4h?/2m, D= —0.6h*/2m, 
P =1.2(e/2); all other parameters are zero 

5 W. Kaiser and H. Y. Fan, Phys. Rev. 98, 966 (1955), and 
references therein; G. W. Gobeli and H. Y. Fan, Bull. Am. Phys. 
Soc. Ser. II, 2, 121 (1957) 

* A. K. Ramdas (unpublished) 
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Asymmetry of Low-Energy Positrons 
from Muon Decay* 
Press, A. E. BRENNER, AND R. W, WiLttams, Massachusetts 
Institute of Technology, Cambridge, Massachusetts, 


R. Bizzarrt AND R. H. HitpeBRAND, l/niversity of Chicago, 
Chicago, Illinois, 


I. A 


AND 
R. H. Micpurn, A. M. Sapiro, K. Straucn, J. C. STREET, AND 
L. A. YounG, Harvard University, Cambridge, Massachusetts 


(Received August 15, 1957) 


WwW" have investigated the angular asymmetry of 
low-energy positrons from the decay of polarized 
muons coming to rest in a propane bubble chamber. 
The asymmetry integrated over substantially all energies 
has been widely studied! and found to be of the form 
1+ a cos#, where @ is the positron angle with respect to 
the initial muon direction. The energy dependence of 
the asymmetry parameter a is predicted by the two 
component theory of the neutrino,’? while according to 
the four-component theory with arbitrary parity-non 
conserving interactions this parameter can have a wide 
range of energy variations depending on the values of 
the interaction constants.’ Berley ef al.4 have recently 
investigated the energy dependence of the asymmetry 
parameter for the upper half (approximately) of the 
energy spectrum by absorption techniques and find 
approximate agreement with the prediction of the two 
component theory. 

In the present experiment 82-Mev positive pions 
from the University of Chicago synchrocyclotron were 
magnetically analyzed and then stopped in a propane 
bubble chamber, 6 in. 4% in. deep, 
which was magnetically shielded to +0.2 gauss. Approxi 
mately 60 000 stereo-photographs were obtained with 
an average of 7 m-p-e events per picture. The pictures 


in diameter and 


were scanned for decay positrons which clearly stopped 
within the chamber. The characteristically large mul 
tiple scattering of low-energy positrons was used as an 
additional criterion to insure that the stopping positrons 
were indeed coming to rest and we believe that no 
significant number of high-energy annihilations in flight 
are included in our sample.° 

Excluding radiation straggling and scattering, the 
maximum possible initial energy of a stopping positron 
was 16 Mev. The observed median range corresponded 
to an initial energy of 6 Mev. However, an appreciable 
fraction of the stopped positrons were actually emitted 
at high energies, and then lost some of their energy by 
bremsstrahlung. A correction for this effect is included 
in the predicted value of djow. 

Figure 1 shows the space-angle distribution between 
the initial directions of muon and positron for 993 
events in which the positron stops in the chamber 
A maximum likelihood fit of the form 1+-djow cos# to 


the data gives diow 0.024-0.06, where the error is 
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Fic, 1. Distribution in space angle between the initial directions 
of muon and positron for events in which the positron stops in 
the bubble chamber 


the statistical standard deviation. 1137 m-y-e events of 
all energies have also been measured. The p-e space- 
angle results shown in Fig, 2 yield dgi.= —0.18+0.05, 
in good agreement with a similar measurement by 
0.164-0.04) and with the result 

0.18+0.015) in liquid propane 


Evans ef al.’ (ayy 
of Swanson ef al.® (a 
at about 60°C, 

We have examined the effect of possible sources of 
scanning bias on our low-energy result and we feel that 
these make no significant contribution to the experi 
mental uncertainty. 

The Lee-Yang two-component theory predicts that 
git 4 BE, where € is related to the coupling constants 
and B is the fractional polarization of the muons at de 
cay. In propane at the temperature of bubble chamber 
operation (about +60°C), BE= 3X (0.174+0.03) =0.51 
+0.09, This determines the two-component theory 
prediction for diow. Using the uncorrected theory we 
would expect diow = +0.14 for electrons below 7,3 Mev. 
However, the two-component theory itself must be 
modified for intrinsic radiation effects.’ Utilizing, in 
addition, the theory of radiation loss straggling® to 
compute the contribution of high-energy positrons, and 
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Fic, 2. Distribution in space angle between the initial direc 
tions of muon and positron for events with no positron energy 
selection, 
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integrating over the experimentally determined potential 
range distribution accepted by our chamber, we calcu- 
late that diopw should be equal to +0.05+0.02. This 
value is quite insensitive to details of the range spectrum 
accepted by our chamber. We conclude that, while our 
experimental result (diow= —0.02+0.06) gives no evi- 
dence for an asymmetry of the low-energy electrons 
from muon decay, our value is consistent with that 
expected on the basis of the two-component theory of 
the neutrino. 

We acknowledge with thanks the assistance in various 
parts of this experiment of Professor N. F. Ramsey, 
J. Averell, E. Constantinides, M. Pyka, A. Tuckman, 
and RK. K. Yamamoto. We are indebted to the crew of 
the Chicago Cyclotron for providing the beam. One 
of us (K.S.) is grateful for support by the Alfred P. 
Sloan Foundation. 


* Supported by the joint program of the Office of Naval Re 
search and the U.S. Atomic Energy Commission. 

1 Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 
(1957), and 106, 1290 (1957); A. Abashian ef al., Phys. Rev. 105, 
1927 (1957); W. H. Evans (private communication), and Phil. 
Mag. 2, 820 (1957); G. B. Chadwick ef al., Phil. Mag. 2, 684 (1957) 
(also gives additional references). 

2T,. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); 
L. Landau, Nuclear Phys. 3, 127 (1957); A. Salam, Nuovo 
cimento 5, 299 (1957). 

‘Larsen, Lubkin, and Tausner, Phys. Rev. 107, 856 (1957). 

‘ Berley, Coffin, Garwin, Lederman, and Weinrich, Phys. Rev. 
106, 835 (1957) 

® Actually an appreciable number of positrons accepted by our 
criteria annihilate before losing the last 1 Mev. However, these 
are already of such low energy that they are properly included in 
our sample 

‘R.A 
(1957) 

’T. Kinoshita and A. Sirlin, Phys. Rev 
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Polarization of Positrons from N": 
A Mixed Transition* 
S. S. HANNA AND R., S. PRESTON 


irgonne National Laboratory, Lemont, Illinois 
(Received August 15, 1957) 


N the study of the polarization of electrons in beta 

decay, many of the interesting sources have such 
short lifetimes that it is necessary to perform the experi- 
ment during, or within a short time after, preparation 
of the source. Unfortunately this appears to be true of 
many cases involving a large Fermi interaction. For the 
investigation of short-lived positron emitters, the 


method of annihilation in a magnetic material' is 
especially convenient since it is inherently free of back- 
ground. Because of the interest in determining the 
polarization in Fermi interactions, we have arranged to 
study short-lived positron emitters which can be pro- 
duced with a particle accelerator. 
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Fic. 1. Sketch illustrating the technique used to irradiate the 
source mounted in the magnetic field. All the parts shown are of 
iron. None of the lead shielding is shown 


The technique is illustrated in Fig. 1. The beam 
from the accelerator is brought in through one of the 
pole pieces of the magnet and strikes the target which 
then becomes the source of positrons. By using an 
iron beam tube, the beam of charged particles is shielded 
adequately from the magnetic field so that the source 
may be irradiated while the magnet is on if this is 
desired. Except for the modification shown in Fig. 1 
the experimental arrangement is the same as used 
earlier.' 

For the decay from N™ (J= 4) to its mirror nucleus 
C™ (J=}), it has been estimated that the Fermi inter- 
action accounts for 70% of the transition.? The reaction 
C¥(dn)N", Ec ~3 Mev, was used to produce N® 
nuclei. A graphite disk, ;’¢ inch in diameter and 0.017 
inch thick, was mounted inside the tip of the beam tube, 
the end of which was sealed with brass foil 0.005 inch 
thick. The positrons therefore had to pass through 
graphite, brass, and air, equivalent to about 200 mg/ 
cm’, before reaching the magnetic sample. 

The polarization was detected by observing the 
change in the two-quantum yield in the “wings” of the 
angular correlation, when the direction of the magnetic 
field was reversed. As described previously,' one counter 
is equipped with a small circular aperture which defines 
the two-quantum axis and the second counter has, in 
front of it, a cylindrical absorber which eclipses a cone 
of half-angle equal to 8 milliradians. A measurement 
was obtained by irradiating the carbon target for 13 
minutes, interrupting the beam and counting for 10 
minutes, and then removing the absorber and counting 
for an additional 7 minutes. The yield obtained without 
the absorber measures the strength of the source for 
each cycle. 

The results are given in Table I. In order to compare 
N*® directly with a source involving a pure Gamow- 
Teller transition, a Cu™ source was studied with the 
same experimental arrangement. The result agreed with 
our earlier measurement.! For both sources, runs were 
made in which the annihilation took place in the non- 
magnetic element copper, in order to obtain a null 
result. Three different N'* sources were used in measure 
ments with the iron sample. The first measurement is 
the least reliable as it was obtained before adequate 
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TABLE I. Measured values of the ratio V,/N_, where N, and 
N_ are the coincidence yields in the wings of the angular corre 
lation for magnetic field parallel (+) and antiparallel (—) to the 
direction of the positrons. The errors quoted represent the 
statistical uncertainty 


Total 
Source of Annihilation absorber 
positrons 1 mg 


Nu 
Nu 


Average 

v/ N,/N 
0.92 
0.92 
0.93 
0.93 
O.83 
0.83 


1.07 40,025 
1.11+40.04 
1.11-40,045 
1.004-0.03 
1.06+0.012 
1.01+40.015 


200 
200 
N'3 220 
N}3 220 
Cu” oO 
Cu” 00 


the deuteron beam 
insure good alignment of the source. 

It is clear that the sense of the polarization is the 
same for both N“ and Cu™. Furthermore we believe 
the larger ratio V,/N_— obtained for N® is due simply 


to a reduction in scattering occasioned by the observa 


collimation of was provided to 


tion of positrons of higher energy from a thinner, un 
backed source, Under analogous conditions we have 
obtained a comparable ratio for a Cu™ source. Hence it 
appears that the magnitude of the polarization is also 
similar in the two cases. This result is in accord with 
some recent observations on Fermi transitions’ but not 
with others.‘ 

We wish to thank Dr. K. Alder, Dr. B. Stech, and 
Dr. A. Winther for a stimulating discussion in which 
they pointed out the interest attached to the transitions 
between mirror nuclei. We are also grateful to Mr 
Allen Everett for his untiring aid in performing the 
experiment 
Atomic 
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Spin and Parity of the Neutral Pion* 


PorcntrRO KINOSHITA AND RONALD F. Prrert 


of Nuclear Studies, Cornell University, Ithaca, New Vorl 


29, 1957 


Laborator 


Received July 


|| ap eeek observation of anisotropy in the angular 
distribution of x 
as to the spin of the pion, which is generally believed to 


uw decay' has raised some doubt 


be zero. As is well known, the vanishing of the pion spin 
is deduced from a detailed balance study of the processes 
+dep-+ p*; however, thisargument must be modified 
if the pions are polarized. Alternative methods of 
determining the pion spin are therefore of interest 
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Tasie I. Circular polarization of photons in the decay of 
neutral pions. We use V2 to represent a state in which the photon 
emitted in the +2 direction has left-circular polarization and that 

z direction has right-circular polarization. We 
similarly 


emitted in the 
define Vaz, etc 


J 
Parity 0 1 


Vart Vii 


2,4,6, «+* x & 4 


VraetVit, 
Vari, Vir 
Ver Vil 


even*® forbidden Var, Vir 


odd* Vrnr~WVis forbidden forbidden 


* If parity conservation is violated in r® decay, the distinction between 


even and odd becomes meaningless 


In this note we should like to call attention to a 
possible method of determining the 2° spin, which has 
had little discussion. It is based on the results obtained 
by Yang on the transformation properties of two- 
quantum systems.’ His results are summarized in 
Table L. Two-photon decay of a spin 1 particle is ruled 
out by the required invariance under space rotation. 
Parity considerations‘ forbid spin values 3, 5, --- with 
odd parity. The remaining cases exhibit the following 
two features: 

(1) Choosing the direction of a decay photon as the 
z-axis, a mw” at rest can decay only into states whose 
total angular momentum has z-component +2 or 0. 
As a result, if the polarization direction of the r° makes 
an angle with the z-axis, the probability of observing 
photons in the z-direction will be a function of this 
angle. 

(2) When one photon is right-circularly polarized, 
the other must also be right-circularly polarized if the 2° 
has spin 0 with either parity or has even spin with odd 
parity, whereas it may be left-circularly polarized if 
the w® has spin 2, 3, 4, ---, and even parity. 

The following two experiments will serve to examine 
these points of interest: 

I. In the first experiment the 2° decay is detected by 
coincident counts in a pair of ordinary y-ray counters, 
which also determine to some accuracy the momentum 
direction of the x produced in the target. The counter 
system as a whole is allowed to rotate with this direction 
as axis, and the counting rate is measured as a function, 
(0), of the azimuthal angle 6 of the plane of the 
counters; 6 being 90° when the decay occurs in the 
production plane. The spin state of the w° in its rest 
system will be described by a density matrix py’, where 


s is the pion spin and y, yw’ specify the eigenstates of s,.° 
This can be diagonalized by the unitary transformation 
Amu’(?), where # is a unit vector in the polarization 
direction of the r° and m are the eigenvalues of (s+?) : 


Bus!” - Amy" PY Nmny’ (FP) pm’. (1) 


Phe observed decay rate will be dom Pups’, where P, is 
the decay rate from the state « and w must be +2 or 0 
as described above. Provided that the x° are produced 
by an unpolarized beam, or one whose polarization is 
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TABLE IT, Explicit expressions for \ my?(@). 


hao 7 (8) = (4)* sin” Ayo 7(0) =4(1 +080)? =x» (0) 
has, 00) =i(4)* sind cosO 41, 7(0) = +41 sind(1+cos6) =z), -27(6) 
hoo? (0) = 4 (2 —3 sin”) doz (0) = —(2)* sin? = do _27(6) 


normal to the production plane, the vector # will also 
be normal to the production plane (?,=cos@). Thus 


f(0) - Le ow Amu’ (8) | a (2) 


Table IL gives Am,*(@) for s=2. 

II. In the second experiment, we replace the counters 
of the first experiment by a pair of circular polarization 
analyzers.®’ Let us denote by Cgz the counting effi- 
ciency of a single analyzer whose south pole is facing 
the incoming right-circularly polarized y rays. One will 
find Csr=Cn, and Cg,=Cwr, where N means the 
north pole and L the left-circular polarization. Let us 
define 6 by 


56= (Cyr—Cwx)/(Cnrt+Cw 1). (3) 


The coincidence counting rate of the two analyzers will 
be denoted by Dyy, Dws, Dsw, and Dsg depending on 
the kind of magnet poles facing the w°. It is then easy 
to see that 


Dyn : Dy sg: Dgn :Dss 
= (1467): (1—6?): (1—6?): (146?) (4) 


for spin 0 (either parity) or even spin with odd parity. 
If the spin is 22 with even parity, on the other hand, 
the ratio of the D’s depends on the pion polarization. 
If one observes the pure Vr, state of the y rays, one 
obtains 


Dyn: Dns: Dsn:Dss 


(1—8?): (14+-6)?: (1—6)?: (1—8?). (5) 


If the polarization is not complete, one will, of course, 
find much less spectacular ratios, Since the efficiency 6 
of the analyzer is rather poor (probably a few percent), 
this method will be useful only if the x° has spin 22 
and even parity. 

Any significant deviation of {(@) from isotropy in the 
first experiment would indicate polarization of the 7° in 
the direction normal to its production plane and thus 
the existence of nonvanishing r° spin. If f(@) were 
measured accurately, it might be possible to determine 
the magnitude of the 7° spin and also its parity. The 
parity of w® would be determined more easily by the 
second experiment, however, if the ° has spin at all. 

If polarization of the x° is not detected in both experi- 
ments, then either it has actually no spin or is not 
polarized strongly in the production process. If the 2 
has spin 0, its parity is also undetectable by these 
experiments. As was noticed by Yang,* it is necessary 
to measure the linear polarization of the decay photons 
to decide the parity of_a spinless 7°. 





LETTERS TO 


Experiments on the 7” spin are being prepared at 
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that parity is conserved in the w® decay. If parity conservation 
were violated, the distinction between even and odd would become 
meaningless, and the two-photon state for J,=0, for instance, 
would be represented by aW¥ert+bV x1 (a, 6 arbitrary). The non 
conservation of parity in 7° decay would therefore have some 
effects which could be detected by the experiments proposed here 
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p-p Triple Scattering Predictions at 
100-170 Mev* 


GAMMEL AND R. M. THALER 
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Los Alamos Scientific Laboratory, University of California, 
Los Alamos, New Mexico 


(Received August 5, 1957) 


INCE proton-proton triple scattering experiments 
in the 100-170 Mev may 
available, it seems appropriate to attempt to predict 


range soon become 
the results of such experiments. In this note such 
predictions are made on the basis of the phenomeno 
logical nucleon-nucleon interaction proposed by the 
authors.' Qualitatively similar results should obtain 
from the interaction proposed by Signell and Marshak.? 
It is hoped that these predictions will be helpful in 
planning such experiments. Moreover, comparison of 
these predictions with experiment should provide a test 
of the theory. 

The polarization parameters,’ D, R, and A, may be 
measured in triple scattering experiments, These param 
eters are functions of the proton-proton scattering 
angle. The angular distribution of the depolarization 
parameter D(@) at 100, 140, and 170 Mev, as calculated 
from the interaction of reference 1, is given in Fig. 1. 
Since it was shown in reference 1 that slight changes in 
the phase shifts at 170 Mev could result in a significant 
improvement in the fit to the angular distribution, 
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Fic. 1. The calculated depolarization, D(@), at 100, 140, 
and 170 Mev. The right-hand scale is for 100-140 Mey; the left 
hand scale is for 170 Mev. The curve for 100 Mey is distinguished 
by alternately long and short dashes. The depolarization at 
95 Mev as calculated by Phillips (solution 3) is given for com 
parison. The dashed curve for 170 Mev is calculated with the 
“adjusted” phase shifts 


D(6, 170 Mev), as calculated from the adjusted phase 
shifts, is also given in Fig. 1. Phillips* has madea phase 
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hic, 2, The calculated rotation of the polarization, K(@), at 100, 
140, and 170 Mev. The right-hand scale is for 100-140 Mev; 
the left-hand scale is for 170 Mey. The curve for 100 Mev is 
distinguished by alternately long and short dashes. The dashed 
curve for 170 Mev is calculated with the “adjusted” phase shifts 
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hic. 3. The calculated parameter, A(@), at 100, 140, and 
170 Mey. The right-hand scale is for 100-140 Mey. The left-hand 
scale is for 170 Mev. The curve for 100 Mey is distinguished by 
alternately long and short dashes. The dashed curve for 170 Mev 
is calculated with the “adjusted” phase shifts 


shift analysis in terms of S, ?, and D waves of the 
95 Mev p-p scattering data. He has pointed out that 
his third solution is qualitatively similar to the phase 
shifts of references 1 The depolarization at 
95 Mev as given by Phillips’ solution 3 also appears in 
Fig. 1 for comparison. 

In Fig. 2 are presented similar curves for the rotation 
of the polarization, R(@). Curves for the parameter A (@) 


and 2. 


are presented in Fig. 3. 

A comparison between the curves as calculated from 
the potential and the curves obtained from the adjusted 
phase shifts serves to illustrate the degree of uncer- 
tainty of the theoretical predic tions. A qualitative 
disagreement between the measured and_ predicted 
results would cast doubt upon the assumptions which 
led to the phenomenological interaction of reference 1. 


* Work performed under the auspices of the | S. Atomic 
Energy Commission 
' J. L. Gammel and R. M. Thaler, Phys. Rev 
?P_ 5S, Signell and R. E, Marshak, Phys. Rev 
‘LL. Wolfenstein, Phys. Rev. 96, 1654 (1954 
and Metropolis, Phys. Rev. 105, 302 (1957 
*R. J. N. Phillips (to be published), The authors would like to 
thank Dr. Phillips for making his work available to them in 
advance of publication 
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Circular Polarization Detection 
of Gamma Rays 


Davip B. Brarp, Missile Systems Division 
Lockheed Aircraft Corporation, Palo Alto, California 
AND 
Rose, Oak Ridge National Laboratory, 
Oak Ridge, Tennessee 
(Received July 18, 1957) 


M. E 


N view of the recent interest in circular polarization 
of gamma rays because of its relevance to the parity 


THE EDITOR 

conservation question, we would like to suggest an ex- 
perimental method for circular polarization detection 
which offers some advantages over the method of 
Gunst and Page! and Trumpy’ or of Clay and Hereford.’ 
The method of these authors consists in Compton 
scattering a circularly polarized gamma ray from elec- 
trons whose spin axes are aligned predominantly in the 
direction of the photon propagation vector. Because of 
the complete azimuthal symmetry of this geometry, 
measurements must be made by comparing two almost 
equal cross-section determinations, one with the elec- 
tron aligning magnet on and one with it off. In contrast 
to this method we suggest that the electron spin be 
aligned perpendicular to the photon propagation vector. 
The resulting azimuthal asymmetry may be determined 
from two simultaneous measurements at opposite 
azimuthal scattering angles in the plane of the electron 
spin and photon propagation vectors. This has obvious 
advantages in removing some of the experimental un- 
certainties of the other technique. The calculation of 
this azimuthal asymmetry has been made‘ on the basis 
of a calculation of the Compton scattering cross section 
from an aligned electron which was initially derived by 
Franz® and later independently obtained by others*:** 
using different techniques. 

If the gamma ray intensity is represented by 


W=lothP, 
(1) 


where 


P=4+1 or —1, 


depending on whether the circularly polarized part of 
the radiation is right or left circularly polarized, then 
if all energies are expressed as units of electron rest 
energy the differential intensity of Compton-scattered 
radiation per electron aligned in the plane perpendicular 
to the incident photon propagation vector is given by 


S(0,¢)dQ k(e*)*(k ‘ko)*dQ(T Jo + IJ cosy), (2) 


where 


Jo ko ‘k+ k /Ro— sin’6, 
J, =(1—cos6)k siné, 


(3) 
(4) 


e is the charge on the electron, k and kp are the final 
and original propagation vectors of the photon, @ is 
the scattering angle in the laboratory system, and ¢ is 
the angle between the (k,ko) plane and the (aligned 
electron spin, ko) plane. A maximum relative azimuthal 
anisotropy is observed when @=4,,, where COSA, =x is a 
solution of the equation obtained by maximizing J,/J 
with respect to @: 


Rox4 a Roxt* sans (ke? + 3ko— 1 x? 


+ (2k,?+ 3ko +-4)x—kP+1 = 0. (5) 


A graph of cosé,, is presented as a function of ko in 
Fig. 1. When cos6,, is substituted for cos@ in Eqs. (3) 
and (4) the resulting relative azimuthal anisotropy, 
J\/Jo, is shown in Fig. 2 as a function of ko. One ob- 
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Fic. 1. Cosine of the Compton scattering angle which yields 
the maximum relative azimuthal anisotropy due to circular 
polarization, plotted as a function of the incident photon energy. 


serves that at ko=511 kev, J;/Jo attains a maximum 
value of 0.33. Since the average fraction of unopposed 
iron electrons with spin aligned in one direction is only 
().086, the maximum observable anisotropy would be 
only 0.086 X 0.33 = 2.8%. One observed that at ko=511 
kev, J,/J9 attained a maximum value of 0.33. Since the 
average fraction of unopposed iron electrons with 
spin aligned in one direction is only 0.086, the maxi- 
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oO Mec 
Fic. 2. The maximum relative azimuthal anisotropy, J:/Jo, 

resulting from Compton scattering of circularly polarized incident 

photons, plotted as a function of incident photon energy, ko 


mum observable anisotropy for ¢=0 and m, would be 


0.086 X 0.33 X (cosd— cosr) = 5.6%, 
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